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Introduetion Classical vs. Advanced Approach to Design 
in Geotechnical Engineering 

Classical Approach to Design in Geotechnical Engineering 
l. Failure or Stability Considerations 
Assumed stress-strain behavior: 
Constant shear strength with strain 
mobilized uniformly along failure surface 
-< No elastic strains befare failure 
Examples: 
Slope Stability 
Retairung W alls 
Bearing Capacity 
In all cases a factor 
of safety is produced 
which is then evaluated 
based on experience 
2. Deformation Considerations 
Assumed elastic behavior: 
Immediate deformations 
and/or settlements are 
calculated as linear elastic 
using elosed-form solutions 
for elastic boundary value 
problems with an "elastic" 
modulus estimated from 
"a" stress-strain curve 
Example: t Width of faundation 
S = q · B · [ l E:
2 
J · l w 
Settlement J l bearing pressure '(L Shape factor for faundation 
(based o n small scale tests) 
"Elastic" Properties 
or deformation considerations are based on 
a) Consolidation theory with modifications 
for stress distribution 
b) Empirical correlations 
l)_ 
p 
Real Behavior of Footing 
p 
l 
' 
v 
Most significant range of soil behavior: 
l cr1-cr3 l ()3 3 P e ak fail ure 
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TYPICAL LOAD SETTLEMENT CURVE OBTAINED FROM 
PLATE BEARING TEST 
Which problems can or should be solved by the 
finite element method? 
.'1 
Examples in which soil-selfweight plays important role: 
Slopes: Cut and filled 
·-. 
Retairung W all: 
Stability considerations 
produce accurate 
estimate of failure, 
because normal 
stresses on failure 
plane are proportional 
to weight of soil 
and independent of 
soil behavior, but 
Deformations are not 
elastic 
Examples in which soil behavior plays important ro le (l) 
Excavation of Vertical Shaft or Sinking of Caisson 
Tunnel Excavation 
Instability 
Anchor pull-out or Tie pull-out 
J 
\ t l l 
:? 
? 
Examples in which soil behavior plays important role (2) 
Pilling reservoir behind earth dam 
sz 
sz t 
sz t 
soil collapses on wetting 
=> crest setties and moves 
towards reservoir 
(is failure imminent?) 
Sheet pile walls: Stress redistribution on excavation 
Excavation 
\~ 
() 
Driven Pile 
Soil exhibits volume changes during driving. How 
much volume change determines the normal (horizontal) 
stress on the pile. 
Volume changes and tendency for volume changes dur-
ing future loading also determines normal (horizontal) 
stresses on pile and therefore capacity of pile. 
Anchor Pull-Out 
(Tie-back, reinforced earth, other) 
Action on surrounding ground: 
l) V o l urne expansion if free surface is cl ose and nor-
mal stresses are essentially unaltered. 
2) Littie expansion if burried deep, but high normal 
stresses are generated. 
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FIGURE 4.3.A Devia~or stress versus axial strain for Ghiassian•s (9] low pressure 
drained triaxial compression tests (0.2, 0.5, 1.0, 2.0, and 4.0 MPa), 
and for the current work (4.55, 8.27 and 10.0 MPa). 
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FIGURE 4.15 
GRAIN SIZE-MILL,METERS 
Sleve analysis showing the amount of particle crushing incurred in the 
shearing stages tor consolidated-drained trlaxial compression tests on 
cambria sand. Effective confining pressures of o, 0.50 , 1.00, 2.00, 
4.50, and 8 . 27 MPa. (Same results taken from Ghiassian•s work [9]) • 
100 
c 
'-" 
;..... 
Q) 
c: 
~ 
~ 
15 
o 
Particle crushing characterized by 
different factors: 
Puller's Maximum Density 
Gradation Curve 
Mars al: :E~f 
at given 
. 
s1eve 
SIZeS 
_.,.. 
--
Log D D15Before 
D15After 
Hardin: Normalized area (shaded) 
All particle breakage factors are used to character-
ize the change in location of grain size curve 
This, in tum, determines e.g. change in permeabil-
ity: 
k = f (D10, D30, D60, e, fv, etc.) 
1:2 
Example: Construction of large earth dam: 
Water loss? Pore pressure distribution? 
'----What is permeability after 
construction and crushing? 
Cannot take large number of samples and determine 
grain size curve, etc., but ..... 
WA.I~R. S URFAC...t: 
AI=TER C.ON~TRLlC.. IION 
\ 
EARTH DAM 
DAM l S C...OMPf..C.TE:.D 
IN LAYER5 
HsiOOOft 
(e. g.- OPcV\L-I..f:. D II.tAJ 
SOIL E.LEN\E:NT 
CR\lSH INC:s ~ S O IL 
Go RAINS. DUE IO HIGH 
PRESSuRE <::..AU S E.S A 
D ECREASE 11\1 PE.RMEA"BIL.Ii'< 
e.Q.- H.l\1.EN '.S FOFMULi\ 
..J 
k tc.m1sec:J ~ 100 D.! 
L_(c.w.) 
l ':t J. 
Lee 
W ork = L cr·d€ 
Unique relations for given soil 
Procedure: 
(a) Calculate amount o f w ork d urin g construc-
tion using FE program with realistic consti-
tutive model for each soil element 
(b) De termin e partic le breakage factors 
(c) Determine grain size curves and permeabil-
ities 
(d) Calculate water loss and pore pressure dis-
tribution from finite element or finite 
difference programs using local values of 
permeability. 
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ENER GY 
T'i?E.S OF 
IE:STS RUN . 
/ 
O: CD TESTS 
e: CU TESTS 
t6. : GSTP TESTS 
10 
w= J rr1jdE 1j 
Lee and Farhocmand (21) breakage factor versus loading energy for 
various consolidated drained and undralned triaxial compression testson 
Cambria sand. Test points arecommon to Figure 4.20. 
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Magnitudes of normal stresses are key to soil 
behavior 
Normal stresses depend on volume changes or ten-
dency for v ol urne c hanges ( expansion or compres-
sion) 
INTRODUCTIG N 
Fig l. shows a simplified diagram of the procedures generally used in 
geotechnical engineering. In the simple procedure simple soil parameters (e.g., c, <j>, E, v) are 
derived from labaratory and/or in-situ tests and utilized in closed from solutions for the partic-
ular boundary value problems under considerations. These procedures may be verified by 
prediction and comparison with model or full scale tests of elements of the prototype structure 
(e.g., one pile). Finally, prediction of the behavior of the prototype may be performed. The 
simple procedures predict simplified responses such as line.:rr elastic settlements and failure, 
but prediction of the entire load-deformation relation for a prototype structure is often inaccu-
rate, especially in the- stress range where failure is a distinct possibility. 
In the advanced procedure, a constitutive model is used to capture the entire stress-strain 
relation obtained from labaratory and/or in-situ tests. Incorporating the constitutive model in 
numerical methods the behavior of model or full scale tests may be predicted and serve to 
verify the capability of the constitutive model and the numerical method. Finally, the 
behavior of the prototype may be calculated with better overall accuracy. 
One of the critical elements in the advanced procedure is the constitutive model. It is 
pararnount to employ realistic constitutive models which can reproduce the important aspects 
of the soil stress-strain behavior under various loading conditions. To develop such models 
requires advanced experirnents to study the soil beh:!'.'i:)r ~nder various loading conditions and 
employment of mathematical tools based on sound theoretical frameworks such as e.g., elasti-
city and piasticity theories. 
/6 
Some of the advanced experiments available today are the torsion shear, directional 
shear, and cubical triaxial tests. These are suitable for studying soil behavior under three-
dimensional stress conditions with and without stress reversals and with and without rotation 
of principal stress directions. The development of pore pressures as well as strains under 
given stress conditions and their dependence on degradation of the soil structure during stress 
rotation and large stress reversals are of importance for development of future, improved con-
stitutive models. 
The constitutive models should be such that the required soil parameters can be obtained 
from relatively simple tests. 
l 'l 
Simple -"'"'<E---+--~.-- Advanced 
Laboratory Soil Tests (Iso. Comp, Trix. Comp., Simple Shear, etc.) 
In-Situ Tests (CPT, SPT, Pressuremeter, etc.) 
Simple Soil Parameters 
(c, <J>, E, v, etc.) 
Simple Closed 
Form Analytical 
Solutions 
( elastic & limit 
analysis, etc.) 
Pred.iction & Comparison 
with Model or Full Scale 
Tests: 
Model or 
Full Scale Tests 
(1-g tests, 
centrifuge tests) 
Prediction of Prototype 
Constitutive Model 
FE-or FD Programs 
Pred.iction & Comparison 
with Model or Full Scale 
Tests: 
k::::. 
Fig. l. Simple and Advanced Procedures of Pred.icting the Behavior of Prototype Stru~;rures. 
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21 
l. r:eame~I"J'_ ar J"c/1 .struc~ure Q'hd 
al?d so/t depos/~.r 
3. Com;;uter pro!Jramm/ng and 
rinite elelnenzl theo~-
Evaluat/on or res-ult.r 
2.2 
Calculations serve only as background for the prac-
tical judgement! 
(Beregninger er kun et hjaelpemiddel for det prak-
tiske sk<t>n!) 
Remark by Professor A. Ostenfeld in official 
discussion of Dr. Techn. dissertation on "Calcu-
lations of Pile Groups" by Chr. N<t>kkentved 
May 10, 1924 
~ 
~ 
Knowledge and Calculations J ud gement 
l ~ l 
--0% 100% 
successful project 
Improve background 
for judgement 
Analysis Methods are generally good to exellent 
(based on assumptions) 
Characterization of Material Behavior 
needs improvement 
lidvantages of" reab:rr/c 
stress- strt:ti/1 ziheor.j' 
/. B et te"- t/1Jderstand1"hg_ or so// 
stres~-~~ra/h ~e~a~or 
2. EÅ'traP-,olate to condi~lon~ Which 
cah/Jot !Je j:Jr<Jdt~cecl in lailor~:~~orj' 
t'e..rtihg ep-u~men~ 
3. tlse /17 h/Jire e/eh7enzl pr<'.9'rqm 
=::::!>> d eSi!J.fl OT So// .SZ'ruc~ures O/') 
raz'/o/Jol .Cas/:r 
.f{ L ih7/·red tl/T)Obht or testing 
=;:>~ "oerro/'h1 sih7P-.Iesr ~I'Jd mcsz' 
Co/J~eniei'Jr t~l'es or la6o"-art:Jr~ 
tests 
TriaKial Compress/oh Test 
--~--- ...... 
, ' 
o; 
l. Nohlihea; Stress-Strt~ih ~elot1oh 
o/ Elostic at Low StNss Leve/s 
trahs/"ti()h ro 
IJj Plttstic at ll1j'n Stress Levels 
2. 0% htls El'l"ect Dh Stres-r-Sthrih 
ohd Stren.9th Behav1or 
3. Volvme Chtlhges or Soil ~· 
f1;1 Compresses at Løw St;ess Levels 
4/ E)'pahds at /lign Stress Level.r 
(Shear -lJllocllht'J' ErFect) 
~ lfeoriehlt~tiah o; ?rincipa/ Stre..s:r lJirec~ioh 
o/ G cøin~/des with (j 
~ at~v&~y~w4 
• • c coincides wilh u 
trohsit/oh ~o 
• ij € cø1ncides w/t h a tit /fl~h StNss Levels 
S. StJil l:Je/Ormatioh ls Stress-P4th lJepøhieht 
6. Pas t- PeoÆ Behlflvior : 
StJ-ei'J.gtn h1oJ' lJecrease al'te; k4H 
.27 
Must handle coupling effects correctly 
Hooke 's law does not: 
? (l) 
r-------... 
ex l v v o o o crx -- --E E E 
ty v l v o o o cry -- --E E E 
t z 
v v l o o o crz -- --E E E 
- l 
'Yyz o o o - o o 'ty z G 
o o o o l o -
'Yzx G 'tzx 
o o o o o l -
Yxy ..... """' 
G 
't x y ......, 
? (2) 
Example (1): Increase 1: => produce e.v 
cr f cr l 't+~'t 
..... 't ....... 
Example (2): Decrease cr => produce y ---
Essential Aspects of Behavior of Frictional 
Haterials to be Incorporated in Constitutive 
Model 
l Nonlinearity of Stress-Strain Behavior 
l Irreversibility of Portion of Strains 
l Influence of o 3 on Stress-Strain Behavior 
l Influence of o 2 on Stress-Strain Behavior 
l Influence of o 3 on Strength 
l Influence of o 2 on Strength 
l Gradual Decrease in Strength Beyond Peak Failure 
(Strain Softening) 
l Shear-Dilatancy Effects over a Range of Confining 
Pressures (Variation in Volume Change Behavior) 
l Pore Pressure Developments over a Range of 
Confining Pressures 
l Effects of Rotation of Stress Axes 
l Stress-Path Dependency 
l Effects of Cohesion Due to Cementation 
l Effects of Small Stress Reversals (including cyclic 
loading) 
* Rysteresis During Large Stress Reversals (including 
cyclic loading) 
Legend: 
l Included in constitutive model presented here 
* Under current investigation 
/ldl/a/7tages or e/a..rro -Æ_/a..rtic 
st~es~-s~ra1n tneor~ 
l. T/;eorj' is appl/ca.61e zlo ge/Jera( 
3 - di'men..s/ona/ s z'-res s con~·rions 
2. S t res s - s.train parameter..r ca/J .6e 
deril/ed entlre& rrom resulr~ or 
CriaÅ"ittl Coh7,Æ_re.r.rio/J resrs (clJ or CtJ) 
8( /So~rofi_iC CohJ;zreSSIOh æs/! 
3o 
What level o f expertise is required for (a) personnel 
and (b) equipment, and how much testing is neces-
sary to be able to perform the calculations? 
31 
Min. and Max. Testing Requirements are the 
same: 
3 triaxial compression tests to failure (CD- or 
CU-)with unloading-reloading cycles 
l isotropie compression tests 
Note l : Specimens are tested with the assump-
tion that they represent elements of the 
ground 
-we are interested in the average soil 
behavior at each element location {not 
interested in lowest (safe) strength) 
32 
Note 2: Tests are performed by simulating as 
closely as possible the conditions in 
the ground. 
This includes: 
a) Range o f stresses 
(due to variable, nonlinear behavior) 
b) Drainage conditions 
(drained or undrained) 
c) Density and soil fabric 
Note 3: Measure all loads, pressures, deforma-
tions, etc. for complete characteriza-
tion of stress-strain behavior of soil. . 
33 
What level of expertise is required for calculation of 
so il parameters?, 
and 
What level of knowledge is required with regard to 
the capabilities of various constitutive models for 
soils? 
3~. 
Soil Behavior in Triaxial Compression 

COMPRESSIBILITY 
Sand, like all soils, are c ompressible, so t he density of 
the sand will be higher atter compression than the original 
piacement density. 
The stress-strain and strength behavior depends on the density, 
so consider the compressibility: 
Typical data : Isotropie compression of Sacramento River Sand, 
No. 50 - 100 US sieves 
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FIG. l.- EFFECTS OF SHEARING ON THE VoLUME OF SOJLS 
(After Casagrande. 1936> 
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Stress Path <Anisotropic Consolidation> 
The stresspathor type of consolidation does not appear to 
have any significant influence on the subsequent soil behavior, 
as long as the subsequent stress path is directed outside the 
current yield surface. This is illustrated on the foliowing 
diagrams. 
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Comparison of Stress-Strain Behavior for two Stress-Paths, One involv-
ing Primary Loading and Unloading (A-l·B), the Other involving Pro· 
portional Loading and Primary Loading (A·2-B) for Loose Monterey 
No. O Sand. 
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Comparison of Stress-Strain Behavior for two Stress-Paths, One involv-
ing Primary Loading (A-B), the Other involving Proportional Loading 
and Primary Loading (A-1-2-B) for Loose Monterey No. O Sand. 
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DIFFERENCES BETWEEN SAND AND CLAY: 
1. Permeability: Clays are much Jess permeable than sands. 
Therefore, undralned conditions are often 
prevailing in the field problems. 
2. Compressibility: In the range of stresses in conventional 
geotechnical pr~blems, the compressibilities 
of clays are higher than those for sands. 
3. Cohesion: Cohesive soils form hard lumps an drying. 
Effective cohesion greater than zero only 
exists due to cementation between grains. 
4. No Cavitation: Pore water in fine cåpil !aries does not 
cavitate. Suction of several hundred 
atmospheres can be sustained in capillary 
water. This enables sampling af clay. 
s. Plasticity: The proparty af a soil that enables it to 
deform without cracking ar crumbling. 
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Fig. 10. Ranges in Etfective Feilure Envelopes For 
Soils Composed of Pure Clay Minerals or 
Quartz (Adapted from Olson, 1974). 
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Stress Invariants and Principal Stress Space 

Stress Invariants 
Stresses in 3 Dimensions 
'tyz 
z 
.>----Y 
x 
Sign rule: Normal stresses arepositive when compressive 
'txy: Shear stress on plane whose normal is x and direction is y 
3 normal stresses and 6 shear stresses, but only 3 shear stresses are independent since 
'txy = 'tyx• etc. 
l 
Resolve stresses to get state of stress on any plane ABC: 
z 
c 
Normal to plane ABC 
x 
Px• Py• and Pz are stress components on plane ABC in directions of axes x, y, and z. 
To detennine the state of stress (Px•Py,PJ on any plane, use force equilibrium. 
=> Need areas of triangle on which stresses aet to calculate forces (e.g., Fx= O'x · AoBd 
c 
o 
z 
Normal to plane ABC 
Direction given by 
unit vector (l, m, n) 
= (cos a., cos ~.cos Y> 
AreaofABC =ro 
Unit vector has property: 
=> Area of OBC =ro· l, and similarly 
OAC =ro· m 
OAB =ro · n 
Equilibrium of forces in X-direction: 
P ·ro=ro·/·cr +ro·m·'t +ro·n·'t x x yx zx 
and similarly for the y- and z-directions: 
Py · ro = ro · l · 'txy + ro · m · cry + ro · n 'tzy 
P ·ro=ro·/·'t +ro·m·'t +ro·n·cr z xz yz z 
and this can be written on matrix form as follows: 
Stress tensor = crij 
By rotating the normal to the plane as well as the plane ABC around O, three locations will be 
encountered at which no shear stresses aet on plane ABC. Such a plane is called a 
principal plane and the normal stress acting on this plane is a principal stress. 
To determine the principal stresses, assume there is only one principal plane on which the 
shear stresses are zero and only a normal stress (principal stress) = <ri exists. 
Then 
{ 
p } {<r· . cos a. } { <r· . l } 
p: = a: · cos p = a: · m 
Pz <ri · cos Y <ri · n 
z 
a i = principal stress 
Principal plane: No shear stresses aet 
Only normal (principal) 
Stress cri occurs. 
Therefore 
[ 
(<rx-<Ji) 'tyx 
'txy (cry-ai) 
'txz 'tyz 
i.e., three linear, simultaneous equations for determination of cri. 
To obtain a nontrivial solution, the determinant of the matrix should be zero: 
(crx-ai) 'ty x 'tzx 
't x y (<ry -<J j) 't z y =0 
't x z 'tyz (<rz-<Jj) 
=> cr·3 - (cr + cr + cr \ · <r·2 l l( y z/ l 
or (the characteristic equation): 
in which 
* 
The cubical equation has three real roots for a proper 3-D stress state. 
For these roots (= principal stresses) to be constant and independent of the coordinate 
system in which the stress state is expressed, the coefficients I1, I2, and I3 must themselves be 
constant or invariant with regard to coordinate system. 
The three quantities I1, I2, and I3 are called the first, the second, and the third invari-
ants of the stress tensor. 
* The sign used in the cubical equation for the coefficient to cr and the consequent sign of I2 is the users 
choice, but it must be used consistently thereafter. 
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Stress Deviator lnvariants 
Deearnposition of Stress Tensor 
The symmetric stress tensor O'ij can be decomposed into two symmetric tensors, the 
hydrostatic stress (or spherical stress) tensor and the deviatoric stress rensor: 
o r 
";; = "m . L {l for i =j 
Kronecker symbol, oij = 0 for i :;t: j 
The hydrostatic stress or the mean normal stress O'm is defined as 
l l O' = - . (O' + a: + O' \ = - . It 
m 3 x y 1/ 3 
and the deviatoric stress sij is therefore 
S·. = O'· . - O' . O·. IJ IJ m IJ 
in which the individual components are given in the deviatoric matrix above. 
As for the stress tensor, invariant quantities can be determined for the deviatoric stress tensor. 
The characteristic equation is formed as follows: 
in which the invariants of the deviatoric stress tensor have the foliowing values: 
The solution to the characteristic equation yields the principal stress deviators s1, s2, s3. 
The coefficients J 1, 12, and J3 are independent o f the coordinate system, and they are called 
the first, the second, and the third stress deviator invariants, respectively. 
The stress deviator invariants may be related to the stress invariants as follows: 
J l= o 
l 2 J2 = 3. Il - 12 
2 3 l J3 = 27 . Il - 3 . Il . 12 + 13 
The principal stress deviators s1, s2, s3 coincide in directions with the principal stresses, and 
the solutions to the two characteristic equations are really equivalent, except the stress devia-
tors are smaller than the principal stresses by the amount of crm. 
/(J 
PRINCIPAL STRESS SPACE 
In order to represent a general three - dimensional state of 
stress it may be useful to employ the principal stress space . 
This space consists of a cartesian coordinate system whose 
axes represent the three principal stress o 1 , o 2 , and o 3 • 
These stresses are positive and compressive in the octant 
shown in figure 2.17(a). The stress condition in a soil 
element may be represented in the principal stress space by a 
point whose coordinates are given by ( o 1 , o 2 , o 3 , ) as 
illustrated in Figure 2.17(a). 
The hydrostatic axis or the space diagonal is the line in 
the coordinate system which forms equal angles with the axes, 
as shown in Figure 2.17(b). Points on this line represents 
hydrostatic states of stress corresponding to equal values of 
the principal stresses (o 1 = o 2 = o 3 ). The angles between 
the hydrostatic axis and the three coordinate axes are 54.74 ° . 
It is difficult to work with a three-dimensional stress 
space on a routine basis. Two planes in the principal stress 
space are often used for plotting test results. A triaxial 
plane is a plane which contains the hydrostatic axis and one 
of the principal stress axes. There are three triaxial planes 
in the principal stress space. Figure 2.18 shows the triaxial 
plane which contains the o 1 -axis. An octahedral plane is a 
li 
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Figure 2.17 The Principal Stress Space with 
(a) Location of a Stress Poin t , a nd 
(b) Hydrostati c Axis 
l 'J. 
64 
Hydrostatic 
Axis 
Triaxial Plane 
Figure 2 .1 8 Principal Stress Space with Triaxial Plane and 
Octahedral Plane 
/.3 
65 
plane whose normal is the hydrostatic axis. There is an 
infinite number of octahedral planes. Figure 2.18 shows an 
octahedral plane. 
Octahedral Stresses 
The normal and shear stresses on any octahedral plane are 
denoted the octahedral normal stress and the octahedral shear 
stress and they are given here in terms of principal stresses: 
l 
a o et = 3. (a t +o z +o 3) (2.17) 
(2.18) 
The octahedral stress components corresponding to the 
stress point P(cr 1 , cr 2 , cr 3 ) can be found as illustrated in 
Figure 2.19. The total stress vector OP can be decomposed 
into the components OQ on the hydrostatic axis and QP in the 
octahedral plane through P. The length lool can be obtained 
as the projection of OP on the hydrostatic axis. The scalar 
produet of OP and the unit vector n on the hydrostatic axis 
gives 
(2.19a) 
lool = IJ•a o et (2.19b) 
l 'l 
66 
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The deviatoric component IOPI of the total st res s vector can 
be obtained as 
loPI = joP- ool (2.20) 
where 
OP = ( o 1 , o :t , o 3 ) (2 . 21) 
and 
oo = loo l·n (2.22) 
Performing the calculation indicated in e quation (2.20) 
results in 
(2 . 23a) 
loPI = (2.23b) 
Figure 2.19 s hows that the actahedral st ress components , ooet 
a n d T 0 et , c o r r e s p o n d i n g t o t h e s t r e s s p o i n t P (o 1 , a :t , a 3 ) a r e 
l -
r ep re sen te d in the principal s t res s s pace as f!" l OQI and 
l -;} • l Q PI , r e s p e c t i v e l y • The distance from the arigin to the 
actahedral plane which con tain s 'aet is therefore 
J/ 
68 
Note that all points located on a circle in the actahedral 
plane have the samevalues of Ooct and Toet• as shown in 
Figure 2.20. 
Triaxial Plane 
The triaxial plane which contains the 01-axis is shown in 
Figure 2.21. 
angle of e = 
In this plane the hydrostatic axis forms an 
l 
arctan(---) = 35.26° with the horizontal axis. 
12 
Any state of s tress which can be produced in a triaxial test 
in which the state of stress is axisymmetric can be shown in a 
triaxial plane. States of stress in triaxial compression plot 
above the hydrostatic axis, and states of stress in triaxial 
extension plot below the hydrostatic axis. The total and 
effective stress - paths for a CU-test are shown in Figure 2.21. 
These are the s ame stress-paths previously shown on the p-q 
diagrams in Figure 2 .15. 
The stress-paths shown in the triaxial plane and the 
Cambridge p-q diagram are very s imilar. In faet these two 
diagrams are the same within a linear transformation. Figure 
2.22 shows the two diagrams superimposed with the coordinates 
for a stress point indicated with reference to the triaxial 
plane. A similar direct comparison eannot be done between the 
triaxi~l ~lane and the modified Mohr diagram, because the 
abscissa af the latter eannot be changed by a linear 
transformation to match the distance along the hydrostatic 
axis . 
J? 
69 
o, 
~-----------------------~ 
02 
Figure 2.20 Points on a Circle in an Octahedral Plane have 
the Same Values of cr t and T t oc oc 
J l 
70 
~O() 
Se o 
3oo 
2oo 
/OO 
V2. 03 (ki'a.) 
lo o ,2oo .300 
Figure 2 . 21 Triaxial Plane with Stress-Paths for Triaxial 
Test on Normally Consolidated, Remolded EPK 
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Figure 2.22 Comparison Between Triaxial Plane and Cambridge 
p-q Diagram. 
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Octahedral Plane 
The other two-dimensional diagram in the principal stress 
space which is useful for presentation of test results is the 
actahedral plane. The results of tests with three unequal 
stresses are aften shown in this diagram. 
In the actahedral plane the centre point represents the 
hydrostatic axis as shown on figure 2.23. The three axes are 
120° apart and they represent the projections of the principal 
s tress axes on the actahedral plane. These axes are lines of 
symmetry such that a 1 = a 2 , a 2 = a 3 , and a 3 = a 1 represent 
the traces in the actahedral plane of the three triaxial 
planes. 
If a 1 , a 2 , and a 3 are taken as the major, intermediate, 
and minor principal stresses, only one sixth of the octant is 
necessary for representing any state of st re ss . However, any 
one of the three axes could be the major principal stress 
axis. Thus, by i nterchanging the s ubscripts (1, 2, 3) one 
state of stress is represented in each of the six parts of the 
actahedral plane. The state of stress represented by the 
point P is sho wn in each of the six parts of the plane in 
Figure 2.23. 
Figure 2.24(a) shows the Mobr-Coulomb failure e r iterion in 
the principal stress space for a material without effective 
cohesion. The failure surfaces form a cone with the apex at 
the origin. The cross-section in an actahedral plane has the 
shape of an irregular hexagon with acute and obtuse angles at 1\ , 
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Figure 2.23 Octahedral Plane with State of Stress Represented 
in Each of the Six Parts 
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(b) 
Figure 2.24 (a) Three-Dimensional Representation of Mobr-
Coulomb Failure Criterion in Principal 
Stress Space, and 
(b) Variation of Cross-Sectional Shape with 
Frietion Angle in Oc tahedral Plane 
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the points corresponding to the states of stress in triaxial 
compression and extension, respectively. The cross-section 
changes shape as the magnitude of the frietion angle changes, 
as indicated in Figure 2.24(b). The shape approaches an 
equilateral triangle for frietion angles approaching 90°, and 
it resembles a regular hexagon at very small frietion angle. 
Procedure for Plotting St ress Points on an Octahed ral Plane 
It is aften useful to study the shape of failure surfaces 
in the principal stress space. The cross-sectional shapes of 
failure surfaces are best shown on an actahedral plane. 
However, tests conducted with three unequal principal stresses 
most often do no~ fail at the same value of the actahedral 
normal stress, and the results can therefore not be plotted 
directly on the same actahedral plane. For soils with no 
co hesion and with straight failure surfaces, the principal 
stresses at failure can be modified according to the following 
expression such that all s tress points fall in o ne actahedral 
plane: 
a 
o et (2 .24) l 3 (a l +a 2 +a 3 ) 
where a l, 0 2 , and a 3 are the principal stresses measured at 
failure, a nd aoct< =j ( a~ + a: + a: }) is the actahedral normal 
s tress cor responding to the actahedral plane on which the test 
IJU 
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results are to be plotted. The value of aoct is of no 
importance to the cross-sectional shape of the failure surface 
for soils with no cohesion and with straight failure surfaces. 
Note that only the magnitudes of the principal stresses are 
modified, whereas the ratios between the principal stresses 
remain constant. Thus, the frietion angle is not changed due 
to the modification of stresses given by equation ( 2.24). 
The point P c orresponding to the modified principal 
* * * stresses a 1 , a 2 , and a 3 c an b e placed o n the o c tahedral plane 
according to the following procedure. The principal stress 
space with the actahedral plane which contains the stress 
point P is shown in the upper part of Figure 2.25. The 
procedure for finding the distances between the projection af 
P on the principal ?tress axes in the actahedral plane and the 
hydrostatic axis will be demonstrated. The calculations all 
pertain to a triaxial plane, which is a plane containing one 
af the principal stress axes and the hydrostatic axis. the 
triaxial plane containing the a 1 -axis is shown in the lower 
part of Figure 2.25. The point in which the hydrostatic axis 
crosses the actahedral plane is designated O' . The distance 
between the arigin and the projection o f O' an t he a 1 - axis is 
l * * * equal to a = 3 • (a l + a2 + a 3 ) as may b e se en from the o et 
lower part af Figure 2. 25. The projection af p an the 
triaxial plane is designated p'. The distance O' P' = a then 
becomes (see Figure 2.25): 
* a = (a l - a oct) l cos e (2 .25 ) 
a• l 
o 
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!Jtane 
Figure 2.25 Principal Stress Space and Triaxial 
Determination of Distance a. 
Plane. 
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where cos e such that 
(2.26) 
Similar expressions can be obtained for the corresponding 
values of b and c: 
(2.27) 
(2.28) 
With known values of the distances a, b and c the point P 
can be plotted on the actahedral plane as shown in the upper 
part of Figure 2.26. The lengths a, b, and c are marked out 
on the axes in the actahedral plane and lines perpendicular to 
the axes are drawn to intersection to give the position of the 
stress point P. It may be seen from the upper part of Figure 
2.26 that it is only necessary to use two of the three values 
a, b, and c. 
For the purpose of simplifying the positioning of the 
point P on the actahedral plane, the following trigonometric 
considerations are made so that the coordinates of P are 
a. 
l 
a. =.!J 
x 
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Figure 2.26 Location of Stress Point P on Octahedral Plane 
from a , b a nd c , or x and y 
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determined in the X-Y diagram shown in the lower part of 
Figure 2.26. The y -coordinate is equal to a: 
y = .fi2 ·<o*l ) V2 - 0 oct (2.29) 
The x-coordinate is determined as follows (see lowe r part of 
Figure 2.26): 
x = - c • cos 30• - (a + c • sin 30"') • tan 30° 
. (l} + l IJ /3 x = - c 2 3 ) - a . 3 2 
(2.30) 
13 (-a - 2c) x = 3 
Substituting the values of a and c from equations (2.26) and 
( 2.28) respectively, into equation (2.30) and reducing, the 
x-coordinate becomes: 
x = .f2 
2 
(2.31) 
Using equations (2.29) and (2.31), the point P(0 1 , Oz, 03) can 
easily be located on the octahed ral plane as shown in the 
lower part of Figure 2.26. 
?A 
Procedure for Determination of the Direction of the Projection of a Strain 
Increment Vector on an Octahedral Plane 
A set of principal strain increments (El, €2, eJ) can be considered as 
a vector, which can be shown in the same space as the principal stresses. 
Whereas the direction of the projection of the strain increment vector on the 
actahedral plane is o f interest, the length o f this vector is usually immaterial. 
In order to find its direction the vector is considered to have its starting 
point in the erigin of the principal stress and strain increment space, and its 
end point therefore has the coordinates (E1 , E2 , EJ). The erigin O of the 
three-dimensional space projects in the center O' of the actahedral plane and 
the projection of the end point of the vector on this plane can be found 
according to the procedure for plotting a stress point on the actahedral plane. 
The direction of the strain increment vector is only dependent on the relative 
~agnitudes of the strain increments. It is therefore not necessary to modify 
the magnitudes of the principal strain ineremenes such that all sets of strain 
ineremenes have a common mean value. 
Substituting strain ineremenes for stresses in Equations (C.6) and (C.8), 
the direction of the projection of the strain inecement vector on the octa-
~edral plane can be determined as a slope in the X-Y diagram in this plane 
(see the lower part of Figure C~2) according to: 
,--
! J CE -
€ > J z . e: -ft- L .. l m .. /J l 
d x x 
.fi . . E -. (E2 e: 3) 2 2 
where e: is the mean value of the strain increments: 
m 
e: 
m 
. 
(C. 9) 
e: J 
(C. lO) 
The projections of the strain increment vectors are shown ariginating 
a t their respective stress points in the actahedral plane with slopes 
determined from Equation (C.9). 
Shapes of 
STRESS INVARIANTS 
A.l STRESS INVARIANTS 
Usually, piasticity theories assume isotropie mates·ials. lt is 
therefore convenient to use stress invariants , because this ensures 
symmetry of the behavior of materiais in stress space. Several sets 
of invariants are used in the literature. However , only three 
independent invariants are possible in each of the set. 
The most common set is that emerging from the eigenvalue problem 
o f stresses. 
Il = 0 kk 
12 
l ( o .. a .. 0kk0 U ) = 2 -~J J~ 
(A.l) 
13 = det l u.·' ~J 
l 
= 3! e~jkeimn°i i0jm0kn 
In terms of the principal stresses, 
Il = ol + 0 2 + 0 3 
12 - 0 2G3 - 0 30 1 - 0 10 2 (A . 2) 
I3 = 0 10 20 3 
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The shapes of the sul'faces deseribed by these three invariants in 
principal stress space are show11 in Fig . A . l through A.3 . 
The deviatoric stress invariants are often used in addition to 
given in Eq . A. 1 . 
J' = l = .!. 12 + 12 2 s . . s . . 2 l. J J l. 3 l (A.3) 
J' l 2 3 l I3 = 3 s . . s .ksk . = 27 Il + 3 Ili2 + 3 l.J J l. 
where the deviatoric stress is 
(A.4) 
The second invariant J' 2 is related to several physical quantities, 
namely, deviatoric strain energy, actahedral shear stress, and mean 
square sum of principal shear stresses. 
For computational convenience, the third invariant is often used in 
an alternative form (Nayak and Zienkiewicz, 1972): 
l 313 J' { 3 ( A. 5) wcr 3 arcos -2- (J') 3/2 
2 
where o TT < w o < 3 - -
The angle wcr is the angle of the stress vector from the 0 l axis in 
the octahedral plane. l t is known as the Lode angle. Using I l, 
J' w 2 , and o , the principal stresses can be expressed as 
291 
31 
(A. 6) 
cos 
::0 +4rr/3) l + I 1/ 3 cos I 1/ 3 
cos (w +21T/3) 1 1/ 3 o 
This set of invariants was used in calculation of the shape of various 
criteria reviewed in Chapter Il. 
l n this study, all stress functions a re expressed in terms of the 
first set of invariants. lt is useful to examine the non-dimensional 
analogs: 
I2 
R2 = 
l 3 -
I2 (A. 7) 
I3 
R3 = 
l 27 
I3 
Combined with r 1/pa, these two modified invariants may serve as a 
complete set of dimensionless invariants. The modified invariants R2 
and R3 form cones whose vertices are at the stress arigin and whose 
centerlines coincide with the hydrostatic axis. Figs . A.4 and A.S 
show that the shapes of R2 and R3 in the triaxial and the actahedral 
planes. The cross-section of R2 is a circle while that of R3 is a 
rounded triangle . 
292 
32 
..., 
~ 
N 
ID 
w 
(a) l er, 
4"1. \ , \ \\ er, l \ 4 
' 3~\ \\\ 3 
\ '\ 6 
2t \ \ 
2 ~ \ \ 
\ \\3 
. \ 
' 
o 2 12 er3 3 
Fig. A.l Shape of stress invariant 11: (a) on triaxial plane, and (b) in stress space . 
(b) 
~ er2 
er3 
3 
(a) 
~t.tlc 
•• 
(b) 
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Fig. A .3 Shape of stress inv;ari::on+ r3 : (a) on triaxial plane, (b) on 
actahedral plane, and (c) in stress space. 
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C UDICAL 'fRIAxiAL TEsTs oN CoHESIONLESS SoiL 
By Poul V. Lade, 1 Å.M. ASCE and JaDies M. Duncan, 1 M. Ase E 
INn100UC110N 
Conventional triaxial compression tests only provide information regarding 
the soil behavior under stress conditions for which u 1 > u 2 = u 3• A new 
type of triaxial apparatus in wbich three different principal stresses can be 
applied to a cubical soil specimen is described. This apparatus bas some definite 
advantages over tbose used previously. The features of tbe new apparatus are 
described, and tbe results of a series of tests performed on a uniform sand 
at two different void ratios are examined. 
The influence of tbe intermediate principal stress on tbe stress-strain and 
strengtb characteristics of cobesionless soils may be investigated to a Jimited 
extent by means of ordinary triaxial tests in which two of tbe principal stresses 
have the same value. Several investigators have carried out triaxial compression 
and triaxial extension tests in order to compare tbe behavior of soils in tbe 
two types of tests (7,8,15,28,30). Tests witb tbree unequal principal stresses 
have been employed in addition to the triaxial tests. Studies incorporating results 
from plane strain tests, torsion tests, and thick cylinder tests haveshed additional 
light on the behavior of cohesionless soils (4,5,10,14,17,22). An excellent review 
of the stress-deformation and strengtb characteristics of soils was presented 
by Scott and Ko (31). 
Note.-Discussion open until March l, 1974. To extend tbe closing date one month, 
a written request must be filed with the Editor of Technical Publications, ASCE. This 
paper is part of the copyrighted Journal of the Technical Publications, ASCE. This paper 
is part of the copyrighted Journal of the Soil Mechanics and Faundations Division, 
Proceedings of the Arnerlean Society of Civil Engineers, Vol. 99, No. SMIO, October, 
1973. Manuscript was submitted for review for possible publication on March 6, 1973. 
1 Asst. Prof., Mech. and Struttures Dept., School of Engrg. and Applied Sci., Univ. 
of California, Los Angeles, Calif. 
2Prof. of Civ. Engrg., Univ. of California, Berkeley, Calif. 
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TECHNIOUES FOR Am.YINO THRH DIFRREHT PlaNCI'AL STRESSES 
Previous studies performed to investigate the effects of a 2 have also involved 
equipment in which three different principal stresses could be applied indepen-
dently to a cubical specimen. The fundamental design and working principles 
of some of these apparatuses and the main results obtained for cohesionless 
soils are deseribed in the following. 
Ko and Scott (18) designed a soil test box in wbich a cubical specimen was 
contained between six membranes. Each pair of opposite membranes was 
interconnected and could be pressurized individually, thus providing for three 
different principal stresses. In order to avoid a tendency of the membranes 
to interfere with each other at the edges, a rigid frame separated the membranes. 
Tests performed on Ottawa Sand showed (20) that the frietion angle increased 
with increasing intermediate principal stress from the condition of triaxial 
compression (in which a 2 = a 3) to a maximuro before a slight decreasc! at 
the condition of triaxial ex tension (in which a 2 = a 1). This apparatus offers 
the advantage of easy application of normal stresses and ensures that no sbear 
stresses are induced on tbe faces of the specimen. However, as the magnitudes 
of the strains increase, they can become nonuniform. Green (Il), Arthur and 
Menzies (l), and Bell (3) pointed out that the rigid frame separating the membranes 
may cause edge restraints wbich result in too steep stress-strain curves and 
too high strengths. 
An apparatus deseribed by Bishop (6) and Green (12) employs a rectangular 
prismatic specimen. One horizontal stress is applied by the chamber pressure 
and an additional stress supplied by two vertical, stiff piates provided with 
a horizontal loading ram. The two vertical piates cover most of two opposite 
vertical faces, but are shorter than the height of the specimen, leaving space 
for compression of the specimen in the vertical direction, and thus avoiding 
interference between the vertical, stiff piates and the cap and base. Green and 
Bishop (13) and Green (12) performed tests on Ham River sand witb a 2 values 
very eloseJ y spaced in the range from a 1 to a 3• The frietion angle was reported 
to increase from triaxial compression to plane strain and to remain constant 
from plane strain to triaxial extension. It appears fromtbedesign of this apparatus 
tbat part of tbe specimen can be squeezed out above and below tbe vertical 
plates, thus filling tbe spaces between the vertical piates and the cap and base. 
This may result in nonuniform straining of the specimen and may, in part, 
prevent the compression of tbe specimen, thereby resulting in too steep stress-
strain curves and too high strengths. This discrepancy would be expected to 
be most pronounced at high values of the intermediate principal stress. 
Sutherland and Mesdary (32) designed a piece of equipment similar to tbe 
apparatus deseribed by Bishop (6). One of the horizontal stresses is applied 
by the chamber pressure, and the other is applied by two rubber bags filled 
with water. Tests performed on Lock Aline sand showed that the frietion angle 
increased from triaxial compression to a maximuro in the region of the plane 
strain condition and then decreased at triaxial extension to a value approxirnately 
equal to that obtained in triaxial compression. The principal disadvantages are 
tbe difficulties in evaJuating the intermediate stress precisely, and the possibility 
of interference between the rubber bags and the cap and base. 
Another cubical triaxial machine was designed by Roscoe and bis co-workers 
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and was deseribed by Pearce (26,27). The specimen is enclosed in a membrane 
and surrounded by six interconnected rigid plates, one on each face. The six 
rigid piates are arranged around the specimen so that they can slide over each 
other to produce strains along aU three perpendicular axes. The apparatus can 
apply strains of j: 30% along any or aU of the three perpendicular axes. Load 
cells are incorporated in some of the piates in order to measure stresses on 
the specimen. A large loading frame with three mutuaUy perpendicular pairs 
of rams provides the compressive forces. Whereas the working principle is 
simple and attractive, the actual design and construction of this piece of equipment 
is very complicated and the expe!lse and time for construction are considerable. 
Pearce noted that this true triaxial apparatus rnay not be useful for testing 
cohesionless soils due to development of excessive shear stresses along the 
faces of the specimen. 
The four apparatuses deseribed in the preceding represent the design principles 
that have been used in recent years for equipment with independent control 
of the three principal stresses. In addition to tbese, several other investigations 
of the behavior of cohesionless soil have been performed using equipment 
incorporating designs similar tothose just presented (2,23,24,29,32). 
Each o f the apparatuses has its own advantages, but no single piece o f equipment 
appears to incorporate accurate control of stresses and uniform strains of large 
magnitude with simple design features. Therefore a new cubical triaxial apparatus 
employing new design principles was developed for the present investigation. 
Cu81CAL TIIIAXIAL APPARATUI 
Stress Application.-The new cubical triaxial apparatus is show n in Fig. J. 
The specimen, which is contained between a cap and base and surrounded 
by a membrane, has dimensions 7.6 cm x 7.6 cm x 7.6 cm. The apparatus 
is contained in a pressure chamber. 
The three principal stresses are applied to the specimen in the foliowing way: 
The minor principal stress, a 3, whicb acts in one horizontal direction, is provided 
by the chamber pressure. A vertical load is transmitled by a rod through the 
top of the chamber and applied to the specimen through the cap and base. 
The resulting deviator stress, together witb the chamber pressure, provides for 
a vertical principal stress different from a 3• The second horizontal deviator 
stress is applied by a specially designed loading system. 
Horizontal Loading System.-Fig. 2 shows this Joading system, which consists 
of two interconnected vertical piates which sit on opposite sides of the cubical 
specimen. One of the piates is provided withapressure cylinder, which supplies 
the horizontal load. This loading system rolls freely on two rails alongside the 
base, as seen in Fig. 2. 
The two horizontal loading plates, which are compressible in the vertical 
direction, consist of horizontal larninae of attemate layers of stainless steel 
and balsa wood. The balsa wood has a fairly low modulus and strength in 
the directions perpendicular to the fibers, whereas the modulus and strength 
parallel to the fiber direction are relatively high. Poisson's ratio in all three 
directions is essentially zero. The strength in the directions perpendicular to 
the fibers can be Curther decreased by compressing the wood and allowing 
it to soak water, whereupon it will rebound to its original dimensions. The 
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balsa wood laminae were cut so that the fiber direction faces the specimen. 
The steel laminae are provided with rims whicb prevent the balsa wood laminae 
from being pushed back by the specimen. The thickness of the steel and balsa 
FRAliE FOR COMPRESSING 
HORIZONTAL LOADING PLATES 
D 
LOAD CELL 
RG. 1 . .....Cublcal Trfaxi1i App1r1tu1 
RG. 2.--Horfzontll Lo1dlng Syltem 
wood laminae are proportioned so that the piates can be compressed about 
20% in the vertical direction without excessive force. 
Tbe back sides of the steel laminae are provided with rollers that can roU 
on a solid steel plate as seen in Fig. 2. The upper and lower steel laminae 
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are constructed with tongues which slip into the slots between the other steel 
laminae and their rollers. The tongues keep the laminae in line and prevent 
the piates from budding. 
The force required to compress the piates in the vertical direction is supplied 
from the rod which also provides the vertical load for the specimen. A frame 
with four legs is fastened to the rod, as seen in Fig. l. Tbe four legs extend 
around the cap and rest on the four ball bearings fastened to the upper steel 
laminae. The two horizontal loading piates are positioned so that there is a 
gap of about l mm between the piates and the cap and base. As the specimen 
is load ed vertically, the horizontal loading piates are compressed at the same 
rate as the specimen by the frame attached to the axial force rod, thereby 
avoiding any contact between the piates and the cap and base. 
The verticalload applied to the specimen is measured by a load cell embedded 
in the cap (see Fig. 1). Tbe force required for vertical compression of the 
horizontal loading piates is therefore not a part of the measured vertical load 
applied to the specimen. 
8oth the horizontal loading piates and the cap and base were provided with 
lubricated surfaces in order to avoid development of significant shear stresses 
between the loading piates and the specimen. 
Speelmen Saturation.-After a specimen had been built of air-dry sand and 
subjected to a confining pressure in the pressure chamber, i t was saturated 
using the foliowing procedure: Gaseous carbon dioxide (C0 2) was introduced 
through the boltom drainage line, thereby pushing the lighter air within the 
specimen up through the top drainage line. De-aired water was then introduced 
through the boltom drainage line and also allowed to seep slowly up through 
the specimen, thereby pushing most of the carbon dioxide out through the top 
drainage line. Since a volume of gaseous carbon dioxide can be dissolved in 
approximately an equal volume of de-aired water, any carbon dioxide left in 
the specimen below the cap would dissol ve in the introding water, which in 
tum would fill the voids in the specimen. 
The degree o f saturation was checked by measuring the pore pressure parameter, 
B, at the start of each test. The value of B was found to be from 0.97 to 
1.00 in most cases, indicating that the specimens were practically completely 
saturated with water. 
Measurements.-The oil pressure in the horizontal pressure cylinder was 
controlled and could be measured by a pressure transducer outside the triaxial 
cell and related to the horizontal deviator stress. The chamber pressure was 
also measured by a pressure transducer and the vertical load by the load ceU 
embedded in the cap. 
The linear deformations of the specimen were all measured with clip gages. 
These consisted of thin bands of beryllium copper on which strain gages were 
glued. The bands were shaped to fit around the specimen, between the horizontal 
loading plates, and between the cap and base. All strain gages and wires were 
waterproofed. In addition to the linear deformations, the volume change of 
the saturated specimen was measured. 
The measurements of the electrical signals from the clip gages, the load ceU, 
and the pressure transducers were recorded in digital form by a Uk:hannel 
Vidar Digital Data Acquisition System. A maximum of seven chanoels was 
used for the testing in the cubical triaxial apparatus. The response from the 
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seven electrical devices was measured and printed in about IO sec. 
Corrections to the measured loads and pressures were found to be negligible, 
but the linear and the volumetric deformations were corrected for effects of 
membrane penetration. 
A detailed description of the design and performance of the cubical triaxial 
apparatus can be found elsewhere (21). 
SANDTESliD 
All tests were performed on Monterey No. O Sand, which is composed of 
subangular to subrounded grains consisting mainly of quartz and feldspar. The 
characteristics of this sand are summarized as follows: Mean diameter, 0.43 
mm; coefficient of uniformity, 1.53; specific gravity of grains, 2.645; maximuro 
void ratio, 0.860; and minimum void ratio, 0.565. 
Tests were performed on dense and loose specimens. The loosest deposits 
that could be conveniently prepared on a routine basis had a void ratio of 
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0.78 and a corresponding relative density of D,= 27%. The dense specimens 
were prepared with a void ratio of 0.57 and a relative density of D, = 98%. 
TES11NO PllooRAM 
Drained tests were performed in the cubical triaxial apparatus at constant 
chamber pressures o f 0.60 kg/ cm 2 (58.8 kN l m 2). A series o f tests was conducted 
in which the horizontal and the vertical deviator stresses were increased 
proportionall y until the specimen failed. The ratio between the deviator stresses 
may be denoted by the parameter, b, introduced by Habib (14) and tater used 
by Broms and Casbarian (9) and by Bishop (S): 
b=_;,.._ . 
. . .... ......... (l) 
u,- O') 
The value of b indicates the relative magnitude of the intermediate principal 
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stress: b is zero for triaxial compression in which er 2 = er1 , and it is unity 
for triaxial extension in which er2 = er 1; for intermediate values of er2 the value 
o f b is between zero and unit y. Each test was conducled with constant val u e 
of b throughout. The values of b used in the tests were chosen so that the 
failure surfaces and the stress-strain relations for both the dense and the loose 
sand could be determined over the fuU range of the intermediate principal stress. 
Two plane strain tests were also performed in the cubical triaxial apparattis, 
one on dense and one on loose sand. 
TEST RESULTll 
Stress-Straln Cbaracteristlcs.- The stress-strain curves obtained from the cubi-
cal triaxial tests on dense and loose sand are shown in Figs. 3 and 4. It may 
be seen that the strength increases with increasing value of the intermediate 
principal stress, until the value of b reaches 0.75 to 0.90, and then decreascs 
slightly at b = 1.00. The data in Figs. 3 and 4 show that for a constant value 
o f er 1 the initial slope o f the stress-strain curve iocrcases continually with increasing 
value of the intermediate principal stress for both dense and loose sand. This 
behavior indicates that for smal! stress levels the influence o f er2 o n the stress-strain 
curves may be accounted for, at least qualitativcly, by Hookc's Law. The 
strain-to-failure is greatest and the strength is lowest for triaxial compression 
(b= 0.00). For loose sand the strain-to-failure decreases initially with increasing 
value of b and remains approximately conslant for b values greater than 0.6. 
It may also be seen from Figs. 3 and 4 that the major deviator stress (er 1 
- er1} drops off more rapidly after the peak when the value of b is large. 
Influence of Lubrication.-The lubricated surfaces on the cap and base and 
the horizontal loading piates consisled of rubber sheets coated with silicone 
greasc. These lubricating sheets were in addition to the membrane which confined 
the specimen along its vertical faces. Whereas most tests werc performed with 
justone lubricating sheet on each of the four loading plates, some were performed 
on loose sand with one sheet on the base and two on each of the three other 
interfaces. The stress-strain curves for these latter tests are shown with the 
other curves in Fig. 4 for comparison. The expected effects of added lubrication 
were reduction in end restraint and more uniform deformation of the specimcn. 
Because the specimens deformed quite uniformly both with and without the 
added lubrication, the main effect was a reduction in end rcstraint, and a 
consequent reduction in the strengths of the specimens. However, the reduction 
was smaU, and it scems logical that further lubrication would have only a minor 
effect. Similarly, the results of triaxial compression tests on dense sand were 
affected very little by additional lubrication. 
Volume Change Characteristlcs.-The volumetric strains measured in the cubical 
triaxial tests are also shown in Figs. 3 and 4. The initial rate of compression 
increased with increasing b val u e for both dense and loose sand. Thi s characteristic 
is indicative of elastic behavior at low stress levels. As the stress level increased, 
plastic dilation began to dominate. The rate of dilation (expressed as - tu./ 11~ 1 ) 
increased with increasing stress level from a negligible value at smalt stress 
levels, to such a magnitude at high stress levels as to completely dominate 
the elastic compression. Whereas this behavior was observed for both thc dense 
and the loose sand, the rate of dilation at Cailure was much higher for the 
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dense than for the loose sand. The rate of dilation may be seen to iocrcase 
with increasing value of b. 
Relation Between Prtodpal Stralns.-The intermediate and minor principal 
strains, E2 and E 1, are plotled versus E 1 in Fig. S for both dense and loosc 
sand. The upper diagrams of this figure show that the intermediate principal 
strains, E2, are expansive for b values smaller than thosc corresponding to the 
plane strain condition and compressive for higher b valucs. The minor principal 
strains, E 1, are cxpansive in aU cases and decrease with incrcasing b values 
as shown in the lowcr diagrams of Fig. 5. A given incrcment in b has a greater 
effect on the relation betwccn the principal strains at smaU b values than at 
high b values. · 
Dt:NSE. MONT(ft(Y 111),0 SA-' 
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AG. 5.-Reletlons Between Principal Strelns Obtalned In Cublc:el Trlexlel Tests on 
Dense end Loo1e Monterey No. O Send 
Linesare drawn through the points corresponding to failure. The major principal 
strain-to-failure decreases with increasing b value for dense sand. For loose 
sand the major principal strain-to-failure first decreases with increasing value 
of b, and then remains approximately constant for b values greater than about 
0.60. 
Isotropy of Specimens.--For isotropie materiais in triaxial compression (er 2 
= er1) the intermediate and the minor principal strains are equal (~ 2 = EJ. 
Sand specimens deposited in the vertical direction deform axisymmetrically in 
triaxial compression and show no preference for cxpansion in any particular 
horizontal direction, because the specimens are loaded along an axis o f symmetry. ·  · · 
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In the extension tests performed in the cubical triaxial apparatus, the major 
>rincipal stress, e1 1 ( = e1 2), was applied in the vertical direction and the intermediate 
?rincipal stress, e1 2 ( = e1 1), was applied in one of the horizontal directions. 
fhe specimen was consequently loaded symmetrically around a horizontal axis, 
but since the specimen was deposited in the vertical direction, the principal 
strains, 40 1 and 40 2 , would not be expected to be equal unless the sand was 
isotropic: 
The upper diagrams of Fig. S show that the values of 40 1 for practical purposes 
are equal to the values of E 2 for extension tests on both dense and loose sand. 
l t was also observed that in some of the triaxial ex tension tests failure occurred 
in the horizontal direction, in others failure occurred in the vertical direction, 
and in others failure occurred in both directions simultaneously. The strengths 
measured in these tests were approximately the same. Both of these observations 
indicate that the sand specimens were essentially isotropic. 
Strength Cbaracteristks.-The variation of the measured frietion angles with 
bare shown in Fig. 6 for dense and loose sand. The frietion angles were calculated 
from 
sin ej! = C7 1 - C7 3 
.... .... ... . . o o o o o o o o o o o o o o o o (2) 
C71 + C7 3 
and they are smallest in triaxial compression for both the dense and loose 
sand, and the use of values of ej! measured in triaxial compression may be 
seen to be quite conservative. As the magnitude of b increases, the frietion 
angle increases to a maximum before decreasing slightly close to the extension 
condition. However, the shapes of the variations of ej! with bare quite different 
for dense and loose sand. The strength of dense sand, expressed by the frietion 
angle, increases very rapidly at small b values and remains fairly conslant for 
intermediate values of b. For loose sand the increase in strength is more gradual. 
The slight decrease in ej! close to b = 1.00 was observed for both dense and 
loose sand. 
The data in Fig. 6 show that the amount of lubrication has littie influence 
on the strength as long as the specimens deform uniformly and the predominant 
part of the end restraint has been removed. 
Fig. 7 shows the test results plotted on an octahedral plane. It has been 
as s u med in plotting this tigure that the confining pressure ( = e1 3) bas n o influence 
on the frietion angle, so that the failure surfaces in the principal stress space 
are cones for which the shapes of the cross sections are as shown in Fig. 
7. Thisis only approximately true, but it is believed that the assumption involves 
o n ly littie error. 
The cross sections of the Mobr-Coulomb failure surfaces corresponding to 
the strengths obtained in triaxial compression for dense and loose specimens 
are also shown in Fig. 7. These cross sections have shapes of irregular hexagons, 
with acute and obtuse angles at the points corresponding to the states of stress 
in triaxial compression and extension, respectively. In contrast, the traces of 
the experimental failure surfaces in the octahedral plane are smooth throughout 
their lengths. 
lt was pointed out that the specimens were essentially isotropic, and it was 
also noticed that the strengths of the extension test specimens were the same 
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whether they failed horizontally or vertically. Interchanging the principal stress 
directions will therefore not have any effect on the strength of the sand. The 
traces of the failure surfaces in the octahedral plane are consequently symmetric 
around the projections of the three principal axes and intersect these at right 
angles. 
OIRECllONS OF STRAIN INCREMEHT VECTORS 
It is of interest to investigate whether the normality condition of classical 
piasticity theory is satisfied by these test results. According to the normality 
condition the plastic strain increment vector for a perfectly plastic material 
sbould be normal to the yield surface when the principal strain increments 
are plotted in the same space as the principal stresses [see, e.g., Hill (16) 
or Mendelson (25)]. If the normality condition is fulfilled, the pertinent strain 
IO 
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FIG. 8.--Directlona of Straln lncrement Vec:tora in Triaxlal Plane for Denae and Looae 
Monterey No. O Sand (1 kg / cm 2 = 98.1 kN / m 2 ) 
increment vectors are perpendicular to the trace of the faiture surface in a 
triaxial plane, and the projections of the strain increment vectors on an octahedral 
plane are perpendicular to the trace of the faiture surface in the octabedral 
plane. 
The magnitudes of the strain increment vectors are immaterial to the question 
of normality. The relative magnitudes of the principal strain increments can 
be obtained from the slopes of the E 2 - E 1 and E 3 - E 1 diagrams in Fig. 5, 
and the directions of the strain increment vectors can be plotted using these 
values. Only the directions of the strain increments at faiture will be considered, 
because normality concerns only plastic strains, and by definition all strains 
are plastic at faiture. 
The triaxial plane contairung the a 1-axis is shown in Fig. 8. The traces of 
the experimental faiture surfaces in this plane are shown for dense and loose 
sand, together with the directions of the strain increment vectors. Since E 2 
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= E3 in compression and E 2 = E 1 in extension, the corresponding strain increment 
vectors are contained in the triaxial plane. Fig. 8 shows that the directions 
of the strain increments form acute angles with the failure surface for sense 
and loose sand in both compression and extension. The normality condition 
is therefore not satisfied for these test results. Ko and Scott (19) also found 
that the normality condition was not fulfilled for their tests on Ottawa Sand, 
and it would appear that cohesionless soils in general do not satisfy the normality 
condition. 
The projections of the strain increment vectors on the octahedral plane are 
shown in Fig. 9. Because of the symmetry about the principal stress axes, 
only one sixth of the plane is shown. The projections of the strain increments 
are very nearly perpendicular to the failure surfaces in the octahedral plane 
for both dense and loose sand. Only a few of the vectors at intermediate values 
o f a 2 deviate slightly from perpendicularity. The magnitudes o f these deviations 
are so smal) that they could even be due to experimental inaccuracies. 
It is clear from these results that the condition of normality is satisfied or 
very nearly satisfied in the octahedral plane, but not in the triaxial plane, and 
it is therefore not fulfiUed in general for sand. The general pattern of the directions 
of the strain increment vectors relative to the failure sunaces is of importance 
in considerations regarding the applicability of piasticity theory to cohesionless 
so il s. 
BouNDARY CoNomaNs FOR CUIIVE SHOWINO VARIATION OF <l> Wmi b 
The frietion angles obtained from the cubical triaxial tests were previously 
shown to increase with b at b = O and to decrease slightly at b = l. Using 
piasticity theory it is possible to prove that for isotropie cohesionless soils 
the end slopes of the curve showing the variation of a with b should be as 
they are shown in Fig. 6. These slopes can be expressed in terms of the frietion 
angles from triaxial compression <<l> c> and extension (tJ>.) tests, respectively. 
According to piasticity theory the normal strains can be expressed by equations 
of the foliowing form: 
d f åE ·'= å).-- · 
Il da ' 
Il 
(i = j) .. . ... . . . .... . .. .... . . . . . . .. (3) 
in which å X is a proportionality factor and f represents an expression for the 
failure surface. Using Eq. 3 it can be shown that for isotropie materiais the 
initial and final slopes of the tailure surface in a <j> - b diagram can be expressed 
by the foliowing equations 
(
dtj>) l 180 
- = -(l + sin <j><) tantj>
0
--; 
db b • O 2 1T 
(in degrees) . . . . . . . . . ... (4) 
(
dtj>) l 180 
- = - - (1 - sin <l>.) tantJ>. --; 
db b•l 2 1T 
(in degrees) . . . . . . . . . . . (5) 
The derivations of Eqs. 4 and 5, which are shown in Appendix l , are based 
on the condition that the failure surface is smooth, as are the tailure sunaces 
shown in Fig. 7. No specific mathematical formulation of the failure surface 
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was chosen for the derivations, and the expressions in Eqs. 4 and 5 are therefore 
generall y applicable for cohesionless soils. Eqs. 4 and 5 simply express geometrical 
conditions, which have been observed in the principal stress spaceand transferred 
to the <l> - b diagram. Note that the derivations of Eqs. 4 and 5 have not 
involved assumptions of normality of the strain increment vector to the failure 
surface in the principal stress space. It has only been assumed that the projection 
of the strain increment vector on an actahedral plane is perpendicular to the 
trace of the faiture surface in the actahedral plane for the conditions of triaxial 
compression and triaxial extension, which is true for all isotropie materials. 
The calculated variations of the slopes with <j> are shown in Fig. JO. The 
left part of this figure shows the variation of the numerical values of d <j> / db 
for b = O and b = l with the frietion angles from compression and extension 
tests. The initial and final slopes are shown in a <j> - b diagram in the right 
part of Fig. IO for frietion angles up to 60°. While the initial slope increases 
with increasing value of the frietion angle in compression, the final slope is 
smal! and varies only slightly within the range of frietion angles measured in 
extension. 
The pertinent initial and final slopes are shown in Fig. 6 for comparison 
with the experimental failure sunaces for dense and loose sand. It appears 
thai the boundary conditions derived from the observations in the principal 
stress space fit the experimental results very well. The smaU reductions in 
the frietion angles close to b = l, which were observed for both dense and 
loose sand, are supported by the boundary condition expressed in Eq. 5. The 
magnitudes of the increases in frietion angles with increasing b value at b = 
O are also correctly accounted for by Eq. 4. 
CoNclUSIONS 
A new type of cubical triaxial apparatus was designed and constructed and 
a series of tests was performed to investigate the influence of the intermediate 
principal stress on the stress-strain and strength characteristics of Monterey 
No. O Sand. The testing program included both plane strain tests and tests 
conducted with constant values o f b = (a 2 - a 3 ) l (a 1 - a 3 ) . 
lt was found for both dense and loose specimens that the slope of the 
stress-strain curve increased, the strain-to-failure decreased, and the rate of 
dilation increased with increasing b value. The strength of the soil as represented 
by the frietion angle increased from triaxial compression (for which b is equal 
to zero) to a maximum at values of b slightly smaller than unity, and decreased 
slightly to triaxial extension (for which b is equal to unity) . lt was observed 
that a given increment in b had a greater effect on both the stress-strain and 
the strength characteristics at small b valtiesthan at high b values. 
The test results showed that the directions of the strain increments at failure 
form acute angles with the failure sunaces for both the dense and loose sand. 
The results are thus not in agreement with the normality eriterion from classic 
piasticity theory. However, it w as f o und t hat the projections o f the plastic 
strain increment vectors on the octahedral plane are perpendicular to the trace 
of the tailure surface in that plane. Expressions were derived for the initial 
and final slopes of the failure sunaces in a diagram showing the variation of 
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cjl with b, and the test results were shown to fit these boundary conditions 
well. 
APPENDIX 1.--BouNOARY CoNDrnoNs roR fAIWRE SURFACE IN cjl - b DtAGRAM 
From the conditions, E 1 = E 1, in triaxial compression (a1 = a 3) and E 1 
E1 in triaxial extension (a 1 .. a 1) for isotropie materials, it can be shown for 
cohesionless soils that the initial and the final slopes of the failure surface 
in a diagram showing the variation of cjl with b can be expressed in terms 
of the frietion angles from compression and extension tests,4l, and 41,. 
Expressing the strains by Eq. 3 and equalizing according to the foregoing 
conditions results in 
df df 
for b = o .......... ..... . ... ........ (6) da
1 
= da
3
; 
df df 
and - = -; for b = l .. . ... ........... .... ... (7) 
da1 da 1 
The strength of the cohesionless soil can for an y value o f b = (a1 - a 3 ) l (a 1 
- a 3 ) be expressed as 
a -a 
t, = sin4l = 1 3 = a0 + a1 b+ a1 b1 + ... +a. b" ......... . . (8) 
a 1 +a J 
in which the right-band expression represents the Taylor's series expansion 
of a mathematical formulation of the failure surface in a sin4l - b diagram. 
Eq. 8 can be written as a failure eriterion as follows 
a 1 - a 3 
t= - a0 - a 1b - a1 b1 - .•• - a.b" = O ............. . (9) 
a 1 + aJ 
The slope of the failure surface in a sine!> - b diagram for any value of 
b is 
d t 
-
1 
= a 1 + 2 a 1 b + ... + n a. b•- • db 
(lO) 
The derivatives of f appearing in Eqs. 6 and 7 can be derived from Eq. 
9 and reduced by Eq. lO as follows 
d f (a l + a l ) l - (a l - a)) l · - l db i 
-- = - (a 1 + 2a1 b + ... + n a. b ) - -da1 (a 1 + a 3) 1 da1 
·Ol) 
dt 2a 1 df, (a2 -a J) ·{ 
da 1 = (a 1 + a 1) 1 + db ( a 1 - a J) 1 ) 
df db ( 
-- = -(a 1 + 2a 1 b + ... + na.b"- 1) --~l ~2 
~ 
.. . . . ......... (12) 
d t dt, 
----
--=-db (al- a J) da2 
SM10 
d f 
da3 
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(a 1 + aJ) (-l)- (a 1 -a3 ) l 
(a 1 + a 3) ~ 
db 
-(a,+ 2 a1 b + ... + n a. b"- 1) --
da J 
. ....... ......... (13) 
- 2a 1 dt, (a1 - a 1) 
----+ 
d t 
da3 (a 1 + a 3) 1 db {a 1 - a 3) 1 
Trlaxlal Compresslon.-Substituting Eqs. 12 and 13 into Eq. 6 and reducing 
gives 
d/1 a 1 (a 1 - a 3 ) a 1 -a3 a 1 . a 1 
-= = = smcjl, . . ...... (14) 
db (a 1 + a 3) 1 a 1 + aJ a 1 + a 3 a 1 + aJ 
The a 1 term can be expressed as 
a, 
l +sin 41 c 
---...:.a 3 • • •••• •• ••• • •• • ••• ••• •••••.••• (15) J - sin 41 c 
Substituting Eq. 15 into Eq. 14 and reducing gives 
df, l . . 
- =- (l + sm4l ) sm4l ........... . . .. ..... . .... (16) db 2 c c 
Eq. J6 expresses the initial slope of the Cailure surface in a sincjl - b diagram. 
In a cjl - b diagram the slope can be found by expressing 
df 1 dsin4l d4l 
db = ~=cos4l db· ··········· · ··· · · ······ · · · (17) 
which in connection with Eq. 16 gives 
(
dcjl) l 180 
- =- (l + sincjl c> tancjl , --; (in degrees) ........ . .. (18) 
db b-O 2 11' 
Eq. 18 expresses the initial slope, in degrees, of the failure surface in a 41 
- b diagram. It can be seen that it is only dependent on the frietion angle 
obtained in triaxial compression (cjl ,). 
Trlaxial Extenslon.-Substituting Eqs. Il and 12 into Eq. 7 and reducing gives 
dt , - a 1 (a 1 - a 3) -a3 (a 1 - a 3 ) - a 1 . 
- = = = sm41, .... (19) 
db (a 1 + a 1) 2 (a 1 + a 1) (a 1 + a 3 ) ( a 1 + a 3) 
The a 1 term can be expressed as 
l+ sin 41, 
a l = a ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20) 
l -sine!> , 
Substituting Eq. 20 into Eq. 19 and reducing gives 
dt, J • • 
- = - - (1- smcjl,)smcjl, ........................ (21) 
db 2 
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Eq. 21 expresses the final slope of the tailure surface in a sincjl 
In a cjl - b diagram the slope can be found from Eqs. 17 and 21: 
SM10 
b diagram. 
(
dcjl) l 180 
- =--(l- sincjl,) tancjl, --; (in degrees) .......... (22) 
db b • l 2 'Ir 
Eq. 22 expresses the final slope, in degrees, of the tailure surface in a cjl -
b diagram. Il can be seen that it is only dependent on the frietion angle obtained 
in triaxial extension (cjl,). 
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APPENDIX 111.-NOTATION 
The foliowing symbols are used in this paper: 
a0 , att a1, ••• , a" 
B 
b= (a 2 - a 3)/(a 1 - a 3) 
D, 
e 
f 
constants; 
pore pressure parameter; 
ratio of horizontal to vertical deviator 
stress; 
relative density; 
void ratio; 
expression for failure surface; 
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f, 
n 
å},. 
EpE 2,E3 
t., E,. €3 
Eli (i,j = ) ,2,3) 
E• 
O' p al, al 
a 11 (i,j= 1,2,3) 
cjl = aresin [(u 1 - u 3)/(u 1 + u 3)] 
cjl c 
cjl. 
expression for strength of cohesionless 
soil; 
exponent; 
proportionality conslant; 
principal strains; 
principal strain increments; 
strain tensor; 
volumetric strain; 
principal stresses; 
stress tensor; 
frietion angle; 
frietion angle obtained from triaxial 
compression test; and 
frietion angle obtained from triaxial ex-
tension test. 
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lNTROOUCTION 
The stress-strain, pore pressure, and strength behavior obtained from undrained 
triaxial compression tests only pertam to stress conditions for which a 1 > a 1 
= a 1. U se o f the Mobr-Coulomb faiture eriterion in conneelion with the strength 
obtained in triaxial compression irnplies that the intermediate principal stress 
does not influence the strength. However, previous experimental studies have 
indicated some influence of the intermediate principal stress on the behavior 
of soils. Only a limited number of investigations of the bebavior of normally 
consolidaled clays under three-dimensional stress conditions have been per-
formed, and some of the available data are not consistent. 
Presented herein is an experimental study of the influence of tbe intermediate 
principal stress on the stress-strain, pore pressure, and strength characteristics 
of normall y consolidated, remolded clayunder undrained conditions. Consolidat-
ed-undrained triaxial compression tests and triaxial tests with independen t control 
of all three principal stresses on cubical specimens were performed. A complete 
series of tests w as conducled for each of three different consolidat ion pressures. 
REVIEW OF PREVIOUS INVESTIGATIONS 
The influence of the intermediate principal stress on behavior of soils may 
be investigated to a limited extent by means of ordinary triaxial tests in which 
two of the principal stresses have the same value. Resolls of triaxial tests on 
normally consolidaled clays performed by Henkel {8,9) showed that the principal 
Note.- Discussion open until July l, 1978. To extend the closing date one month, 
a written request must be filed witb the Editor of Technical Publications, ASCE. This 
paper is part of the copyrighted Journal of the Geotechnical Engineering Division, 
Proceedings of the Arnerlean Society of Civil Engineers, Vol. 104, No. GT2, February, 
1978. Manuscript was submitted for review for possible pubHeation on March 14, 1977. 
1 Asst. Prof., Mech. and Structures Dept .• School of Engrg. and Applied Sci., Univ. 
of California, Los Angeles, Calif. . 
'Grad. Student, Mech. andStructures Dept., School of Engrg. and Applied Sci., Univ. 
of California, Los Angeles, Calif. 
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effective stress ratios at failure were approximately the same in compression 
(where a 1 > a 2 = a>) and ex tension (where 11 1 = a 2 > a>) for both drained 
and undrained test conditions. However, the undrained strengtbs, (a 1 - a 1 )1 , 
obtained in extension tests were about 14% lower tban those obtained in 
compression tests. The lower strengths in extension were attributed to the higher 
pore pressures that developed in these tests. 
A study performed by Wu, Loh, and Malvem (22) employed consolidated-un-
drained tests on hollow cylindrical specimens whicb permitled variation of the 
intermediate principal stress. Tests in conventional triaxial compression and 
extension were also conducted. It was found that the strength of tbe remolded 
clay agreed well with the Mobr-Coulomb Cailure eriterion expressed in terms 
of Hvorslev's effective strength parameters, thus indicating that the strength 
was independent of the intennediate principal stress. The stress-path had 
reportedly no influence on the effective strengthof the clay. 
Pearce (16, 17) and Yong and McKyes (24) presented results of undrained 
tests in which three independently controlled principal stresses could be applied 
to cubical or rectangular prismatic specimens. 8oth investigations, performed 
on saturated kaolinite, indicated thai the soil behavior prior to failure was 
dependent on the relative magnitude of the intermediate principal stress, but 
tbe effective stress failure surface could be deseribed adequately by the Mobr-
Coulomb failure criterion. 
In contrast with these findings are the results of three-dimensiooal undralned 
testson normally consolidaled clay performed by Shibata and Karube (18) and 
Yong and McKyes (23). 8oth studies showed that the relative value of the 
intermediate principal stress affected the deformations, the pore presures, and 
the strengtbs expressed in terms of effective stresses. Tbe strain-to-failure. in 
tbe major principal stress direction decreased and tbe pore pressure at failure 
increased witb increasing relative value of tbe intermediate principal stress. 
The Mobr-Coulomb failure eriterion was sbown to represent a lower limit of 
the effective strengtb envelope. The actual failure surfaces shown on octabedral 
planes in the principal stress space were curved and circumscribed tbe Mobr-
Coulomb failure surface such that the strengths from triaxial ex tension coincided 
with the Mobr-Coulomb failure surface. 
Vaid and Campanella (20) conducled a series of consolidated-undrained triaxial 
compression and triaxial extension tests and plane strain tests witb compression 
and extension type stress-patbs on undisturbed Haney Clay. All test specimens 
were initially consolidaled under.a K0-condition before they were sbeared. Tbe 
effective frietion angles calculated from ihe maximuro effective stress ratios 
in plane strain and tnaxial extension were greater than those obtained fro~ 
triaxi~i compression. The resulting failure surface is curved in tbe octabedral 
plane and is located outside tbe Mobr-Coulomb failure surface corresponding 
to the frietion angle from triaxial compression. 
It may be concluded tbat tbe results of these in vestigations arenot in agreement 
with regard to the three-dimensional failure conditions for normally consolidaled 
clay. Only few of these studies have been concerned with the influence of 
the intermediate principal stress on the stress-strain and pore pressure bebavior 
under undrained conditions. 
Because some ambiguity existed regarding the effective stress failure eriterion 
and because only limited knowledge about the three-dimensional behavior of 
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normally consolidaled clay was available, tbe study of Grundile Clay presented 
herein was undertaken. 
CLAY TESTEO 
All tests in this investigation were perfonned on Grundile Clay. Grim and 
Bradley (7) describe this clay as an illitic clay, mined in the Goose Lake area 
of Grundy County, Illinois. The partide size distribution indicated that the clay 
consisled of about equal amounts of silt and clay size particles. Atterberg limit 
tests gave LL = 54.8 and PL = 24.7, and tbe activity was 0.58. Sensitivities 
for Grundile Clay samples prepared in a similar manner as deseribed berein 
were obtained by Houston (11) in the range from 1.04 to 2.6 witb an average 
value of 1.75. The samplesusedin the present study were remolded to eliminate 
inberent anisotropy due to initial K0 -consolidation. 
. .r . ·., -~ ~ 
~ . .. ~ . 
PAEP~RAnoN oF TEsT SPEaMENS .• • . ·. · 
Tests were performed on tall cylindrical specimens (with heigbts equal to 
2.3 times the diameter) without lubricated endsand on sbort cylindrical specimens 
and cubical specimens (both witb heights equal to the diameters) with lubricated 
ends. The same procedure was used to produce and test all specimens in order 
that variations in test results arising.from inconsistent techniques be avoided. 
A batch of clay was prepared for eacb specimen by mixing air-dry clay powder 
witb water. to produce a clay slurry with a water content of 9p%. Tbe Iean 
uniform slurry was consolidaled in a double draining consolidometer at a vertical 
pressure that was 0.1 kg/ cm 2 smaller tban the final isotropie consolidation 
pressure to be used in tbe tests. After tboroughly remolding tbe clay, specimens 
with the respective sbapes wcre trimmed, instalied in the testing apparatus, 
and consolidaled isotropically åt 1.00 kg/cm 2, 1.50 kg/cm2, and 2.00 kg/ cm 2 
corresponding to water contents of34.4%, 31.9%, and 30.1%, respectively. 
• Fig. l shows a schematic drawing of a cubical specimen with lubricated ends, 
and Fig. 2 shows a pbotograpb of a specimen of this .type after it has been 
tested. As indicated on tbese figures, slotled filter papers were used on the 
vertical sides of tbe specimens to accelerate the cqnsolidation and to help equalize 
the pore pressures during tbe shearing stage. Parts of tbe filter papers covered 
the filter stones located on the sides of tbe cap and base, thus providing drainage 
paths from the specimens to the volume cbange device. A pressure transducer 
was connected to tbe drainage lines immediately outside the triaxial chamber. 
This transducer w as instalied such that i t could be used to measure both chamber 
pressure and pore-water pressure. 
A nominal back pressure of 1.00 kg/cm 2 was applied in all tests to ensure 
full saturation of the specimens. Tbe B -values measured after the consolidation 
stage indicated thai the specimens were fully saturated. 
A series of consolidated-undrained tests was performed with and without 
filter paper to determine the load taken by the vertically slotled Whatman No. 
54 filter paper. All results presented herein have been corrected for the loads 
carried by the filter paper and the membrane. 
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PRELIMINARY TESTS 
Consolidated-undrained triaxial compression tests were conducled to investi-
gate effects of lubricated end plates, strain rate, and specimen shape on the 
measured behavior o f Grundile Clay. 
Effects of Lubricated End Piates and Strain Rate.- Lubricated end piates may 
be employed in triaxial tests to avoid development of significant shear stresses 
between the loading piates and the specimen, and to reduce nonuniformities 
in strains and pore pressure distributions in undralned tests. In addition, increased 
strain rates may be used in undralned tests with lubricated ends. Calculations 
to ascertain the strain rate required for pore pressure equalization are inapplicable 
since the stress and strain distributions are assumed to be uniform. Barden 
and MeDermou (l) recommended a procedure for selecting strain rates for 
flt., TUl 
, .... u 
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FIG. 1.-Setup of Cubical Specimen with 
Lubricated Ends 
FIG. 2.-Cubical Specimen Tested under 
Three Unequal Principal Stresses 
tests with lubricated ends, and foliowing their criteria a strain rate of 0.04% l min 
was selected. 
Tests were performed to check if the effects of lubricated ends and strain 
rate were similar to those previously observed (1 ,5,6). Cylindrical specimens 
with diameters of 2.8 in. (71 mm) and height-to-diameter ratios of 1.0 and 2.3 
were isotropically consolidaled at 1.00 kg / cm 2 and 1.50 kg/ cm 2 and sheared 
at strain rates of 0.04%/min and 0.0025%/min. Lubricated end piates were 
used for the short specimens and regular ends were used for the tall specimens. 
The effects of lubricated ends and strain rate on the stress-strain, pore pressure, 
and strength characteristics observed in the tests on Grundile Clay were similar 
tothose observed in much more elaborate investigations on other clays (1,5,6). 
Of prime inierest in this respect is the previous observation (l) that the test 
• 
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results are not significantly affected by the strain rate when lubricated ends 
are used. The remainder of the testing program was therefore conducled using 
specimens with lubricated ends and a height-to-diameter ratio of 1.0, and 
employing a strain rate of0.04%/min. 
Effects of Specimen Shape.- The results of the tests on short cylindrical 
specimens were compared with results of tests on cubical specimens with side 
lengths of 76 mm. These tests were conducted under identical conditions, thus 
only the shapes of the specimens were different. The influence of shape on 
the behavior of Grundite 71ay was found to be negligible in all respects. 
CUBICAL TRIAXIAL TESTS 
Three series of consolidated-undrained tests were performed in a cubical triaxial 
apparatus similar to that deseribed by Lade and Duncan (12). This apparatus 
was designed to permit application of three unequal principal stresses to a cubical 
specimen with side lengths of 76 mm. The specimen, shown in Figs. l and 
2, was contained between a cap and base and a surrounding membrane. The 
minor principal stress, a 3 , which acted in one horizontal direction, was provided 
by the chamber pressure. The vertical deviator stress, together with the chamber 
pressure, provided for a vertical principal stress different from a 3 • The second 
horizontal stress was applied by the chamber pres$Ure and a horizontal ioading 
system, which has been deseribed previously (12). 8oth the horizontal loading 
piates and the cap and base were provided with lubricated surfaces. The maximum 
linear strain that can be achieved with this apparatus is approx ±30% in any 
of the three principal directions. During a cubical triaxial test the vertical lpad, 
the horizontal load, the chamber pressure, and the pore-water pressure were 
measured in addition to the three principal deformations. 
Each test in the three series was conducled with conslant confining pressure 
a 3 and the horizontal and vertical deviator stresses were increased proportionall y 
until the speelmen failed . Thus, the ratio between the deviator stresses, b = 
(a 2 - a 3 )/(a, - a 3 ), was maintained conslant in each test. The value of 
b indleates the relative magnitude of the intermediate principal stress; b is zero 
for triaxial compression in which a 2 = a 3 , and i t is unit y for triaxial ex tension 
in which a 2 = a 1; for intermediate values of a 2 the value of b is between 
zero and unity. For each consolidation pressure the values of b used in the 
tests were chosen so that the failure surface, the stress-strain relations , and 
the pore pressure response could be determined over the full range of the 
intermediate principal stress. 
SrRESs- SrRAtN AND PoRE PRESSURE BEHAVIOR 
Fig. 3 shows the stress-strain and pore pressure relations for the specimens 
consolidaled at 1.50 kg l cm 2• The relationsbips obtained from triaxial compression 
tests with con solidation pressures of 1.00 kg / cm 2 and 2.00 kg/ cm 2 a re also 
shown in Fig. 3(a). The normalized stress differences, (a 1 - a,) Ja;, the effective 
stress ratios, a; l cr;, and the normalized pore pressure changes, 11 u l cr; , a re 
plotled versus the major principal strain, € 1 , in these figures, and the relative 
magnitudes of the intermediate principal stresses are indicated by the values 
of b. 
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Considering that the stress-strain relations in Fig. 3(a) are normalized, il may 
be seen thai the initial undrained modulus increases, the initial slope from the 
effective stress ratio diagram increases, and the effective stress ratio decreases 
with increasing consolidation pressure. The pore pressures shown in Fig. 3(a) 
increase tovalues at failure that arealmost proportional to the initial consolidation 
pressure. Thus, the ratio of pore pressure change to consolidalien pressure 
decreases slightly with increasing consolidat ion pressure. Thispattern corresponds 
to the pattern of decreasing effective stress ratio with increasing consolidation 
pressure. 
The results of the cubical triaxial tests shown in Fig. 3 indicate that for 
a conslant consolidation pressure the initial slope of the stress difference- and 
the effective stress ratio-strain relations increase continually with increasing 
value of the intermediate principal stress. The strain-to-failure is greatest, the 
pore pressure developed at failure is lowest , the effective strength is lowest, 
and the undrained strength is highest for triaxial compression (b = 0). The 
strain-to-failure decreases and the pore pressure change increases initially with 
increasing value of b and both remain approximalely conslant for b-values greater 
'''" 
..... 
FIG. 4.-Relations Between Principal Strains Obtained in Cubical Triaxial Tests on 
Grundite Clay with Consolidation Pressure of 1.50 kg / cm' 
than about 0.6. Note that the tests performed with initial consolidation pressures 
of 1.00 lcg / cm1 and 2.00 kg/cm1 showed similar pallems of behavior as those 
in Fig. 3. 
RELATION BETWEEN PRINCIPAL STRAINS 
The intermediate and mi nor principal strains, E2 and E l , a re plotled versus 
( 1 in Fig. 4 for specimens Consolidated at 1.50 kg/ cm 1 . Fig. 4(a) shows thai 
the intermediate principal strains, E 1 , are expansive for b-values smaller than 
about 0.4 and compressive for higher values of b. The minor principal strains, 
E l. a re expansive in all cases and decrease with increasing b -values as show n 
in Fig. 4(b). Since the tests were performed under undrained conditions, the 
sum of the three principal strains is always equal to zero. Fig. 4 indicates 
that a given increment in b has a greater effect on the relation between the 
principal strains at small b-values than at high b-values. 
The points corresponding to failure according to the maximum effective stress 
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ratio are indicated on each curve in Fig. 4. The major principal strain-to-failure 
decreases initially with increasing b-value and remains approximately conslant 
for b -values greater than about 0.6. 
lsotropy of Specimens.-The Grundile Clay was thoroughly remolded before 
the final trimming and isotropie consolidation in order to avoid any anisotropy 
that might be caused by the initial anisetropie consotidation. The relations between 
the principal strains shown in Fig. 4 may be used to check the isotropie behavior 
of the specimens. Since the test setup is symmetric around a vertical axis , 
it is expected that any anisetropie behavior would be especially pronounced 
in triaxial extension (b = l) in which the specimen is loaded symmetrically 
around a horizontal axis. The principal strains, ( 1 and (2 , would not be expected 
to be equal in triaxial extension unless the remolded da y w as isotropic. Although 
attempts were made to perform tests with b = 1.00, final calculation of the 
test results showed some deviation from this condition. HoweveF, extrapolation 
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FIG. 5.-Trace of Failure Surface in Triaxial Plane for Grundite Clay 
of the pattern of strains shown in Fig. 4 over the test with b = O. 95 to b 
= 1.00 shows thai (1 "'e,' thus indicating isotropie behavior. 
In addition, two tests were performed with b = 0.95, and the major deviator 
stress and failure occurred in the vertical direction ( = direction of ( 1 ) in one 
test and in the horizontal direction (= direction of ( 1 ) in the other test, as 
shown in Figs. 3(e) and 3{[). The stress-strain curves, the pore pressure changes, 
and the strengths from these two tests are approximately the same, and this 
indicates that the specimens used for the present study were essentially isotropic. 
STRENGTH CHARACTERISTICS 
Several aspeels of the strength of Grundile Clay are sludied herein. 
Strength In Terms of EfTectlve Stresses.-Because il may be possible to model 
the observed stress-strain and strength behavior by piasticity theory, the strength 
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characteristics are examined in planes of the principal stress space. 
Triaxial Plane.-The triaxial plane containing the u,-axis is shown in Fig. 
5. The trace of the experimental faiture surface corresponding to maximum 
effective stress ratios, (u ; /u; )m .. • obtained from triaxial compression tests on 
Grundite clay are shown in this plane. No tests were performed in triaxial 
extension, i.e ., with b = 1.00. However, the strength in extension may be 
determined by extrapolation over the tests performed with b-values close to 
unity . The dashed line in Fig. 5 represents the trace of the faiture surface 
in extension. It may be seen that both traces of the failure surface are curved 
in this diagram. Curved failure envelopes have often been observed for sand 
as well as for clay soils (2,3,10,15). The Mobr-Coulomb failure eriterion does 
not account for the curvature of the failure envelope. 
The results of the cubical triaxial tests performed with b > 0.0 may be plotted 
in planes contalning the hydrosiatic axis and corresponding to constant values 
of b. The traces of these planes in octahedral planes are indicated in Fig. 6(a). 
The test results show that the traces of the three-dimensional failure surface 
in conslant b-value planes are also curved. 
Effect of Stress-Path on Fai/ure.-Another important aspect of faiture in soils 
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FIG. 6.-Traces of Failure Surface for Grundite Clay in Octahedral Planes 
relate to the effect of stress-path on failure. lt has often been observed from 
triaxial compression and extension tests that the failure surface corresponding 
to the maximum effective stress ratios for each of these tests on normally 
consolidaled clays are, for practical purposes, independent of the stress-paths 
leading to failure (8,9,10,14,19,21). Thus, the failure surface can be determined 
uniquely from various types of shear tests performed on normall y consolidaled 
clay as long as the results are interpreted in terms of effective stresses. 
Bjerrum and Simons (4) observed that the maximum deviator stress, (u, -
u,)m .. • occurred almost simultaneously with the maximum effective stress ratio, (u; l u; )m .. • in isotropically consolidated, insensitive, remolded clays. This was 
also observed from most of the testson remolded Grundile Clay. 
Octahedral Planes.-The effective strengths from the triaxial compression 
tests and the tests with three unequal principal stresses on Grundile Clay are 
shown on the octahedral planes in Fig. 6. The location of the octahedral planes 
are indicated by the values of the first stress invariant, I,. and by their traces 
in the triaxial plane shown jn Fig. 5. The failure points shown in Fig. 6 have 
1 
J 
l 
j 
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been projected on the octahedral planes along the curved faiture surfaces observed 
in planes that contain the hydrosiatic axis and have conslant b-values. 
The specimens of remolded Grundile Clay were shown to be essentially 
isotropic, and i t was also noticed that the strengths of the test specimens ·with 
b-values close to unity were approximately the same whether they failed 
horizontally or vertically. Interchanging the principal stress directions will 
therefore not have any effect on the strength of this isotropically consolidaled 
clay. The traces of the failure surface in the octahedral planes are consequently 
symmetric around the projections of the three principal axes and intersect these 
at right angles. 
Fig. 6 shows a comparison of the experimentally obtained effective strengths 
with the Mobr-Coulomb failure surfaces and with the surraces corresponding 
to a failure eriterion recently suggesled for cohesionless soil (13). This eriterion 
is expressed in terms of the first and the third stress in variants, / 1 and /1 : 
l~ . . . . . . . . . . . . . . . . . . . . (l) -=K , , •, . . • . . , ...... . l l 
} 
in which / 1 =u; +u;+ u; 
and I, = u ; u; u ; . . . . . 
. (2) 
. (3) 
and K 1 is a constant that may be determined from results of triaxial compression 
tests only. The value of the ratio /~//1 is 27 for isotropie stress conditions 
(u, = u 2 = u,), and it iocrcases up to faiture where K 1 expresses the strength 
of the soit . The value of K 1 iocrcases with increasing frietion angle in triaxial 
compression. In principal stress space the shape of the failure surface defmed 
by Eq. l is conical, with the apex of the cone at the origin, and with cross 
sections of the type shown by solid lines in Fig. 6. The cross sections are 
symmetrical around the principal axes in the octahedral planes, and the shape 
is essentially circular for values of K 1 close to 27 and it becomes increasingly 
triangular with increasing values of K1• 
The irregular hexagons shown by dashed lines in Fig. 6 are deseribed by 
the Mobr-Coulomb eriterion corresponding to the frietion angles in triaxial 
compression. The experimental failure pointsareall located outside the respective 
hexagons, thus indicating that the frietion angles from tests with u2 > u, are 
higher than those obtained in triaxial compression tests. Thus, the Mobr-Coulomb 
faiture eriterion underestimales the strength of remolded Grundile Clay for all 
but triaxial compression conditions. 
The failure surfaces corresponding to Eq. l with values of K 1 determined 
from the triaxial compression tests appear to model the failure conditions for 
remolded clay fairly well. Since the faiture surfaces are curved as shown in 
Fig. 5, different values of K 1 correspond to the cross sections in the three 
octahedral planes. The differences between the measured strengths and those 
suggested by Eq. l are most pronounced for the tests performed with low 
to intermediate values of b and with a consolidation pressure of 1.00 kg/ cm2• 
This consolidat ion pressure produced specimens with rather soft consistency, 
resulting in difficulty in handling the specimens, which probably lead to Jess 
reliable results. The results of the tests with the higher consolidation pressures 
are considered to be more reliable, because the specimens were stiffer and 
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therefore easier to handle. On the basis of these considerations it is suggesled 
that the faiture eriterion in Eq. l with the respective values of K 1 models the 
three-dimensional strengthof Grundile Clay with reasonable accuracy. · 
Strength in Terms or Total Stresses.-Fig. 7 shows the variation of sJa;, 
i.e. , the undcained shear strength norrnalized on the basis of the consolidation 
pressure. The results of the triaxial compression tests show t hat this ratio is · 
not conslant but decreases sligbtly witb increasing consolidation pressure. Tbis 
decrease may be related to the curved failure envelope shown in Fig. 5, i.e., 
il may be related to the decrease in effective frietion angle with increasing 
consolidation pressure. Houston (Il) found similar results for Gruodile Clay. 
The s. /a ; ratio also decreases slightly (approx 7%) from triaxial compression 
(b = O) to triaxial extension (b = 1). Considering the variation in effective 
strength shown in Fig. 6, the slight decrease in the s.Ja; ratio with increasing 
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FIG. 7.-Variation ol Normalized Undrained Shear Strength with Value ol b = (a, 
- a 1) / (a1 - a 1 ) 
b-value is caused by the higher pore pressures wbich develop at higher b-values. 
This variation in the sJ< ratio is similar tothat presented by Henkel (8,9). 
DIRECTIONS Of STRAIN INCREMENT VECTORS 
It is of interest to stud y the directions of the plastic strain increment vectors 
relative to the yield or faiture surface in the principal stress space, because 
it may be possible to model the stress-strain behavior by piasticity theory. For 
this purpose the principal strain increment axes are superimposed on the stress 
axes in the principal stress space. Only the directions of the strain increment · 
vectors at failure will be considered. All strain increments are plastic at failure, 
because the changes in stress at failure are negligible, thus resulting in negligible 
elastic strain increments. 
Trlaxlal Plane.-The direction of the strain increment vectors in the triaxial 
plane are shown initiating from the respective stress points in Fig. 8. No tests 
were performed in triaxial extension (b = l), but the trace of the failure surface 
in extension is indicated with a dashed line, and the direction of strain increment 
vectors in triaxial extension is also indicated. Because E2 = E, in compression 
and E2 = E1 in extension for an isotropie material , the corresponding strain 
increment vectors are contained in the triaxial plane. Because the volumetric 
strain is zero in undrained tests, their direction is perpendicular to the hydrosiatic 
axis. 
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Fig. 8 shows that the directions of the strain increment vectors form acute 
angles with the faiture surface. The normality condition of classical piasticity 
theory is therefore not satisfied for normally consolidated da y when its behavior 
is interpreted in terms of effective stresses. 
Octahedral Planes.-Only one-sixth of the octahedral planes are shown in 
Fig. 9, because the faiture surface is symmetric around the three principal axes 
in these planes. The directions of the strain increment vectors at faiture are 
shown initiating from the respective stress points. These directions have been 
calculated from the slopes of the relations between the principal strains, shown 
in Fig. 4, for the tests performed with consolidation pressures of 1.50 kg/cm2. 
Since the volumetric strain is zero in undcained tests, the strain increment vectors 
are perpendicular to the hydrosiatic axis and therefore contained in the octahedral 
planes. 
It may be seen from Fig. 9 that the strain increment vectors are nearly 
perpendicular to the traces of the faiture surraces in the octahedral planes. 
Only a few vectors at intermediate values of b deviate slightly from perpen-
dicularity. The magnitudes of these deviations are so small that they could 
even be due to experimental inaccuracies. 
It is clear from these results that the condition of normality is satisfied or 
very nearly satisfied in the octahedral plane, but not in the triaxial plane, and 
it is therefore not satisfied in general for normally consolidaled clay when its 
behavior is interpreted in terms of effective stresses. The general paltern of 
the directions of the plastic strain increment vectors relative to the faiture surface 
is of importance in considerations regarding the applicability of piasticity theory 
to normally consolidaled clays. 
COMPARISON WITH BEHAVIOR OF SAND 
The three-dimensional stress-strain and strength characteristics of Grundile 
Clay previously mentioned are very similar to those observed for sand. This 
may be verified by comparison with the behavior of Monterey No. O Sand 
and other sands as presented by Lade and Duncan (12,13). Only with respect 
to one aspect of this behavior do normally consolidaled clays differ from sands. 
A sand can be deposited with different dry densities and these densities change 
littie with confining pressure. However, the stress-strain and strength charac-
teristics of sands vary considerably with dry density and confining pressure. 
In contrast, a normally consolidaled clay can only exist in equilibrium at a 
dry density that depends on the consolidation pressure. Thus, only one faiture 
surface is possible for a normally COnsolidated clay, and the stress-strain relations 
are correspondingly limited to one characteristic type of behavior (for a given 
clay) that does not vary much with consolidation pressure. 
CONCLUSIONS 
The influence of the intermediate principal stress on the stress-strain, pore 
pressure, and strength characteristics of remolded, isotropically and normally 
Consolidated Grundile Clay has been studied using conventional triaxial compres-
sion tests and cubical triaxial tests with independent control o f the three principal 
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stresses. The cubical triaxial tests were performed with conslant values of b 
= (a2 - a 3 /(a, - a 3) . 
lt was found that for conslant consolidation pressure the initial undrained 
modulus and ~he slope of the effective stress ratio-strain curve increased with 
increasing b-value. The strain-to-failure decreased and the pore pressure change 
increased initially with increasing value of b and both remained approximately 
conslant for b-values greater than 0.6. The effective strength of the soil can 
be modeled fairly well by the failure eriterion n l /J = K,, in which I, and 
/ 3 are the firs! and the third stress invariants and K 1 is a conslant that may 
be determined from triaxial compression tests. The undcained strength decreased 
slightly with increasing b-value, and this was catised by the higher pore pressures 
that developed at higher b-values. lt was observed that a giveri increment in 
b had a greater effect on the stress-strain, pore pressure, and strength charac-
teristics at small b-values than at high b-values. 
The test results showed that the directions of the strain inecements at faiture 
form acute angles with the faiture surface in the principal stress space when 
the data are interpreted in terms of effective stresses. The results are therefore 
not in agreement with the normality condition from classical piasticity theory. 
However, it was.found that the plastic strain inecement vectors in the octahedral 
plane are perpendicular to the trace of the faiture surface in that plane. 
Some aspeels of the behavior of normally consolidated, remolded Grundile 
Clay are similar tothose of sand at a given density. 
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APPENDIX ll.-NOTATION 
Thefollowing symbols are used in this paper: 
B = pore pressure parameter; 
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= ratio of deviator stresses= (cr2 - cr,)/(cr, - cr,); 
= first and third stress invariants; 
= coefficient of eanh pressure at rest; 
= liquid limit; 
= plastic limit; 
= undrained shear strength; 
= change in pore water pressure; 
= principal strains; 
= principal strain increments; 
= conslant in failure criterion; 
= total principal stresses; 
= effective principal stresses; 
= deviator stresses; 
= consolidation pressure; and 
= effective frietion angle = aresin [(cr, - cr,)/(cr; + cr;)J. 
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ELASTO-PLASTIC BEHA VIOR OF K0-CONSOLIDATED 
CLAY IN TORSION SHEAR TESTS 
\VoN Pvo Ho11c11 and PouL V. LADE111 
ABSTRACT 
.-\ series of torsion shear tests was performed along various stress-paths on hollow cylinder 
specimens of K 0-consolidated clay to investigate the infiuence of rotation of principal stresses 
on the stress-strain and stren~th characteristics. The effects of stress-paths and reorientation 
of principal stresses were mainly observed in the prefailure stress-strain behavior. Tbe 
experimentally obtained failure surface from torsion shear tests could practically be modeled 
by an isotropie faiture criterion. Coupling effects between stresses and strains were observed 
when torsion shear and vertical normal stresses were applied. The work- space for torsion 
shear tests was illustrated, and the relation between stresses and strain inecements was also 
studied in the work-space. 
Key worda : clay, consolidated undrained shear, failure, plasticity, shear stren~th, torsion, 
(IGC:D6) 
INTRODUCTION 
The stress-strain behavior of natura! clay 
deposits depends on the cross-anisotropy pro· 
duced by K 0- consolidation in th~ field. T ri· 
axial tests with independent control of the 
three principal s tresses on cubical specimens 
have been performed to investigate the in· 
fiuence of principal stresses. especially tbe 
intermediate principal stress, on the behavior 
of clay (e. g., Lade and Musante, 1978). 
Construction on or in clay deposits eauses 
rotation of principal stress directions as well 
as changes in the magnitudes of stresses. 
The reorientation and change in magnitude 
of principal stresses during loading may 
greatly affect the stress-strain behavior of such 
deposits. T o enhance the knowledge and 
understanding of soil behavior. the effects of 
reorientation and change in magnitude of 
principal stresses should be investigated. 
However, in triaxial tests, including cubical 
triaxial tests, the directions of principal 
stresses eannot be rotated during loading. 
The purpose of the present study is to 
investigate the influence of rotation of prin· 
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cipal stresses on the st ress-strain, pore 
pressure and strength characteristics of K 0 -
consolidated clay. .-\ series of undrained and 
drained torsion shear tests were performed 
along various stresspaths on hollow cylinder 
specimens. The stress-paths were designed 
to cover the f ull range o f vertical de viator 
stresses from compression to extension. The 
relation between stresses and strain incre· 
ments was also studied in the work-space. 
PREVIOUS STUDIES 
The effects of rotation of principal stress 
directions have been investigated by use of 
the simple shear device and the torsion shear 
<!pparatus. The behavior of soi l specimens 
in the simple shear device has been studied 
extensively by Roscoe (1953), Roscoe et al. 
( 1967), <~nd Bierrum and Landva (1966). 
However, Wright et al. (1978) showed that 
the uniformity of the shear stresses on the 
central plane of the simple shear specimen 
is questionable. Generally, the simple shear 
device has the foliowing disadvantages : Com· 
plementary shear stresses eannot be sustained 
on the vertical boundaries. the st ress and 
strain states within the specimen l<~ck uni· 
formity, <~nd the evolution of the horizont<~l. 
norm<~! stress du ring shear is generaliv un· 
known ( 5<~ada and T ownsend. 1981). . 
Broms and Casbarian (1965) performed 
th ree series of consolidated-undrained torsion 
shear tests on hollow cylinder specimens of 
a remolded bolinite clay to studv the in· 
Ruence of stress rotation and the int~rmediate 
princip<!! stress on the strength char<!cteris· 
tics. Torsion shear tests h<1ve since been 
performed to <1 limited extent ( Lade. 1975. 
1976, 1981 : Saada and co-workers, 1967. 1973. 
1975, 1984 : Geiger and Lade, 1979 ; Hight 
et al.. 1983 : Syrnes et al.. 1984 : Tatsuoka et 
al.. 1986 : Hicher and Lade. 1987). 
The main aåvantage of the torsion shear 
t~s t is t hat i t allows inclinauon o i the ma JOr 
principal stress in any desirecl dir .. ,..inn while 
..:omplement<lry shear st resses <1re ideally ap· 
plied in the specimen. The angle between 
the major principal stress and ve rtical. q:, 
is tied to the parameter b C= (ut-u1)/(u 1 -
-u3)), which indicates the relative magni· 
tude of the intermediate principal stress u2• 
The relation between b and IJf is given by 
b=sin21Jf (Geiger and Lade, 1979). There-
fore, the infiuence of u2 on the strength 
characteristics can be also investigated in 
the torsion shear apparatus. 
In a torsion shear test, the hollow cylinder 
specimen is exposed to a plane stress state 
when t he inside and outside pressures are 
equal. In arder to achieve this state of 
plane stress, the stresses and strains should 
be distributed uniformly in the specimen 
(Saada and Townsend, 1981). The uniform-
ity can be maximized by employment of 
appropriate dimensions for the specimen. 
Experimental and theoretical studies (Lade, 
1981 ; Wright et al.. 1978 ; Hight et al.. 1983) 
have been performed to produce appropriate 
specimen gearnetries in which the non-uni· 
formity in stresses and strains within the 
specimen have been minimized. 
Geiger and Lade (1979) studied the be-
havior of cohesionless soil during large stress 
reversals and reorientation of principal 
stresses in torsion shear tests. On the basis 
of a limited number of torsion shear tests per-
formed on medium-loose sand. Syrnes et al. 
( 1984) showed that the initial an isotropy 
could be changed significantly by the loading 
pa th. :\n excellent review and study of the 
behavior of sand in torsion s hear tests was 
presented by Tatsuoka e t al. ( 1986) . 
Saada and his co-workers have performed 
several investigations ( 1967, 1973. 1975, 
1984) to study the influence of anisotcopy on 
the stress- strain behavior of clay in torsion 
shear tests. The influence of cyclic loading 
on the behavior of clay in torsion shear tests 
has also been studied in the past ( Hicher and 
Lade. 1987). 
TORSIO~ SHEAR APPARATliS 
Fig. l shows a three- dimensional drawing 
of <1 torsion shear :~pparatus designed .. md 
constructed to permit individual contra ! of 
conlining pressure, ,·ertical åeviator stress 
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Fig. l. Toraion shear a pparatuø 
and shear stress to a hollow cylinder speci· 
men. The åesign and operational principles 
of this apparatus are given by Lade (1981). 
The hollow cylinder specimen employed 
for testing of clay has a height of 25 cm, an 
average diameter of 20 cm, and a wall thick· 
ness o f 2 cm. Based o n previous studies 
(Lade, 1981) these dimensions were found 
to be sufficient to negleet nonuniformities in 
stresses and strains in the specimen. The 
specimen is centined bet\veen cap and base 
rings and between inside and outside rubber 
membranes with thickness of O. 03 to O. 04 
cm. The inside membrane was formed di-
rectly on the specimen while the outside 
prefabricated membrane was placed using a 
membrane stretcher. In order to form the 
inside membrane. the specimen was fi rs t 
sprayed with diluted rubber cement to seal 
it off. The inside surface was then sprayed 
or painted with several layers of Auid latex 
rubber. The Auid rubber was allowed to dry 
before anether layer was applied. In order 
to transfer shear stresses from the cap and 
base rings to the specimen and to avoid slip-
page at their interfaces, ful! frietion surfaces. 
were provirled on the rings. These consisted 
of a layer of sand grains glued to the rings. 
by epoxy. 
The entire setup is contained in a pressure 
cell, and the in tegrated hydraulic loading 
system is located below the table on which 
the apparatus sits. The same contining pres· 
sure is applied to the inside a nd outside 
surfaces of the specimen through the cell 
water that surrounds the specimen. 
For the purpose of performing torsion 
shear tests on clay specimens, some modi-
tications were made to the vertical loading 
cylinder and the torsion shear loading cylin· 
ders. An upward loading capability was 
added to the vertical loading cylinder. And 
the strokes of the torsion shear loading cylin· 
ders were increased so that larger torsional 
dispiacements can be imposed on the speci· 
men. The maximum strains that can be 
achieved in t his apparatus fo r a ~5 cm tall 
specimen are !, = ::!:25% for vertical strains 
and r,.= ::!::40% fo r tOrsion shear ~ trains. 
respecti vel y. 
The vertical load and the torq ue can be 
applied independently to the specimen 
through the center shaft and the cap plate, 
which is attached to the cap ring, as shown 
in Fig. l. Both the vertical load and the 
torque can be either stress- or s train- con· 
trolled. The resulting deviator stress, to· 
gether w i t h the cell pressure. provides fo r 
a vertical, normal stress e i t her !ar ger o r 
smaller than the confining pressure. Two 
se ts o{ two interconnected pressure cylinders 
supply the horizontal load in cither cloek-
WISe or counterclock-wise direcnon to the 
torsion arrr. ~ll '"'"'-'ed to the c en ter s haft. 
During the torsion shear tes ts, the vertical 
load. the torque, the cell pressure. the verti· 
cal deformation, the chan ge in thickness of 
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the wall, the outside and inside diameter 
changes, and the shear deformation were 
measured in addition to the pore pressure in 
undrained tests or the volumetric strain in 
drained tests. 
CLAY TESTED 
All tests were performed on Edgar Plastic 
Kaolinite (EPK) clay whose specifre gravity 
was 2. 62. The partide size distribution in· 
dicated that the clay consisted of 40% silt 
and 60% clay size particles. Atterberg limit 
tests produced LL=60 and PL=30. The ae· 
tivity was O. 5. 
SPECIMEN PREP ARA TION 
Remolded normally consolidated specimens 
at the K 0-stress condition were prepared from 
a slurry of EPK clay mixed at a water 
content of twice the liquid limit. The clay 
slurry was poured into a special consolidome· 
ter and consolidated at a vertical pressure 
of 2. 00 kgf/cm2 ( 196 kN/m'). The special 
consolidameter was built to make hollow 
cylindrical specimens for torsion shear tests. 
The consolidameter has a height of approxi· 
mately 60cm. an outer diameter of 26cm. and 
an inner diameter o f 16. 5 cm. Two drainage 
piates consisting of porous plast ic were placed 
on top and hottom of the clay slurry. In 
addition. long drainage strips made of porous 
plastic were attached along the outside wall 
to form a spiral from top to bottom, so it 
could be compressed easily as the clay sl urry 
consolidated. .-\fter consolidation, the over· 
sized hollow cylindrical clay sample was re· 
moved from the consolidameter and trimmed 
to its final dimensions in a specially designed 
trimming device with a rotating table and 
common trimming tools. 
The specimen was then instalied in the 
torsion shear apparatusand again consolidated 
under K 0-stress conditions by maintaining 
the volumetric st rain equal to the vert ical 
strain. Slotted filer paper drains were in· 
stalled on the outside face of the specimen. 
The maximum drainage path was therefore 
equal to the thickness of the specimen wall 
(2 cm). Du ring K 0-consolidation. a cell 
pressure of 4. 00 kgf/cm2 (392 kN/m•) and a 
back pressure of 2. 00 kgf/cm2 (196 kN/ m:) 
were applied. The average value of Ko for 
all tests was 0.55. The B-values ( =du/ 
Jq •• 11) measured after consolidation indicated 
that the specimens were fully staturated. 
TESTING PROGRAM 
Torsion Shear Tests 
Fifteen undrained and two drained tests 
were performed on hollow cylinder specimens 
consolidated under K 0 -stress conditions. 
Each test was conducted with constant con· 
fi.ning pressure, u., according to predeter· 
mined stress-paths. as shown in Fig. 2. The 
diagrams in this ligure indicate the rela tions 
between the vertical stress difference, (u,-
a1), and the torsion shear stress, -: ,1. In 
order to follow these stress-paths to failure 
and beyond, either the vertica l stress differ· 
ence or the torsion shear stress was applied 
under strain-control, and the other stress 
was stress-controlled. The ,·ertical stress 
difference could be either increased or de· 
creased. Strain rates of approximate ly O. 3 
~~/ h for undrained tests and O. 06~~/h for 
drain ed tests were employed for both vertica l 
st rain and shear strain in the strain-con· 
trolied directions. Based on a previous study 
of EPK clay (Kirkgard. 1981). rhese srrain 
rates were found to be surficiently slow for 
equalization o f pore pressures in undrained 
tests and pore pressure dissipation in drained 
test. 
The shear stress due to the torque produces 
reor ientation of the principal stress direc· 
tions as well as a stress state with three 
unequal principal stresses. If shear stresses 
are not applied to the specimen. the con· 
fi.n ing pressure tJ. becomes the minor principal 
st ress u, in a compression test, or the major 
principal stress u1 in an extension test. \Vith 
torsiona l shear stresses the confi.ning prP«tt~l' 
becomes the intermediate principal stress u,. 
The angle benveen u, and ,·ertical. 1r. can 
be calculated from the foliowing expression 
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Fig. 2. .: a) S treases in hollow cy linder specimen, 
b ) and r c : stress-paths in torsion shear tests 
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The ,·:due of If." can be ,·aried benveen O' in 
triaxial compression to go• in triaxial e~cten· 
; ion. The ,·alue of b ( =sin: Ir) can be 
chosen bet\veen zero and unity. which coYers 
the f u li range o f the in termedia te principal 
s tress. 
S tress-Paths 
.-\11 shear tests were Started :tf ter K 0-con· 
;;olidation in the torsion sh ear ~pparatus. 
The stress-paths projected on the plane of 
cr'.=l.OOkgf/cm: ( 98k:--11m:) a re shown in 
F igs. :?. Test ~o. 11 was pedermed as a tri-
axial compression test by increasing the ver-
tical load under strain-control. Test :--1os. 
3. -l, 5, 6 and 13 were performed by increasing 
the torque under st r:J.in-control wnh only 
small changes of the ve rtical load. Test Nos. 
:?. 7. !l. 10 and 15 were performed by adjust· 
ing the ve rtical stress difference to the pre· 
determined values under Stress-control and 
then increasing the torque under strain-con-
trol. A. leak developed in Test ~o. 7. and 
it could not be continued, as indicated in 
Fig. 2 ( b). Test ~os. 8. 16 and 17 were 
performed by increasing the torsion shear 
stress under stress- control and then decreas· 
in'! the ,-enical load under Hr:~in-control. 
Test :\'os. l. l~ :Jnd 1-l were performed by 
decreasin g the ,·ertical load under st rain-con-
t rol to produce triaxial ex tension tests. 
:\Il except two tests were performed under 
undraineå conditions. Test Nos. 1-1 and 17 
were drained tests. 
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Triaxiai Compr~ssion Tests 
For comparison with the torsion shear 
tests, a series of triaxial compression tests 
with lubricated end piates were performed 
on cylindrical specimens with diameter=7. l 
cm and height-to-diameter ratio of l. O. 
The specimens were consolidated under ise-
tropie and K 0-stress conditions and sheared 
at strain rates of O. 52%/h in undrained tests 
;i -1.0 
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and O. 26%/ h in drained tests. 
[n addition, triaxial compression tests were 
performed in a campanion study on vertical 
and horizontal specimens of K0- consol idated 
EPK clay. These produced stress-strain re· 
lations and undrained strengths that indicated 
negligible infiuence of orientation. The lab-
oratory prepared clay was therefore taken 
to behave in an isotropie manner, although 
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No. 10 
-
-
-
-0.5 L--'----'-....;.-_;__..:... _ _;__~~ 
o 23456 7 8 
TORSION SHEAR STRAIN, Y z /J l%1 
~ 
l 
J 
. .., l 
-; 
! ~ 
-;-
o" 
~ 
a: 
"' 
"' w a: 
... 
"' w 
> ;::: 
u 
w 
... 
... 
w 
~ 
~ 
l 
1'--'----'---~--'------~--~~ 
o 2 4 5678 
TORSION SHEAR STRAIN, YziJ (%1 
Fig. 3. ( a) and ( b ) stress-atrain. ( c) exceu pore preuure. and ( d) elfective 
streu ratio variations obtained in two typieal toraion shear teste on Edgar 
Plastic Kaolinite 
CLAY IN TO!l.SION SHEA!l. 133 
it had initially been K 0-consolidated. :\Iore 
detailed studies of the clay behavior might 
have indicated some anisatropie features, but 
these were not likely to be as pronounced as 
found in natura! clays. 
Natura! clays have been produced by deposi-
tion of individual clay particles or dusters 
of particles, each allowed to settie and come 
to equilibrium with preferred orientation 
(most likely horizontal), and consolidated 
under K 0-conditions over long time periods, 
thus allowing the majority of creep to occur 
under current in-situ stresses. In compari-
son, the slurry of EPK clay mixed at two 
times the liquid limit may not have provirled 
the indiv idual particles with suriicient space 
to allow extensive alignment in a preferred 
direction. Further. sufficien t time was 
allowed for the slurry to consolidate. but 
the amount of time allowed for creep after 
the end of primary consolidation was small. 
The EPK clay prepared for the present study 
therefore exhibited littie anisotropy as a re-
sult of the initial K 0 -consolidation. The ex-
perimental results of the torsion shear tests 
.ue consequently evaluated in view of iso-
tropic plastic behavior. 
TEST RESULTS 
The res ults from Test :'\os. 10 and 16 are 
. hown in Fig. 3 to demoostrate the type of 
behavior obtained in the torsion shear tests. 
The vertical stress difference. ( <T,-u1 ), the 
torsion shear stress. ~ ,,, the pore pressure, 
J., and the effective principal stress ratio, 
u',/ u' ,, a re plotted versus the torsion shear 
strain. r,,, in t his figure. The stress-paths 
for these two tests a re shown in Fig. 2. 
The torsion shear stress in Test No. 10 was 
gradually increased causing increasing shear 
strain until the specimen failed, as shown 
in Fig. 3 ( b). Strain softening developed 
after peak failure. In Test :-lo. 16 the ver-
tical s tress difference was decreased while 
the shear strain increased until the specimen 
fa iled, as shown in Fig. 3 (a) . The points 
corresponding to failure according to the 
maximum eifecuve stress ratio are indicated 
on each curve. .-\ lthough the specimens 
fai led at significantly different values of torsion 
shear stress and vertical stress difference, 
there is only littie difference in shear strain 
at failure. 
Fig. 3 (c) shows t hat a negative pore 
pressure developed in Test No. 10 due to the 
reduction in vertical deviator stress. followed 
by a gradual increase caused by the applied 
torsion shear stress. The pore pressure in 
Test No. 16 increased due to the applied 
torque during the first part of the stress-
path. The pore pressure then decreased dur-
ing the initial reduction of the vertical 
deviator stress causing a negative pore pres-
sure at the time of zero deviator stress. 
However, the pore pressure increased again 
as the vertical stress difference became nega-
tive. 
Fig. 3 (d) shows t hat the effective princi-
pal stress ratio, a ' 1/a 's. in Test No.10 first 
decreased slightly with decreasing vertical 
stress and then increased with increasing 
torque u n til the specimen fa i led. a',/a' s in 
Test No. 16 increased slightly with application 
of torque, then decreased with decreasing 
vertical load. However, a' ,/a' s again began 
to increase when the vertical stress difference 
became negative. 
A set of stress-strain and pore pressure 
relations was obtained from each test, as 
exemplified by the diagrams in Fig. 3. !t is 
the interpretation oi these relations that are 
significant in understanding soil behavior. 
The experimental results are therefore pre-
sented and interpreted below in terms of 
several aspects o f so il beha vior. 
STRENGTH CHARACTERISTICS 
In order to study the effecuve strengths 
obtained in the torsion shear tests. the 
strength results have been compared inter-
nally and with those from the triaxial com-
pression tests. Since the laborator}' prepared 
clay exhibited littie anisotropy ?< a ~øcnlt of 
the initial K 0-consolidation, the strength re-
sults were also compared with those predicted 
by an isotropie t hree-dimensional failure 
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eriterion for soils. For torsion shear tests 
with the same inside and outside pressure, 
the effects of b ( =sin2 1fT) and of the orienta-
tion of a 1 (as measured by 1fT) eannot be 
separately examined. However, since the 
clay was essentially isotropie in behavior, 
the effect of b is deseribed by the isotropic, 
three-dimensional failure eriterion (Lade and 
Musante, 1978). 
Failure Criterion 
A three-dimensional failure eriterion ex-
pressed in terms of stress invariants has 
previously been developed for soils ( Lade, 
1977). This isotropie failure eriterion is ex-
pressed as : 
(!,3/I,-27) · (l,/pa)'"=7J, ( 2) 
in which I, and I, are the first and the third 
invariants of the stress tensor, which for 
triaxial compression and torsion shear tests 
can be expressed as ; 
(3) 
I,=a 1• a!· a1=a, ·a.· a,- a.· r,,. r., ( 4) 
and P~ is atmospheric pressure expressed in 
the same units as the stresses. The parame-
ters 7] 1 and m are eonstants. 
Fig. 4 shows the relation between (!13{I3 
- ?.7) and ( p.ji1) at failure in a log-log 
diagram. On this diagram 7] 1 is the intercept 
with (p.J,) = l and m is the slope of the 
st raight line. The data from both torsion 
shear and triaxial compression tests on EPK 
clay are plotted on Fig. 4. The values of 
7] 1=27.1 and m=0.42 are determined from 
a regression analysis for the best litting 
straight line on this diagram. 
Comparison of Faiture Criterion and Test 
Data 
The strength results from the torsion shear 
tests are presented on a diagram of torsion 
shear stress, r,,, versus vertical stress dif-
ference, (a,-a,), as shown in Fig.5. The 
solid curve on this diagram represents the 
failure surface defined by Eq. C 2 ). The 
failure surface is egg-shaped with a slightly 
more pointed end near the extension stress 
state. Whereas only one half of the surface 
is hown in Fig. 5, the other half is syrn-
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Fig. 4. Determination of material parame-
ters '7• and m involved in faiture 
eriterion for Edgar Plastic Kaolinite 
Failu,. Surface for 
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Flg. 5. Streaa points at tailure and failnre surface for torøion 
shear tests on Edgar Plattic Kaolinite 
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metrical with that shown areund the herizen-
tal axis. Note that the failure surface is 
not an ellipse. .-\n ellipse is obtained for 
the Mohr-Coulomb failure criterion. 
The stress states at failure in the torsion 
shear tests did not cerrespond to the same 
,·alue of the effective radial stress a',. How· 
ever, i t is desirable to compare the data points 
on the same effective radial stress plane such 
that a common basis for the comparison 
exists. The experimental points shown in 
Fig. 5 have therefore been projected to a 
common a' ,-plane corresponding to a',= L 00 
kgf/cm2 (98 kN/m 2). The adjusted stress 
states were obtained by projection of each 
individual stress point along a curved failure 
envelope. Thisis done mathematically using 
a technique involving Eq. ( 2) for the failure 
criterion. 
The stresses at failure from all torsion 
shear tests are plotted on Fig. 5. The test 
results with compressive axial loads are 
slightly inside the failure envelope, while 
the test results close to b= L O were slighdy 
outside the failure envelope. The !argest 
difference occurred in the undcained tests 
close to b= L O in which the values of the 
effective mi nor principal a' , w e re ve ry smal l. 
Two drained tests were therefore performed 
to establish the failure envelope near the 
extension conåition. The results o{ these 
t w o tests appear to steady the fa il ure en· 
,-elope near extension. as shown in Fig. 
5. !t may be seen that the failure envelope 
represents the failure points obtained from 
the torsion shear tests with reasonable ae· 
curaC)' . Thus. rhe s tress conditions of K 0-
consolidated clay a t failure were not much 
affected by stress-paths and rotation o{ prin· 
cipal stress directions. The experimentally 
obtained failure surface from torsion shear 
tests can therefore be modeled with good 
accuracy br the isotropie failure eriterion 
defined by Eq. C 2 ). 
.-\s indicated on Figs. 3 and 5, the effP,.'S 
of stress-paths and reorientation of principal 
stresses were mainly observed in the pre· 
failure stress-strain behavior o{ K 0 -consoli· 
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Fig. 6. Elfeetive frietion a nglea and fail· 
ure aurface 1hown in rf;-b diagram for 
tortion •hear telt• on Edgar Pla1tie 
Kaolinite 
dated clay, whereas sufficient changes in the 
clay fabric had occurred at large strains to 
produce failure conditions that adhered to an 
isotropie failure criterion. 
Effective Frietion Angle 
The variation of the measured effective 
frietion angle with the value of b is shown 
in Fig. 6. The frietion angle 9' was com· 
puted from 
l l 
. 4>' a ,-a , 
s m = a' ,+a' , 
2./~,,'-r (a, a. >'/4 
(a': +a' , ) 
( 5) 
where a'1 =a' .. 11• The frietion angle is af· 
fected by the b-value which in turn repre· 
sents the intermediate principal s tress. The 
frietion angle was smallest for b=O. O and 
it increased initially with increasing mag· 
nitude of the intermediate principal stress 
a' 1 until b reached O. 6. The frietion angle 
was !argest at b= l. O in undrained tests. 
However, as discussed in connection with 
Fig. 5, the results of the undcained tests 
were less reliable than those from the drained 
tests. The frietion angles from the drained 
tests. corresponding to b-values near l. O. 
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were smaller than those from the undrained 
tests. Thus, a small deerease in frietion 
angle from b=O. 6 to l. O is indieated. Cubi-
cal triaxial tests performed an clay and sand 
have shown the same tendeney (Lade and 
Dunean, 1973 ; Lade and Musante, 1978 ; 
Oehiai and Lade, 1983; Tsai and Lade, 1985) . 
The solid line on the diagram is the failure 
surface deseribed by the eriterion in Eq. 
( 2 ). This failure eriterion appears to ac-
count fairly well for the experimental data. 
Therefore, any infiuence of the orientation 
of o, (as measured by 1/f) appears to be 
negligible as expeeted for an isotropie ma-
terial. 
RELATIONS BETWEEN STRAINS 
W ork-S pace 
Fig. 7 illustrates a suitable spaee in which 
to view the results af torsion shear tests. 
The vertical axis represents the effective con-
fining pressure, o'., and the horizontal axis 
represents the vertical stress difference, (o,-
o1), and the torsion shear stress, r,,. In 
this diagram the failure surface defined by 
Eq. ( 2) forms a cone with arigin at o',=O. 
The cross-section of the failure surface on 
a plane with o', =const. resembles an egg. 
The egg- shaped failure surface grows from 
lu, -u11 l 
----~--~~----------~---b- o •• b- 1 
.p- goo 
,J, . 00 
o 
Fig. 7. Three-dimenaional etreu apace 
nitable for study of data from 
toraion ahear te1ta 
the origin of the (o,-o,) and .- , , -axes. as 
indicated in Figs. 2 and 5. Failure does not 
oceur for stresses inside this three-dimen-
sional, conieal surface. 
The increment in work done by the stresses 
in torsion shear tests can be expressed as 
follows: 
dW=a, · t,+a, ·i:, +o,·i:,+-r :r· t :r +-r,,· t,, 
+T'r~ · t.. ( 6) 
where t,, t,. and t, are linear strain in-
crements, and t". t,,, and t,, are engineer-
ing shear strain increments. The bound-
ary conditions in a torsion shear test are 
sueh that : 
T hus. 
dW =o1 ·t,+o, ·i, +a,· i,-T--r :1 ·t" 
This ex pression can be f urther specialized 
for the conditions in the torsion shear test : 
dW = (a, -o,) ·i, +o, ·i, +o,.i,+o,·i,+-r ., ·t" 
dW = (a,-o,) ·t,+ C1, · (t,+i: +i,) +-r :o· t" 
Since the volumetric strain increment i.=t1 
+ i, +t~, 
dW=(C1, - o1 ) ·i, +o,·i • .,.. ~,,·t,, ( 7 ) 
Therefore. to study the type oi behavior 
observed in the space s hown in Fig. 7, the 
stram increments. i ., t .. , and t,, are super-
imposed on the stress axes corresponding to 
(C1,-o1 ), o" and -:,,, respectively. The 
strain increments form a vector. t , as ex-
emplified by that initiating at the failurl' 
surface on Fig. 7. 
The results of torsion shear testson hollow 
metal tubes presented by Taylor and Quinney 
(1931) were analyzed in view of the foliowing 
equation for the increment in work : 
dW=a, ·i, + -:,, ·t,, ( 8 ) 
Since the metal tubes were unconfined, o1= 
" · =0. :m d for solid metals t .. =U. Eq. ( 8) 
is therefore a special case of the more general 
expression in Eq. ( 7 ) .. ·hid, ... !lows for vol-
umetric strains in the material. 
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Fig. 8. Rehtiona between axial straina 
and engineering shear straina ob· 
tained in toraion ahear testa o n Edgar 
Plastic Kaolinite 
Relations Between A.:rial and Shear Strains 
The axial strains. E,, are plotted ve rsus 
the engineering shear strains. r,., in Fig. 8. 
The points corresponding to failure are in-
dicated as black points on each curve in this 
diagram. The axial strains are compressive 
for tests with b-values smaller than O. 5 and 
expansive for larger b-values. 
Note that considerable axial strains oc· 
curred in the tests in which the axial stress 
was held essentially constant. This coupling 
effect between shear stress and axial strain 
was observed in most cases when shear 
stresses were applied. Comparison of stress-
paths in Fig. 2 ( b) with strains in Fig. 8 
( a) indicates t his effect. .\ similar coupling 
effect bet\veen shear strains and axial stresses 
was observed in tests in which shear stress 
was applied and held constant and the axial 
stress was varied. This may be seen by 
comparison of stress-pat hs in Fig. 2 C c) with 
strains in Fig. 8 C b). These coupling effects 
between stresses and strains are typical of 
materiais that behave plastically. They can· 
not be predicted by theory of elasticity. 
Directzons o f Strain I ncrement l' ectors 
!t is of interest to study the di rections of 
plastic strain increment \·ectors relati\·e to the 
failure surface in t he work-space. !f the 
failure surface is taken as the ultimate yield 
surface. i t may be deduced w hether associated 
flow is obtained for the clay. The inecement 
l 
Oirection Expoctlld for 
/ Associ81m Flow 
Foiluro Surface for 
'11 • 27.1 ond m • 0.42 
in Plane w1th CTr' • 1.0 kgt/cml 
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Flg. 9. Directiona of atrain increment vectora at tailure in 
toraion ahear teata on Edgar Plastic Kaolinite 
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axes of \'ertical strain, i,. and torsion shear 
strain, t,,, are therefore superimposed on 
the vertical stress difference. (u ,-u,), and 
torsion shear stress, -:-,,, respecively, in the 
work space shown in Fig. 7. Only the direc-
tions of the strain increment vectors at fail-
ure will be considered. All strain incre-
ments are plastic at failure, because the 
changes in stress at failure are negligible, 
thus resulting in negligible elastic strain in· 
crements. The directions of the strain 
increment vectors a re obtained from the 
slopes o f the relations between t, and T,, 
shown in Fig. 8. 
The direct ions of strain increment vectors 
o n the plane corresponding to u',= l. 00 kgf/ 
cm= (98 kN/m') are shown in Fig. 9 together 
with the projected failure stress points and 
the failure surface denned by Eq. C 2). The 
projected directions corresponding to associ-
ated fiow are also indicated on this figure. 
These directions were derived mathematically 
as the normals t o the failure surface. Note 
that these projected directions are not quite 
normal to the failure surface in Fig. 9. It 
may appear that the exper imental d irections 
fo r practical purposes coincide in direction 
with these normals for b-values smaller than 
O. 5. but coincidence is not obta ined for most 
•>f the tes ts with larger b-values. 
The experimental strain increment \·ectors 
;~re entirely contained in the plane in Fig. 9. 
This is because the~· correspond to undrained 
tests in which i .. =O. However, the direc· 
t ions expected f o r associa t ed fiow a re not 
contained in this plane bu t projected onto the 
diagram. This is because yie ld s urfaces fo r 
so ils near fai lu re most likely are inclined in 
a manner similar to the fail ure surface, bu t 
they cross the failure surface at a very sha l· 
low angle (Tatsuoka and Ishihara. 1974 ; 
L:~de and Kim, 1989). The normal to the 
yield surface a t failure is therefore a lmost 
perpendicular to the bilure surface. Fig. 7 
,ilOws a normal to the failure surface. lt 
is clear! y not contained in theo ( <'.--.,)-t", , 
j;!ane. Th us. tbe experiments indicate that 
nonassociated flow most likely is necessary to 
mociel the observed behavior. A similar con· 
clusion was reached by Lade and Musante 
(1977) on the basis of cubical triaxial tests 
performed on normally Consolidated Grundite 
clay. 
CONCLUSIONS 
A series of torsion shear tests was per-
formed on remolded K 0-consolidated Edgar 
Plastic Kaolinite under drained and undrained 
conditions to investigate the influence of re-
orientation of principal stress directions on 
the behavior of the clay. The influence of 
rotation of principal stresses on the stress-
strain, and st rength characterist ics was ob· 
served as follows : 
( l) The effects of stress-paths and re-
orientation of principal stresses were mainly 
observed in the prefailure stress-st rain be-
havior. 
( 2) The failure surface obtained from 
torsion shear tests could practically be mod· 
eled by a n isotropie failure eriterion proposed 
by Lade ( 1977). 
( 3) The most accurate results of torsion 
shear tests close to b= L O w er e obtained 
under drained conditions. 
( 4) Coupling effects bet\veen shear stress 
and axial strain and between axial stress and 
shear st rain were observed in most cases 
when shear and axial stresses were applied. 
C 5) The experimen tal strain increment 
vectors in the work-space were not perpen· 
dicular to the yield surface at failure. ~on­
associated fiow may therefore be required 
for models developed to capture the behavior 
of normally Consolidated clay. 
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STRAIN INCREMENT AND STRESS DIRECTIONS 
IN TORSION SHEAR TESTS 
By Won Pyo Hong1 and Poul V. Lade/ Members, ASCE 
ABSTRACT: The directions o f lhe major principal strain increment, stress, and 
stress increment during rotation of lhe principal stress ues at any stress level are 
studied for K0-consolidated clay using a torsion shear apparatus with individual 
control o f the vertical normal stress, the confining pressure, and lhe shear stress 
on hollow cylinder specimens under undrained and drained conditions. The torsion 
shear tests are performed along predetermined stress-palhs, which are chosen to 
cover lhe full range of rotation of principal stress ues from O" to 90° relative to 
vertical. The test results indicate lhat the major principal strain increment directions 
coincide with lhe major principal stress directions at failure. The directions of ma-
jor principal strain increment coincide with lhe directions of major principal stress 
increment at low stress levels and with lhe directions of major principal stress at 
higher stress levels. This indicates that the behavior of clay gradually changes from 
elastic to plastic as lhe stress level is increased. Elasto-plastic lheory is lherefore 
suitable for modeling lhe behavior of clay during rotation of principal stress ues. 
INTROOUCTION 
The behavior of soils during reorientation of principal stresses in the field 
should be understood for correct modeling of their stress-strain behavior. 
Rotation of principal stress axes can only be accomplished in the labaratory 
by applying a combination of normal stresses and shear stresses to the sur-
face of a soil specimen. A torsion shear apparatus , in which there is indi-
vidual control of venical normal stress, confining pressure, and shear stress 
applied to a hollow cylinder specimen, was employed in this study. Rotation 
of principal stress ax.es due to construction on or in soils can be reproduced 
in the torsion shear apparatus by various combinations of venical loading 
and torque. 
One of the most imponant pieces of information required for modeling 
the stress-strain behavior of soils concerns the direction of the principal strain 
increment relative to the directions of principal stress and stress increment 
during rotation of stress ax.es at any stress level. For the purpose of inves-
tigating the relations among the directions of strain increment, stress, and 
stress increment as shearing progresses, undrained and drained torsion shear 
tests were performed on hollow cylinder specimens according to predeter-
mined stress-paths. The stress-paths were chosen to cover the full range of 
rotation of principal stress ax.es from 0° to 90° with vertical. Hollow cylinder 
specimens were prepared by consolidating Edgar plastic kaolinlte clay under 
K0-conditions before shearing, thus introducing stress states in the clay spec-
imens similar to those found in field deposits . 
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PREVIOUS STUDIES 
To rotate the directions of principal stresses in soil specimens during test-
ing. a combination of normal and shear stresses must be applied to the sur-
face of the specimen. A review of the advantages and !imitations of equip-
ment employed forthis purpose was presented by Saada and Townsend (1981). 
Various forms ofring shear apparatus have been developed for measure-
ment of residual strengthof soils (Bishop et al. 1971). As the ring shear test 
proceeds, however, the directions of principal stresses are uncertain and the 
strains are not distributed uniformly in the specimen. This type of apparatus 
can therefore not be used for the purpose of investigating effects of reori-
entation of principal stresses. 
Reorientation of principal stresses can be achieved in simple shear devices 
(Bjerrum and Landva 1966; Roscoe 1953, 1970; Roscoe et al. 1967) and in 
torsion shear equipment (Bojanowski 1970; Broms and Casparian 1965; Hight 
et al. 1983; Hong and Lade 1988; Ishibashi and Sherif 1974; Lade 1975, 
1976, 1981 ; Lomize et al. 1969; Saada and Baah 1967; Saada and Bianchini 
1975; Saada and Ou 1973). The simple shear device offers the advantage of 
testing soils under plane strain conditions. Roscoe and his coworkers (Ros-
coe 1970; Roscoe et al. 1967) have investigated the relation between the 
directions of strain increment and stress in sand during shear in simple shear 
devices. However, these apparatuses also have some disadvantages, which 
limit their u se for more elaborate investigations (Lade 1975). The initial state 
of stress before shearing eannot be arbitrarily imposed. Only K0-stress states 
can be imposed on the specimens before shearing. Further, the distributions 
of normal and shear stresses within the specimen are nonuniform (Roscoe 
et al. 1967; Wright et al. 1967). The evolution of the horizontal normal 
stress during shear is generally unknown (Saada and Townsend 1981). 
Torsion shear equipment in which a hollow cylinder specimen is confined 
horizontally between membranes has also been employed to a Jimited extent 
during the last two decades. This equipment offers the advantage that no 
shear stresses are induced on the vertical surfaces of the specimen, comple-
mentary shear stresses are automatically applied to the specimen, and large 
and fairly uniform shear strains can be produced. Furthermore, individual 
control of the vertical normal stress, the confining pressure, and the shear 
stress makes it possible to impose various initial states of stress before the 
specimen is sheared (Lade 1981). However, this type of equipment also has 
!imitations in terms of nonuniformity of stress and strain distributions, es-
pecially in specimens with inappropriate dimensions (Saada and Townsend 
1981; Wright et al. 1978). In a torsion shear test, the hollow cylinder spec-
imen should be exposed to a plane stress state (when the inside and outside 
pressures are equal). In order to obtain this state, the stresses and strains 
should be distributed uniformly in the specimen (Saada and Townsend 1981). 
But nonuniformities can be minimized in specimens with appropriate di-
mensions (Lade 1981). Thus: (l) The ratio of wall thickness and specimen 
diameter should be small; and (2) the height-to-diameter ratio should be high 
enough to avoid severe effects of end restraint, and it should be small enough 
to avoid buekling of the hollow cylinder specimen. With careful attention 
to the geometry of the specimen, the torsion shear apparatus is considered 
to be well suitcd for investigating the influence of reorientation of principal 
stresses. Saada and his coworkers (Saada and Baah 1967; Saada and Bian-
1389 
chini 1975; Saada and Ou 1973; Saada and Townsend 1981; Saada and Za-
mani 1973) have used the torsion shear apparatus to delermine the stress-
strain behavior o f anisottopie c la y. Recently, High t and his coworkers (Hight 
et al. 1983; Syrnes et al. 1984) built a torsion shear apparatus and studied 
the effects of initial anisotropy of sand in a Jimited number of tests. Tatsuoka 
et al. (1986) have also studied faiture and deformation of sand. 
TORSION SHEAR APPARATUS 
Fig. l shows a three-dimensional drawing of a torsion shear apparatus 
designed and constructed to pennit indlvidual control of confining pressure, 
vertical deviator stress, and shear stress applied to a hollow cylinder spec-
imen. 
The hollow cylinder specimen employed here has height of 25 cm, average 
diameter of 20 cm, and wall thickness of 2 cm. Based on previous studies 
(Lade 1981) these dimensions were sufficient to negleet nonuniformities in 
stresses and strains in the specimens due to boundary effects. The specimen 
is confined between cap and base rings and inside and outside rubber mem-
branes with thielmesses of 0.03 to 0.04 cm. The inside rnembrane was formed 
directly on the specimen, while the outside prefabricated rnembrane was placed 
using a membrane stretcher. In order to form the inside membrane, the spec-
imen was first sprayed with diluted rubber cement to seal it off. The inside 
surface was then sprayed or painted with severallayers of fluid latex rubber. 
The rubber was allowed to dry between layers. In order to transfer shear 
stresses from the cap and base rings to the specimen and to avoid slippage 
at their interfaces, full frietion surfaces were provided on the rings. These 
consisted of a layer of sand grains glued to the rings by epoxy. 
The entire setup is contained in a pressure cell, and the integrated hy-
draulic loading system is located below the table on which the apparatus 
sits. The same confining pressure is applied to the inside and outside surfaces 
of the specimen through the cell water that surrounds the specimen. The 
design and operational principles o f !his apparatus are given in Lade ( 1981). 
For the purpose of performing torsion shear tests on clay specimens, some 
modifications were made to the vertical loading cylinder and the torsion shear 
loading cylinders. Upward loading capability was added to the verticalload-
ing cylinder, and the strokes of the torsion shear loading cylinders were 
increased so that larger torsional dispiacements could be imposed on the 
specimen. The maximum strains !hat can be achieved in this apparatus for 
a 25-cm tall specimen are ±E, = 25% for vertical strains and -y,, = ±40% 
for torsion shear strains. 
The vertical load and the torque can be applied independently to the spec-
lmen through the center shaft and the cap plate, which is attached to the cap 
ring, as shown in Fig. l. Both the verticalload and the torque can be either 
stress- or strain-controlled. The resulting deviator stress, with the cell pres-
sure, provides for a vertical normal stress either larger or smaller than the 
confining pressure . Two sets of two interconnected pressure cylinders supply 
horizontal load in either a clockwise or a counterclockwise direction to the 
torsion arm connected to the center shaft. 
During the torsion shear tests, the vertical load, the torque, the cell pres-
sure, the vertical deformation, the thickness change of the hollow cylinder 
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FIG. 1. Torsion Shear Apparatus 
wall, and the shear deformation were measured in addition to the pore pres-
sure in undrained tests or the volumetric strain in drained tests . 
CLAY TESTED 
All tests were perfonned on Edgar plastic kaolinile (EPK) clay whose 
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specific gravity was 2.62. The partide size distribution indicated that the 
clay consisted of 40% silt and 60% clay-size particles. Atterberg limit tests 
produced LL = 60 and PL = 30. The activity was 0.5. 
SPECIMEN PREPARATION 
Remolded specimens consolidaled under K0-stress conditions were pre-
pared from a slurry of EPK clay mixed at a water content of twice the liquid 
limit. The clay slurry was poured into a special consolidometer and con-
solidaled at an effective vertical pressure of 2.00 kg/cm2 (196 kPa). The 
special consolidometer was built to make hollow cylinder specimens for tor-
sion shear tests . The consolidometer has a height of approximately 60 cm, 
an outer diameter of 26 cm, and an inner diameter of 16.5 cm. Two drainage 
piates consisting of porous plastic were placed on the top and bottom of the 
clay slurry. In addition, long drainage strips made of porous plastic were 
attached along the outside wall to form a spiral from top to bottom, so it 
could be compressed easily as the clay slurry consolidated. After consoli-
dation, the oversized hollow cylindrical clay sample was trimmed to its final 
dimensions in a specially designed trimming device with a rotating table and 
common trimming tools. 
The specimen was then instalied in the torsion shear apparatus and again 
Consolidated under K0-stress conditions by maintaining the volumetric strain 
equal to the vertical strain. Slotted filter paper drains were instalied on the 
outside face of the specimen. The maximum drainage path was therefore 
equal to the thickness of the specimen wall (2 cm). During K0-consolidation, 
a cell pressure of 4 .00 kg/cm2 (392 kPa) and a back pressure of 2.00 kg/ 
cm2 (196 kPa) were applied. The vertical stress difference was increased 
gradually to maintain E. = E 1 throughout the entire K0-consolidation. The 
average value of K0 for all tests was 0.55. The pore pressure parameter B 
(=!lu/ lla .. 11) measured after the consolidation stage indicated that the spec-
imens were fully saturated. 
TESTING PROGRAM 
Fifteen undrained and two drained torsion shear tests were perfonned on 
hollow cylinder specimens consolidaled under K0-stress conditions. Each test 
was conducled with conslant confining pressure, a" according to predeter-
mined stress-paths shown in Fig . 2. The diagrams in this figure indicate the 
relations between the vertical stress difference, (a, - a 8), and the torsion 
shear stress, T,8. The stress-paths are shown on two diagrams and different 
symbols are used for the sole purpose of clarity. Some stress-paths appear 
on both diagrams for purposes of comparison. In order to follow these stress-
paths to failure and beyond, either the vertical stress difference or the torsion 
shear stress was applied under strain-control, and the other stress was stress-
controlled. The vertical stress difference could be either increased or de-
creased. Strain rates of approximately 0.005%/min for undcained tests and 
0 .001%/min for drained tests were employed for both vertical strain and 
shear strain in the strain-controlled directions. 
All shear tests were started after K0-consolidation in the torsion shear ap-
paratus. The stress-paths projected on the plane of a; = 1.00 kg/cm2 are 
shown in Fig. 2. Projection of effective stress-paths is perfonned by mul-
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FIG, 2. (s) Stress In Hollow Cylinder Speclmen; (b) and (c) Stress-Paths In Tor-
sion Shear Tests In Plane wlth a; = 1.0 kg/cm• (98 kPa) 
tiplying the venical stress difference and the applied shear stress by the ratio 
of u: = 1.00 kg/cm2 and the measured value of u; (in the same stress units) 
at each stress point. Test Il was performed as a triaxial compression test 
by increasing the venicalload under strain-control. Tests 3, 4, S, 6, and 13 
were performed by increasing the torque under strain-control with only small 
changes in the venical load. Tests 2, 7, 9, IO, and IS were performed by 
adjusting the venical stress difference under stress-control to the predeter-
mined values and then increasing the torque under strain-control. A leak 
developed in test 7 and it could not be continued, as indicated in Fig. 2(b). 
Tests 8, 16, and 17 were performed by increasing the torsion shear stress 
under stress-control and then decreasing the venical load under strain-con· 
trol. Tests l, 12, and 14 were performed by decreasing the venical load 
under strain controlto produce triaxial extension tests. Tests 14 and 17 were 
conducled under drained conditions, whereas all other tests were performed 
under undrained conditions. 
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RELATIONS BETWEEN STRAtNS 
The shear strains, e,. (= "(,8/2) , are plotted versus the normal strain dif-
ferences, (E, - e8)/2, in Fig. 3 for the specimens in tests 2, 3, IO, and 16, 
whose stress-paths are shown in Fig. 2. The points corresponding to failure 
according to the maximum effective stress ratio are indicated with a black 
solid point on each curve, and the values of b = (u2 - u 3)/(u1 - a 3) at 
faiture are indicated for each test in Fig. 3. The relations between the shear 
strains and the normal strain differences are al most linear, except at the be-
ginning of the tests . The almost linear relations are more obvious at strains 
close to failure, where the behavior of the clay is plastic in nature. 
Even though essentially conslant venical loads were supplied in tests 2 
and 10, as shown by the stress-paths in Fig. 2, Fig. 3 indicates that normal 
strain differences occurred in addition to the shear strains caused by the torque. 
This ~coupling effect" was more pronounced in test 2 than in test 10. A 
similar coupling effect between shear strains and axial stresses was observed 
in test 16, in which the axial stress was decreased while the shear stress was 
held constant. 
Fig. 3 shows that the normal strain differences are expansive for values 
of b[=(u2 - u 3)/(a1 - u 3)) larger than approximately 0.34 and compressive 
for smaller values of b. A given increment in b has a greater effect on the 
relation between the shear strains and the normal strain differences at small 
b-values than at high b-values. 
STRAIN INCREMENT AND STRESS DIRECTIONS 
The general pattern of directions of major principal strain increments at 
failure is of importance in considerations regarding the applicability of iso-
tropic piasticity theory and the general frameworiC required for modeting of 
b • 0.71 
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clay with initial K0-stress states. In order to investigate the soil behavior at 
failure, it is necessary to relate the directions of major principal strain in-
crements to the directions of major principal stress in the physical space. 
According to piasticity theory, the principal axes of plastic strain incre-
ments coincide in direction with the principal axes of stress during reoli-
entalion of stresses in isotropie materials, whereas the principal axes of elas-
tic strain increments coincide in direction with the principal axes of stress 
increments according to isotropie elasticity theory. 
Triaxial compression tests performed in a companion study on vertical and 
horizontal specimens of K0-consolidated EPK clay produced stress-strain re-
lations and undrained strengths that indicated negligible influence of orien-
tation. The laboratory-prepared clay was therefore taken to behave in an 
isotropie manner, although it had initially been K0-consolidated. More de-
tailed studies of the clay behavior might have indicated some anisottopie 
features, but these were not likely to be as pronounced as those found in 
natura! clays. 
Natura! clays have been produced by deposition of individual clay parti-
cles or dusters of particles, each allowed to settie and come to equilibrium 
with preferred orientation (most likely horizontal), and consolidation under 
Ko-conditions over long time periods, thus allowing the majority of creep to 
occur under current in situ stresses. In comparison, the slurry of EPK clay 
mixed at two times the liquid limit may not have provided the individual 
particles with sufficient space to allow extensive alignment in a preferred 
direction. Further, sufficient time was allowed for the slurry to consolidate, 
but the amount of time allowed for creep after the end of primary consoli-
dation w as small. The EPK cl a y prepared for the present stud y, therefore, 
exhibited littie anisotropy as a result of the initial K0-consolidation. The ex-
perimental results of the torsion shear tests are consequently evaluated in 
view of isotropie elastic and plastic behavior. 
Mohr Cireles 
The directions of major principal stress, major principal stress increment, 
and major principal strain increment during primary loading are shown in 
Fig. 4, where 'l' = angle between a 1 and vertical, X = angle between åa1 
(= maximum of increments in T ,e, <T,. and u,) and vertical, ~ = angle between 
åe1 (=maximum of increments in e,., e,. and e,) and vertical, respectively. 
The relationsbips from Fig. 4 are as follows: 
2·T,e 
tan 2'1' = --... . .. . .............. . .... . . . .... .. . ........ ... . (l) 
cr, - cr8 
2·åT,e 
tan 2X = . . ....... . . .. . ..... ... ...... .. ....... . .... . . . (2) 
åcr, - å<r8 
2· åe,. 
tan 2~ = .. ...... . ..... . ...................... . ..... . . . (3) 
ÅE, - ÅEe 
Therefore, isotropie elastic behavior implies that X = ~. and isotropie 
plastic behavior requires that 'l' = ~-
Directions of Major Principal Strain lncrements at Faiture 
Fig. 5 shows a diagram of (a, - a 8)/2 versus T,, superimposed on a dia-
gram of (åe, - åe,)/2 versus åe,.. The inclinations of stress directions should 
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FIG. 4. Directlona of Major Principal: (s) Stresa; (b) Stress lncrements; and (c) 
Straln lncrement In Toraion Shear Tests 
coincide with the inclination of strain increment directions for isotropie plas-
tic behavior at failure, i.e. 
. .. . . ..... . . . .................... . . . ... .... .. (4) 
cr, - cr8 åe, - åe, 
2 · T,e 2 · e,e 
where 2 · T,e/(a, - a,) = the inclination of the stress direction; and 2 · åe,,/ 
(åe, - åe8) = the inclination of the strain increment direction. In Fig. 5 the 
1.0 
Failu,. Surfaet for 
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major principal stress direction is represented by a line connecting the stress 
point at failure and the origin. The direction of the major principal strain 
increment is shown initiating from the stress point at failure . All strain in-
crements are plastic at failure, because the changes in stress at failure are 
negligible, thus resulting in negligible elastic strain increments. 
lt should be noted that the stress states at failure in undrained tests most 
often do not correspond to the same value of effective confining stress, 
CT;. However, in order to indicate that failure was achieved in the tests under 
consideration, it may be desirable to plot the data points on the same ef-
fective confining stress plane. By projection of a given stress point along 
the curved failure envelope using a technique involving Lade 's failure cri-
terion (Lade 1984), it is possible to obtain the adjusted stress states. The 
failure stress points and the failure surface are shown in Fig. 5 on the plane 
corresponding to CJ; = 1.00 kg/ cm2 (98 kPa). This failure surface is given 
by the foliowing failure eriterion proposed for isotropie soils (Lade 1984): 
1l1 = (f- 27 )(;.)m .... ....... ................... ......... .... (S) 
in which / 1 and / 3 = the first and the third stress invariants which for the 
conditions in the torsion tests are defined as follows: 
l, = a , + CJ2 + a 3 = a, + a, + a 8 •••••••••• • •••••••••• • • • •••• ••••• (6) 
/ J = a, · a 2· a3 = a,·CJ,· C!ø - CJ,·T, e ' Tez· . . • .• .. .. ....... . .... . . ... .. (7) 
and p. = atmospheric pressure expressed in the same units as the stresses. 
The materlal parameters, T}J and m, were deterrnined to be 27 .l and 0.42, 
respectively, for Edgar plastic kaolinile (Hong and Lade 1989). 
Only one hal f o f the failure surface is shown in Fig. 5, because o f sym-
metry in materlal behavior. The failure envelope is not a circle, but it has 
a unique shape that is symrnetrical about the horizontal axis. lt may be seen 
that the failure envelope represents the failure points obtained from the tor-
sion shear tests with reasonable accuracy. 
Fig. S shows that the major principal strain increment directions at failure 
for practical purposes coincide with the major principal stress directions. 
Only a few directions deviate slightly from each other. Because double an-
gles are shown in Fig. 5, the deviations represent twice the deviations in 
physical space. The magnitudes of these deviations are so smal! that they 
could even be due to experimental inaccuracies. lt appears that the effect of 
the initial K0-stress state applied to the clay specimens to a large extent has 
been eliminaled at failure, which occurred at relatively large strains in the 
torsion shear tests . Thus, any cross-anisotropy that might have developed in 
response to the initial K0-consolidation did not affect the results at failure. 
Piasticity theory for isotropie materiais can therefore be applied to modeling 
of K0-consolidated clay at failure in torsion shear tests . 
EITects of Rotation of Principal Stress Axes 
A more detailed evaluation of the cl a y behavior in four representative tests 
is shown in Fig. 6. The variations of the angles between vertical and the 
directions of major principal stress '1', major principal stress increment X, 
and major principal strain increment E are plotted versus shear strain, 'Yze, 
for tests 2, 3 , IO, and 16. The angles '1', X, and E were calculated from 
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Eqs. l, 2, and 3, respectively. The arrows in the diagrams indicate the ini-
tiating points of primary loading. These points are indicated in Fig. 2, where 
the stress-paths cross the initial isotropie yield surface corresponding to K0-
consolidation. Thus, smaller shear strains than those shown at these points 
in Fig. 6 represent stress states of unloding or reloading from the K0-stress 
states. The points corresponding to failure are also indicated on each curve. 
Fig. 6 shows that the direction of major principal strain increment essen-
tiall y coincide with the major principal stress increment direction at small 
shear strains or in the early stages of the tests. This indicates that the clay 
behaves as an isotropie elastic materlal at the beginning of the tests. As the 
stress level increased towards failure, the major principal strain increment 
direction approached and essentially coincided with the major principal stress 
direction . This is typical of isotropie plastic behavior. 
Foliowing K0-consolidation, the stress-path in Fig. 2(b) shows that the 
specimen in test 2 was first unloaded vertically into the region of negative 
deviator stresses, then reloaded and finally primary-loaded by application of 
shear stresses. Fig. 6(a) shows that plastic behavior (i. e., 'l' = E> w as ob-
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tained slightly before the isotropie yield surface was crossed. 
In test 3 [see stress-path in Fig. 2(c)) the specimen was primary-loaded 
directly from the K0 -stress state, and in this test there was essentially no 
elastic behavior, as indicated in Fig. 6(b). 
Fig. 2(b) shows that the specimen in test IO w as first unloaded vertically, 
then reloaded and primary-loaded in shear. Fig. 6(c) indicates that a gradual 
transition from elastic to plastic behavior at higher stress levels was obtained 
in this test. 
Finally, the stress-path for test 16 shown in Fig. 2(c) indicates that a shear 
stress was applied to the specimen immediately after K 0-consolidation, after 
which the vertical load was decreased to failure in the extension rep!on . Most 
of this stress-path was located inside the isotropie yield surface, and elastic 
behavior is clearly indicated in Fig. 6(d) for the beginning of this test. A 
gradual transition occurred around the point where the stresses exceed the 
isotropie yield surface, and plastic behavior is obtained in the remaining 
portion of the test. 
These observations from the torsion shear tests on Edgar plastic kaolinile 
indicate that the clay behaved as an elasto-plastic material. Thus, the ap-
plicability of isotropie elastoplastic theory for modeling the behavior of clay 
during rotation of the principal stress axes in torsion shear tests has been 
demonstrated. 
Results from simple shear tests on sand reported by Roscoe and his co-
workers (Roscoe 1970; Roscoe et al. 1967) showed behavior similar tothat 
obtained in the present study on clay. 
CONCLUSIONS 
Undrained and drained torsion shear tests on hollow cylinder specimens 
of Edgar plastic kaolinile clay have been performed along various stress-
paths for the purpose of investigating the relations among the directions of 
major prinicipal stress, stress increment, and strain increment during rotation 
of principal stress axes. 
The clay prepared by K0-consolidation of a slurry was found to exhibit 
littie anisotropy. The effects of an y initial cross-anisotropy caused by K0-
consolidation in the torsion shear tests were, to a large extent, eliminaled at 
failure, which occurred at relatively large strains. The major principal strain 
increment directions coincided with the major principal stress directions at 
failure. Thus, isotropie piasticity theory may be applied for modeling the 
behavior of this clay at failure. 
The experimental results also indicated that the directions of major prin-
cipal strain increment essentially coincided with the directions of major prin-
cipal stress increment at small stress levels inside the isotropie yield surface. 
Thi s is typical of elastic behavior. A gradual transition from elastic to plastic 
behavior was observed as the stress level was increased, and the directions 
of major principal strain increment approached the directions of major prin-
cipal stress at higher stress levels. These observations from the torsion shear 
tests show that the clay behaved as an elasto-plastic material. Isotropie elasto-
plastic theory may therefore be suitable for modeling the behavior of K0-
consolidated EPK clay during rotation of the principal stress axes. 
The study presented here provides the basic behavior of a laboratory-pre-
pared, isotropie clay during rotation of principal stresses. The results may 
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therefore serve as a basis for comparison and evaluation of the behavior of 
natura) clays that exhibit cross-anisotropic characteristics. 
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SUMMARY 
A review of the literature indicates that the elastic behaviour of granular materiais is isotropie and that 
Poisson's ratio is constant, whereas Young's Modulus. the bulk modulus and the shear modulus vary with 
the mean normal st ress and the deviatoric stress. A nonlinear. isotropie model for the elastic behaviour is 
developed on the basis of theoretical considerations involving the principle of conservation of energy. 
Energy is therefore neilher generated not dissipated in elosed-loop stress paths or in elosed-loop strain 
paths. The framework for the model consists of Hooke's law, in which Poisson's ratio is constant and 
Young's modulus is expressed as a power function involving the lirstinvariant of the stress tensor and the 
second invariant of the deviatoric stress tensor. The characteristics of the model are described, and the 
accuracy is evaluated by comparison with experimental results from triaxial tests and three-dimensional 
cubical triaxial tests with a variety of stress paths. Parameter determination from unloading- reloading 
cycles in conventional triaxial compression tests is demonstrated, typical parameter values are given for 
granular materiais and extension of the model to soils with etTective cohesion is described. 
INTRODUCTION 
The time-independen t stress-strain relations for soils may be characterized by elastic and plastic 
behaviour. Both strain components are nonlinear in nature. and the elastic strains are relatively 
small in the presence of plastic strains. However, the complete soil response consists of elastic 
strains along the initial portion of anygeneral three-dimensional stress path involving unloading 
or reloading. The strains along stress paths such as proportional unloading are for practical 
purposes entirely elastic. Further, constitutive models must inelude elastic strain components in 
orrler to invert the stress-strain relations. Therefore, even though the elastic strain components 
may be smal!, they eannot be ignored. 
Experimental results indicate that the elastic properties are functions of the state of the soil 
element, i.e. they may be expressed in terms of the soil density or void ratio and the state of 
stress acting on the soil. For a given void ratio, the elastic properties have been shown to vary 
with the mean normal stress as well as the deviatoric stress. 
Presented hereis an isotropie model for the elastic behaviour of soils. Themodetis basedon 
a theoretical development which guarantees Jack of energy generation or dissipation for any 
elosed-loop stress path or any elosed-loop strain path. Experimental data from conventional 
triaxial and three-dimensional cubical triaxial tests on sand are used to demoostrate the 
capabilities and the determination of soil parameters for the model. 
0363- 9061/87/050521-22$11.00 
© 1987 by John Wiley & Sons, Ltd. Received J 5 September J 986 
160 r--------r-------.,-------,-------~--------~ 
7 r (a) u 3 = 2.40 kg/cm2 
6 
N 5 
E 
.!:! 
.,. 
.Y. 
-;;, 4 
b 
l 
N' 
E 
u 
Cå IUU 
:! 
"' 
" b 3 !:l. w 
IC 
1-
11) 
2 
u 
0:: 
o 
IC 
1-
o 
!2 
o k--4) 1 1 c§l' l 1 @ 1 ~ 
0.2 
E y(%) 
0.4 
0.6 
5 10 15 20 25 
VOLUMETRI C STRAIN. •v (%) 
Figure l. (a) Stress- slrain a nd volume change behaviour of loose Santa Monica Beach Sand in triaxial compression tes! with sevcral unloading- reloading cyclcs. 
(b) Isotropie compression of loose Sacramcnto River Sand with primary loading, unloading a nd reloading branches 
V\ 
N 
N 
:-c 
:< 
r 
> 
o 
m 
> 
z 
o 
?"' 
!J' 
z 
m 
r 
V> 
o 
z 
MODELLING ELASTIC BEHAVIOUR 523 
OBSERVED BEHAVIOUR AND PREVIOUS MODELS 
Basic observed behaviour 
The framework for modeiling the elastic behaviour of soil consists of Hooke's la w, which for 
an isotropie material requires two independent parameters. These may be Young's modulus E 
and Poisson's ratio v or the bulk modulus B and the shear modulus G. The parameters B and 
G are related to E and v as follows: 
E 
B=---
3(! -2v) 
G=-E-
2 (l + v) 
(l) 
(2) 
Experimental results indicate that E. B and G vary with the state of stress. whereas Poisson's 
ratio most often is assumed to be constant. Figure !(a) shows the results of a conventional 
drained triaxial compression test on loose Santa Monica Beach Sand with three unloading-
reloading cycles. The strains occurring immediately after each stress reversal are considered to 
be elastic. The elastic moduli indicated on the second cycle in Figure !(a) are seen to vary with 
the deviatoric stress, since the elfective confining pressure is maintained constant. Although the 
mean normal stress also varies in this test, an expression relating the elastic modulus to the 
mean normal stress is unable to capture the variation of Young's modulus correctly. 1 
Figure !(b) shows the results of an isotropie compression test on loose Sacramento River 
Sand. The unloading- reloading branches, which for practical purposes are identical, indicate 
nonlinear elastic behaviour of the sand over a very large range of isotropie confining pressures. 
Thus, both the mean normal stress and the deviatoric stress may influence the variations of 
the elastic moduli E. B and G. The most common models used to capture the variations o f these 
three elastic moduli are briefly reviewed below. 
Common models 
Among themost widely studied modulus values is the initial tangent modulus. or initial slope 
of the stress-strain curve for triaxial compression. Both theoretical considerations and practical 
experiments2 - 11 show t hat the initial tangent modulus may be expressed as a power function 
of the initially isotropic, elfective confining pressure u): 
E;= K;p.(::)" (3) 
in which p. is atmospheric pressure expressed in the same units as E; and u), K; is a modulus 
number, and n is an exponent determining the rate of variation of E; with u). Both K; and n 
are dimensionless numbers. Janbu8 presented results of a large number of tests. He found values 
of n from 0·35 to 0·55 for sands and silty sands with porosities of 35- 50 per cent. Modulus 
numbers for the same sands had values from 50 to 500. 
Because the initial slope of the stress-strain curve is often infiuenced by non-recoverable, 
plastic deformations. Duncan and Chang12 proposed to use the slope ofan unloading- reloading 
cycle from a triaxial compression test as the elastic modulus. This slope is determined between 
points A and B on the third cycle in Figure !(a). Thus, K; is replaced by K., in equation (3). 
Analysesofa large number of experiments13 showed that K., was from l to 3 times higher than 
K;, whereas n had the same value for initial loading and unloading-reloading. 
The simple formulation in equation (3) has been widely used. because it appears to capture 
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the elastic behaviour observed in triaxia l and isotropie compression. and the material parameters 
can be determined from the results of conventional triaxial tests. However, Zytynski et a/. 14 
pointed out that t his model for the variation o f Y oung's modulus results in violation of the 
principle o f conservation of energy. Thus, depending on the direction of a closed stress loop, the 
model will generate or dissipate energy in violation of the basic premise of elastic behaviour. 
The deformation characteristics of a soil may also be expressed through the bulk modulus B, 
which is related to the hydrostatic stress component, and the shear modulus G, which is related 
to the deviatoric stress component. The advantage of using B and G is that these parameters 
may be evaluated independently and may more readily be related to the state of stress. Modelling 
of B and G may then take forms similar to that iu equation (3). 
Hardin and Black 15 proposed an empirical ex pression for the shear modulus G m .. determined 
from wave propagation velocities and from small amplitude cyclic simple shear tests: 
(2·973 -1!)2 G = l2300CRk a·o-~ 
mu (l+ e) o (4) 
in which a~ is the effective mean normal stress, and the exponent k applied to the over-consolida-
tion ratio, may be related to the piasticity index of the soil. The values of Gmu and a~ are 
expressed in psi. This ex pression also ineludes the effect of the void ratio e o n the shear modulus. 
Many expressions with the same general form have been presented in the literature: 
Gmu = AF(e)a~· (5) 
in which A is a constant that may be related to OCR, F(e) is a function describing the influence 
of void ratio, and the exponent n is often taken as 0·5. Hardin16 has presented some of the 
specific forms of equation (5) together with typical values for the material parameters. 
In addition to the formulations given above, other models for the elastic behaviour of soils 
have been presented in the Iiterature (see, for example, References 17 and 18). These have gained 
Jess acceptance, in part due to the considerable number of material constants required and in 
part due to the requirement o f results from more complicated o r advanced tests. F urther discussion 
of models for the elastic behaviour of soils have been given in References 19, 20 and 21. 
Isotropy of elastic behaviour 
Rowe17 presented results of experiments on Mersey River Sand (4 void ratios), Silver Sand (4 
void ratios), Fine Quartz Sand (2 void ratios), Feldspar (2 void ratios) and Glass Ballotini (3 
void ratios) which all exhibited isotropie behaviour when unloaded, even when the strains during 
loading indicated anisatropie behaviour. Thus, sands with initial anisatropie fabric may exhibit 
anisatropie behaviour, but the elastic behaviour observed during unloading is for practical 
purposes isotropic. A similar condusion w as reached by Krizek, 22 who presented results of 
unconfined compression tests on sedimented specimens of kaolin clay with different degrees of 
inherent anisotropy. Results for sensitive clay studied by Wong and Mitchell23 also showed 
nearly isotropie elastic behaviour, while the plastic stress-strain relations were anisotropic. 
Poisson's ratio 
The theoreticallimits of Poisson's ratio are - l~ v ~ 0·5. These limits are obtained on the 
basis that the elastic work t{o-}T{e} ~ O for any change in stress. Equation (l) for the bulk 
modulus shows that this requirement results in v~ 0·5, and equation (2) for the shear modulus 
provides the lower limit of - l ~v. In practice, Poisson's ratio for the elastic behaviour of soils 
is limited to the range from O to O· 5. 
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Experimental evidence indicates that Poisson's ratio is isotropie and practically constant for 
a soil at a given void ratio. The experiments on several granular materiais presented by Rowe17 
showed that Poisson's ratio could be considered to be isotropie during elastic unloading. 
Hardin 16 noted t hat accurate measurements o f the elastic Poisson's ratio from w a ve propagation 
experiments w as difficult, due to the insensitivity of the soil behaviour to the value o f v. However, 
analysis of his resonant column tests on Ottawa Sand produced conslant values of v in the range 
from 0·11 to 0·23. Basedon a review of experimental data, Hardin16 concluded that Poisson's 
ratio for soils Iies somewhere between O and 0·2 and that any value within this range is accurate 
enough for most purposes. 
Yokota and Konno24 performed cyclic triaxial tests with a frequency of0·25 Hz on reconstituted 
and undisturbed specimens of cohesive soils and alluvial sandy soils. Their in vestigation showed 
that Poisson's ratio was essentially constant at 0·5 for the cohesive soil, reflecting the undrained 
condition in these tests. The sandy soils produced values from individual tests in the range from 
0·2 to 0·4. Their test results showed a tendency for slightly increasing Poisson·s ratios with 
increasing magnitudes of shear strains, whereas the influence of confining pressure was found to 
be negligible. 
El Hosri25 conducted low amplitude cyclic triaxial tests on dry Hostun Sand with careful 
measurements of the axial and radial strains made directly on the specimens. He varied the 
average grain diameter, the uniformity coefficient, the void ratio, the effective confining pressure 
and the strain amplitude. Poisson's ratio was found to be essentially conslant in each test and 
independent of confining pressure. Values of v were obtained in the range from 0·18 to 0·23 for 
ditTerent material compositions and void ratios. El Hosri 25 also observed that Poisson's ratio 
was constant within cyclic strain amplitudes up to ± 0·5 per cent. 
Whereas Poisson's ratio for a soil at a given void ratio appears to be constant, experimental 
evidence suggests that v increases with increasing void ratio. Reanalysis of K0 -unloading branches 
from numerous tests performed on Ham River Sand2 6 shows a consistent variation of v from 
0·20 at e = 0·57 to O· 31 at e = 0·75. Other experiments, inelucting t hose presented below for Santa 
Monica Beach Sand, indicate similar results. 
THEORETICAL DEVELOPMENT 
The experimental evidence reviewed above indicates that the elastic behaviour of soils can be 
captured by an isotropie elastic model in which Poisson's ratio is constant and the elastic moduli 
E, B and G are functions of the mean normal stress as well as the deviatoric stress. Expressing 
the mean normal stress in terms of the first invariant of the stress tensor I 1 and the deviatoric 
stress in terms of the second invariant of the deviatoric stress tensar 1'2: 
in which 
and 
B = B(/ 1 , 1~ ) 
G = K(/ 1 ,1~) 
" ~ = ! (s; + sff + s; + 2sff: + 2s;x + 2s;y) 
where the s symbols denote deviatoric stress: 
(6) 
(7) 
(8) 
(9) 
(lOa) 
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Sy= O' y- (1 /3)/ 1 = l/3[(0'y - O'=)+ (O' y- O' x)] 
s== O'= - ( 1/3)/ l= 1/3[(0'=- O' x l+ (O'=- O' y)] 
( lOb) 
(lOc) 
(lOd,e,f) 
J'1 =sx+sy+s==O (Il) 
Substitution of equations (IO) in equation (9) yields 
J~= i[(O' x - O' y)2 +(O' y- O' Y +(O'=- 0'.,)2] + r~y +r;=+ r;x (12) 
The elastic work per unit volume along stress path ACB in Figure 2 is calculated as 
WAcn= f dW= f {<1}T{de} (13) 
ACB ACB 
or, as shown in Appendix I, this may be written as 
f (/l d/l d J~ ) WAco = ACB ~+2G (14) 
and similarly for stress path ADB: 
f ( 11 d/1 d J~ ) WAon = ADB ~+2G (IS) 
According to the principle of conservation of energy, the work must be independen t of the path 
and WAco = WAoo· Thus, for the cycle ACBDA: 
f ( / l d/l dJ~) WAcn + WnoA = ~+ ZG ACBDA (16) 
The integral in equation (16) will be zero if it can be written in the general form 
t(Pdx +Qdy) = ff e;- ~~ )dA 
A 
(17) 
lf P = iJ WjiJx and Q = cWjiJy, i.e. if P and Q can bederived from a potential function, then the 
line integral vanishes and no net work is done on the closed stress path. Thus, for the work to 
Figure 2. Stress paths from A to B shown in / 1 - J (J~ ) diagram 
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be path independen t. i t must be possible to write the quantity d W in the form 
I 1di 1 dJ2 aw aw 1 , dW=~+-u;= 011 d/1 + o,j(J2) dv(lzl (18) 
in which I 1 and ,j(J2) are the independent variables. Since dJ2 = 2 ,j(J2) d,j(J2), equation 
( 18) becomes 
11 ,j(J2l , a w a w , 
d W = 9 B dl 1 +-G- d,j(J 2 ) =ol 1 dl 1 + o,j(Jl) d,j(J 2l 
which for an y W[f 1, ,j(J2)] requires 
and 
Finally, since 
aw 11 
a1 1 = 9B 
aw ,j(J2l 
o,j(J'2l =-G-
o2 W o2W 
oi!o,j(J2l - o,j(J2)oi1 
the foliowing constraints on the expressions for B and G are obtained: 
l 1 o B ,j(J2) oG 
9B2 o,j(J2l = G2 a1 1 
Substitution o f equations (l) and (2) with v = constant in to equation (23) produces 
in which 
1 aE 1 aE 
--- --= R--) (12) o,j(J2l 11 ol 1 
R = 6~=9B 
l - 2v G 
Equation (24) has a general solution E = E( X), where 
X = !f + R[ ,j(J2)]2 
1t is heipful to note that , in this case, 
T hus. 
and 
fx 1 w- -- x - 0 18B(X) d 
aw awax 1 11 
ol l= eX ol1 = 18B(X) 211 9B 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
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a w _ 1 2R J (J' l_ J (J'2l aJ(Jil- 1sø 2 - G (30) 
i.e. the same ex pressions as in equations (20) and (21 ). 
In terms of non-dimensional material constants and stress functions, the foliowing power la w 
satisfies equation (24): 
[(/ )2 J' ] ;. E = Mp0 i +R p~ (31) 
in which Po is the a tmospheric pressure expressed in the same units as E, 11 and J (J]_), and the 
modulus number M and the exponent ). are constant, dimensionless numbers. This functional 
representation can also be shown to fulfil the energy conservation argument for closed strain 
paths. This is demonstra ted in Appendix IL 
According to equation (31) Young's modulus is constant a long rotationally symmetric ellipsoidal 
surfaces whose long axis coincides with the hydrosiatic axis and whose centre is located at the 
origin of the principa l stress space. The magnitude of Poisson's ratio delermines the shape of 
the ellipsoidal surface. For v= O, the va lue of R = 6 and the surface becomes spherical. whereas 
for v= 0·5, the value of R = oo and the surface degenerates in to a line coinciding with the 
hydrosiatic axis. 
Figure 3 shows cross-sections of the ellipsoidal surfaces in triaxial and octahedral planes for 
different values of Poisson's ratio. The cross-sections in the octahedral plane are always circular, 
whereas the cross-sections in the triaxial plane are shaped as ellipses w hose aspect ratio depends 
on the value of Poisson's ratio. The locations of typical failure surfaces for cohesionless soils 
with frietion angles from 30 to 50 degrees are shown for triaxial compression and extension. 
Only the portions of the ellipsoids located inside the conical failure surfaces can be reached by 
stress states in cohesionless soils, and only these portions are of interest for such soils. 
Whereas Figure 3 shows contours along which Young's moduli are constant, the actua l 
magnitude o f E is determined by the material parameters M and Å.. The results o f an experimental 
study involving triaxial compression and three-dimensional cubical triaxial tests on sand with 
(a) 
., • o 
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<l> c • 30" 
2 l 1
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t+" 
R•&·--
1- 211 
Figure 3. Conlours of conslant Young's modulus shown in (a) triaxial plane and (b) octahedral plane 
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various stress paths are used to demoostrate the determination of M and J.. and to study the 
capability of equation (31) to capture the variation of Young's modulus. 
EXPERIMENT AL STUD Y 
T e sting program 
Sand tested. All tests were performed on Santa Monica Beach Sand, which is composed of 
subangular to subrounded grains consisting mainly of quartz and feldspar. The characteristics 
of this sand are summarized as follows: mean diameter, 0·27 mm; coefficient of uniformity, 1·58; 
specific gravity of grains, 2·66; maximum void ratio, 0·87; and minimum void ratio, 0·58. 
The tests presented here were performed on dense and loose specimens. The dense specimens 
had a void ratio of0·61, corresponding to a relative density of90 per cent, and the loose specimens 
had a void ratio of 0·81, corresponding to a relative density of 20 per cent. Only triaxial tests 
with different stress paths were performed on the dense sand. Triaxial as well as cubical triaxial 
tests with different stress paths were performed o n the loose specimens in order to obtain relatively 
large strains, thus facilitating the interpretation of the results. 
Specimens and measurements. The drained triaxial tests were performed on cylindrical specimens 
2·8in. (71 mm) in diameter and 7·5in. (190mm) high. Lubricated ends were used to minimize 
effects of end restraint. The initially air-dry specimens were saturated using the C02 method 
deseribed by Lade and Duncan. 27 The vertical load, the confining pressure, the vertical 
deformation and the volume changes were measured during the tests. Constant or varying 
confining pressures in the range from 0·30 kgjcm2 (29·4 kN/m2) to 6·00 kgjcm2 (588·6 kN/m2) 
were employed in the triaxial tests. 
The drained three-dimensional triaxial tests o n loose sand were performed o n cubical specimens 
with side lengths of 3-0 in. (76 mm). The cubical triaxial apparatus and the testing procedures 
used in the apparatus were deseribed in detail by Lade.18 A constant confining pressure of 
1·20 kg/cm1 (117·7 kN/m2) was used in these tests, w h ile the vertical and the horizontal deviator 
stresses were varied in the range from zero to 4·23 kg/cm2 (415·0 kN/m1 ) to achieve various 
three-dimensional stress paths. 
The deformations measured in the two types of tests were corrected for sand penetration into 
the lubricated end p la tes, and the volumetric deformations were corrected for effects o f membrane 
penetration occurring in tests with varying confining pressure. 
Stress paths. Tests with simple stress paths as well as with complex stress paths were performed. 
Figure 4 shows the points of initiation and the directions of the stress paths involving unloading 
or reloading, thus resulting in primarily elastic strains. Figure 4(a) shows the stress pat h directions 
employed in the triaxial tests, and Figure 4(b) shows the stress path directions in the plane 
corresponding to a 3 = 1·20 kg/cm2 (117·7 kN/m2) for the cubical triaxial tests. In order to obtain 
an appreciation of the magnitude and composition (elastic vs. plastic) of the measured strains 
associated with a given stress path, each straight unloading or reloading path inside the primary 
yield surfaces was designed to involve relatively large stress changes. 
The triaxial tests with simple stress paths were conducted with constant confining pressure. 
These tests inelurled conventional triaxial compression tests with several unloading- reloading 
cycles at increasingly high values o f stress difference, tests with compression-ex tension- compres-
sion cycles and tests with extension-compression- extension-compression cycles. Tests with more 
complex stress paths involving varying confining pressure and large unloading and reloading 
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Figure 4. Points of initiation and stress path directions for tests on Santa Monica Beach Sand shown in (a) triaxial 
plane and (b) plane with u J = conslant 
stress changes were also performed to study the pattern of elastic soil behaviour in relation to 
the current stress path and the previous stress history, if any. 
The cubical triaxial tests were all performed with constant confining pressure a 3, but the two 
stress differences (a 1 - a 3 ) and (a2 - a 3) were varied to create three-dimensional stress paths 
from which the effects of a 1 and a 2 could be evaluated. These stress paths also involved large 
unloading and reloading stress changes to obtain reasonable amounts of strain for analysis. 
Test results 
The results of the tests deseribed above form the basis for experimental verification of the 
theoretically developed expression for Young's modulus in equation (31). Calculation of the 
elastic moduli was performed using stress paths lengths o f such magnitudes t hat at Ieas t one o f 
the principal elastic strains was greater t han ± 0·015 per cent. This w as done to obtain a reasonable 
degree of accuracy and reliability o f the moduli. Nevertheless, somescatter in the modulus values 
is to be expected due to the small strains encountered during unloading and reloading and due 
to the sensitivity of these small strains to accurate measurements and corrections. Because two 
of the principal stresses were changed along most o f the stress paths employed in this study, the 
calculated elastic moduli would depend o n the value of Poisson's ratio. The moduli were therefore 
determined in connection with regression analyses in which the constant Poisson's ratio could 
be varied to obtain the best overall lit. The moduli were associated with the states of stress at 
which unloading or reloading was initiated. 
DETERMINATION OF MATERlAL PARAMETERS 
Because Y o ung' s modulus is expressed in terms o f stress in variants, an y type o f test in which all 
stresses and strains are measured may be used for determinaticn of the three material parameters 
MODELLING ELASTIC BEHAVIOUR 531 
M ,). and v required to describe the elastic behaviour. In order to deterrnine the material parameters 
for a given set of ex perlmental data, a value of Poisson's ratio is estimated and the values of E 
are calculated from Hooke's law. In this study, a single elastic modulus was calculated for each 
stress path using the equation corresponding to the !argest measured principal strain. The para-
meters M and Å in equation (31) can then be deterrnined by plotting (E/p.) vs. [(l 1/ p.)2 + R(J~jp;)] 
in a log-log diagram, as shown in Figure 5 for dense Santa Monica Beach Sand. The intercept 
of the hest-litting straight line with [(/ 1/ p.)2 + R(J~jp:J] = l is the value o f M, and ;. is the slope of 
the line. 
In order to obtain the overall best-fitting parameters, regression analyses may be performed 
to deterrnine the highest possible value of the coefficient of determination r2• Figure 6 shows the 
effect of varying Poisson's ratio in the range from O to 0·5 on the values of r 2, M and A. for dense 
Santa Monica Beach Sand. lt is interesting to note that these values are relatively insensitive to 
the value o f Poisson 's ratio in the range from v = O· l, v = O· 2. The diagram shown in Figure 5 
corresponds to the best-fit value of Poisson's ratio of v= 0·14. 
Poisson's ratio was also deterrnined directly from stress paths in triaxial tests with constant 
confining pressures according to 
v= _ !: =K._:~) (32) 
in which (eJe 1) is the slope of the volume change curve immediately after stress reversal. Figure 7 
shows values of Poisson's ratio determined from equation (32) for dense and loose Santa Monica 
Beach Sand plotted against I 1• The values of v shown in Figure 7 were all deterrnined from 
reloading branches initiated at the hydrostatic a x is. where the hestestimate o f (eJe .) is obtained. 
Although there is some scatter in the test data, there a re n o discernible effects o f the mean normal 
stress on Poisson's ratio. The average values, v,.,, and the standard deviations, ±s, are indicated 
in Figure 7, and these values are also indicated in Figure 6 for dense Santa Monica Beach Sand. 
Figure 6 shows t hat the average value of v,., = 0·15, determined directly from the experimental 
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Figure 5. Variation of Young·s modulus in triaxial tests for dense Santa Monica Beach Sand 
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Figure 7. Poisson's ratios determined directly from results of triaxial tests on (a) dense and (b) loose Santa Monica 
Beach Sand 
results, is located in the middle of the range in which r2 , m and l are relatively insensitive to 
Poisson's ratio, and that this range is approximately indicated by the values of v •• ,± s. 
The results for loose Santa Monica Beach Sand are shown in Figures 8 and 9. These data 
inelude results from triaxial tests and cubical triaxial tests with various stress paths. Figure 8 
shows that the results from the cubical triaxial tests fall in the range of results from the triaxial 
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Figure 9. Variation of coefficient of correlation, modulus number and exponent with Poisson's ratio in triaxial testson 
Joose Santa Monica Beach Sand 
tests. Thus, the values of Young's moduli determined from triaxial tests are applicable to general 
three-dimensional conditions. Figure 9 shows the results of regression analyses obtained by 
varying Poisson's ratio in the range from O to 0·5. The curves correspond to data from the triaxial 
tests. The average value and the range of Poisson's ratio determined directly from reloading 
branches in triaxial tests are also shown on Figure 9. Again, both v ••• and v •• ,± s approximately 
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coincide with the best-fit value and the range in which r2, M and l are relatively insensitive to 
Poisson's ratio. 
PARAMETER DETERMINATION FROM SIMPLE TESTS 
Based on the results and analyses presented above, it appears that the material parameters M, 
l and v required to describe the elastic behaviour may be determined from results of conventional 
drained triaxial compression tests which inelude unloading- reloading cycles. These parameters 
may be determined with reasonable accuracy from such simple tests, because almost equally 
accurate descriptions of the elastic behaviour can be achieved over a range of Poisson's ratios. 
The best estimate of Poisson's ratio is obtained from the slopes of the volume change curves 
associated with the reloading branches initiated at or near the hydrostatic axis. Equation (32) 
is then used to calculate Poisson's ratio, and it is preferable to obtain an average value from 
several tests. Using v••r the value ofR in equation (31) can be determined. Individual modulus 
values may be obtained from the slopes of the unloading and the reloading stress-strain relations 
obtained at constant confining pressures. These modulus values are associated with the stress 
states at which stress reversals are initiated. The parameters M and l can then be determined 
as indicated in Figure 5 without regression analysis. 
MATERlAL PARAMETER VALUES 
Using the procedure based on simple tests as explained above, several sets of test data were 
analysed. Descriptions of soils and material parameter values aregiven in Table I. The average 
Poisson's ratios were obtained from individual data sets corresponding to reloading, as explained 
above, as well as from unloading at constant confining pressure and from K.-unloading. 
Considerable scatter in the values of Poisson's ratio were obtained as indicated by the standard 
deviations. However, the average values of v may very well be within the ranges in which M 
and l are relatively insensitive to Poisson's ratio. Thus, it is possible to obtain reasonable 
descriptions of the elastic behaviour for the soils. 
The values of the modulus number M Iisted in Tabte I vary from 440 to 1270, whereas those 
of the exponent l varyin the relatively narrow range from 0·22 to 0·33. Although the data base 
is small, these values of M and l may be representative of granular materiais in general. 
lt is interesting to compare the material parameters M and l with those to be used in equation 
(3) and with those implied by equation (4). According to these expressions, Young's modulus 
varies with the confining pressure cr'3 and with the mean normal stress u~, respectively. Because 
Young's modulus in equation (31) varles with both mean normal stress and deviator stress, a 
direct comparison of materlal parameter values for the three expressions can only be made at 
the hydrostatic axis where the stress dependency can be eliminated. 
Equating Young's moduli from equations (3) and (31) produces the foliowing expression for 
the modulus number K and the exponent n: 
K= 3HM (33) 
and 
n=2l (34) 
Values of K and n calculated from these expressions are also Iisted in Table I. It may be seen 
that K varles in the range from 700 to 2300. These values compare very well with values of K". 
obtained from unloading- reloading branches in conventional static triaxial compression tests 
So il Ds0(mm) 
Santa Monica Beach 
Sand 0·27 
Monterey No. O 
Sand 0·43 
Fine Silica 0·18 
Sand 
Mohawk Model 3-5 
So il 
Niagara-Type A 4·8 
Materia1 
Niagara-Type H 1·2 
Materi al 
Sacramento River 0·21 
Sand 
Table l. Parameter values for different granular materiais 
Deseri p t ion Poisson's ratio Parameters Equation (33) 
c" e 0,(~ 0 ) \',n•a s M ,! K 
--· 
0·61 90 0·15 0·08 1270 0·23 2100 
1·58 
0·81 20 0·26 0·06 600 0·27 1090 
0·57 98 0·17 0·14 1120 0·33 2310 
1·53 
0·78 27 0·17 0·05 800 0·26 1420 
2·0 0·76 30 0·27 0·08 440 0·22 710 
6·2 0·64 73 0·25 0·13 630 0·27 1140 
1·52 0·71 95 0·23 0·12 670 0·26 1190 
8·6 052 95 0·24 0·11 570 0·29 1080 
1·5 0·87 3!! 0·2 500 0·28 930 
(estimated) 
Equation (34) 
11 
0·46 
0·54 
0·66 
0·52 
0·44 
0·54 
0·52 
0·58 
0·56 
Equation (35) 
M.b 
1550 
1160 
1340 
1150 
1400 
1470 
1340 
1670 
990 
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and Iisted in Reference 13. The exponent n varies from 0·44 to 0·66. These values are also directly 
comparable with values obtained for granular materiais and Iisted in Reference 13. 
For comparison of parameter values for equations (4) and (31), Young's modulus is obtained 
from equations (2) and (4) and equated with the expression in equation (31). Equation (4) was 
derived for mean normal stresses and shear moduli expressed in psi. This stress unit dependency 
is eliminated by factoring the atmospheric pressure p. into the equation. The exponent 0·5 in 
equation (4) is replaced by the general parameter n, as in equation (5). For hydrostatic stresses 
and nonnally consolidated sands (OCR= 1), this produces 
(2·973 - e)2 l l M~b = 2(1 + v)l230 (l+ e) 32l ..j(l4·7) (35) 
and the exponent n is expressed by equation (34). The values of M ~b for Hardin and Black's 
expression are calculated from Poisson's ratio v, void ratio e and exponent A. and Iisted in Table L 
The magnitudes o f M hb are one to three times higher than those of M. Thisis most likely, because 
equation (4) was derived from wave propagation velocities and from small amplitude cyclic 
simple shear tests. These small strain tests produce higher modulus values than static tests with 
larger changes in stress and strain. The average value o f the exponents n Iisted in T a ble I is 0·54, 
with a standard deviation of ± 0·06. This compares favourably with the value of 0·5 used in 
Equation (4). 
Whereas the material parameters evaluated at the hydrostatic axis are comparable in 
magnitude, the stress dependency of Young's modulus is different for the three expressions. 
Equation (3) indicates variation of the modulus with effective minor principal stress a), whereas 
experiments at constant a) show an additional dependency on stress difference. Equation (4) 
captures the modulus variation with effective mean nonnaJ stress a~. but does not inelude a 
dependency on deviator stress. In comparison, equation (31) provides for modulus variation with 
effective mean nonnaJ stress as well as with deviator stress according to the pattern indicated 
above. 8oth theoretical considerations and experimental evidence support the expression for 
Young's modulus presented here. 
MATERIALS WITH EFFECTIVE COHESION 
Although only cohesionless materiais were used for verification and material parameter 
determination, i t is likely t hat the nonlinear elastic behaviour of materiais with effective cohesion 
may also be modelled with good accuracy by the model presented above. In order to inelude 
the effect of cohesion, a translation of the principal stress space along the hydrostatic axis is 
perfonned.29•30 Thus, a constant stress, ap., is added to the normal stresses before substitution 
in equations (8) and (12): 
iix= u x+ ap. 
u1 = a1 +ap. 
a.=a.+ap. 
(36a) 
(36b) 
(36c) 
in which 'a' is a dimensionless parameter and p. is atmospheric pressure in the same units as 
a",a1 and a,. The value of ap. reflects the tensile strengthin materiais with effective cohesion, 
and the parameter 'a' may be detennined as indicated for concrete and other frictional materiais 
with effective cohesion. 29· 30 The transla tion of the co-ordinate system in connection with the 
elastic modulus variation is required to obtain increasing values of / 1 from the origin of the 
(translated) stress space. This method of accounting for the modulus variation was used 
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successfully in a stud y of frozen soil in which the effective cohesion plays an important role in 
the stress-strain behaviour. 31 
EVALUATION OF MODEL FOR ELASTIC BEHAVIOUR 
The model developed above for the elastic behaviour o f soil captures the nonlinear stress-strain 
relations commonly observed during unloading and reloading in triaxial compression and 
isotropie compression. Young's modulus varies with both mean normal stress and deviatoric 
stress and is therefore able to capture the elastic behaviour immediately upon unloading and 
upon reloading. Figure lO(a) shows a magnilied diagram of the second unloading-reloading 
cycle for loose Santa Monica Beach Sand previously shown in Figure l(a). The solid lines indicate 
the nonlinear elastic behaviour obtained from equation (31), with material parameter values as 
indicated in Figure 8. The slopes o f the measured stress-strain relations immediately after stress 
reversals match quite well with those obtained from the model. The hysteresis loop is not modelled 
by equation (31). This loop is caused by the plastic strains occurring during unloading and 
reloading. The best-fit value of Poisson's ratio given in Figure 8 also matches well with the 
volume change curves shown in Figure lO(a). The predicted slope of the volume change curve 
is better defined for reloading than for unloading. This is because larger amounts of plastic 
strains occur during unloading which then obscure the elastic behaviour. 
The isotropie compression test for loose Sacramento River Sand, previously shown in Figure 
l(b), is sbown in Figure lO(b), with the solid lines indicating the nonlinear behaviour obtained 
from the proposed model. Insufficient data was available for this sand to obtain overall best-fit 
values of the required material parameters. These were therefore obtained directly from the 
unloading- reloading branches shown in Figure lO(b). This tigure serves to show the ability of 
the model to capture the nonlinear behaviour during isotropie unloading and reloading, for 
which only negligible plastic strains are usually observed. 
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Figure JO. Characteristics of model for elastic bebaviour evaluated for (a) conventional unloading-reloading cycle in 
triaxial compression test on loose Santa Monica Beach Sand, (b) Isotropie compression test on loose Sacramento River 
Sand witb unloading- reloading branches 
538 P. V. LADE AND R. B. NELSON 
The overall fit between model and experimental results was demonstrated in Figures 5 and 8 
for dense and loose Santa Monica Beach Sand. Although somescatter is present due to the small 
strains associated with elastic behaviour, the model appears to capture the elastic behaviour of 
sands with acceptable accuracy. The relative effects of the mean normal stress and Lhe deviatoric 
stress are weighted by the R-value which is related to the constant value of Poisson's ratio. The 
model was developed on a theoretical basis, which ensures that the principle of conservation of 
energy is fulfilled for the nonlinear elastic behaviour of soils. 
CONCLUSIONS 
An isotropie model for the nonlinear elastic behaviour of granular materiais has been developed. 
Themodel is basedon Hooke's law in which Poisson's ratio is constant, and Young's modulus 
is expressed as a power function involving the first invariant of the stress tensor and the second 
invariant of the deviatoric stress tensor. The expression for Young's modulus is derived from 
theoretical considerations based on the principle of conservation of energy. Thus, energy is 
neither generated not dissipated along a elosed-loop stress path. Experimental results from triaxial 
tests and cubical triaxial tests on sand with various two- and three-dimensional stress paths were 
used to demoostrate the ability of themodel to capture the true nonlinear elastic behaviour of 
sands. Material parameters may be determined from unloading- reloading cycles in conventional 
triaxial compression tests. These parameters were shown to be applicable to general three-dimen-
sional stress states. Although only results from tests on granular materiais were employed in the 
present stud y, ex tension of themodel to inelude the nonlinear elastic behaviour of materiais with 
effective cohesion is possible, as described. 
ACKNOWLEDGEMENT 
The authors wish to acknowledge the valuable comments ofthe reviewers which led to significant 
improvements of the manuscript. 
APPENDIX I 
Equation (13) may be reduced to equation (14) as shown in the following. To distinguish between 
stress and strain invariants, the subscripts 11 and e are added. From equations (8) and (12): 
and 
o r 
dJ2a = 1((11"- 11y)(d11 x- d11y) + (11 y - 11 ,)(d11 y - d11 :) + (11: - 11 .. )(dl1:- d11 ")J 
+ 2(-ry,d-r,, + -r ... dr ... + r .. ,dr .. ,) 
(37) 
(38) 
(39) 
In the same manner as for stresses (equations (8) and (9)), the relevant strain invariants and 
strain deviatoric invariants are defined by the relations 
(40) 
and 
J2. =!(e; +e; +e; + 2e;, + 2e; .. + 2e;, ) (41) 
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where the e symbols denote deviatoric strains: 
and 
Notethat 
e"= e"- t I •• =t [(e"- ey) +(e"- e.)] 
ey =e,- t I •• =t [(e,- e.)+ (ey- e")] 
e.= e: -t i 1, = t[(e,- e")+ (e.- e,)] 
1'1, =ex+ e1 + e. =0 
Substitution o f equations (42) in equation (4 1) yields 
} 'zc = i((Ex- e1) 2 + (E1 - E:)2 +(E:- Ex)2] +e;,+ e;:+ e;x 
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(42a) 
(42b) 
(42c) 
(42d,e,f) 
(43) 
(44) 
For an isotropie elastic material the stress- strain relations may be written in the stiiTness form: 
<1" =(B+ jG)e" +(B- i G)ey +(B- jG)e. 
<ly= (B- fG)e" +(B+ jG)ey +(B- fG)e. 
<1, =(B- jG)e" +(B- jG)ey +(B+ jG)e. 
r,,= 2Ge1, 
r:x = 2Ge:x 
r"Y = 2Gexy 
(45a) 
(45b) 
(45c) 
(45d) 
(45e) 
(45f) 
In view of the strain in variants and the deviatoric strain expressions, the stress-strain relations 
may also be written as 
<1" =BI 1, + 2Ge" 
<ly= BI •• + 2Ge, 
a.= B/ 1, + 2Ge: 
r,,= 2Geyz 
r."= 2Ge=x 
rxy = 2Ge"Y 
Summing equations (46a, b, c) produces 
I 1 ~=3BI .. 
Also, the foliowing expression can be formed: 
which reduces to 
s"= 2Ge" 
This relationship holds for all deviatoric stress and strain components: 
s1i = 2Geii with i, j= x, y, z 
This means that 
(46a) 
(46b) 
(46c) 
(46d) 
(46e) 
(46f) 
(47) 
(48) 
(49) 
(50) 
(51) 
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The increment o f w ork d W show n in equation ( 13) is 
d W = u .. de .. + u>,de1 + u,de= + 2-r7,de7, + 2-r= .. de=x + 2-r .. ,de .. , 
Given the relations above, equation (52) may be written a s 
d W= Bl ~e(de .. +de, + de=) 
+ 2G(e .. de .. + e,de1 + e=de= + 2e,=de,= + 2e= .. de=x + 2e .. ,de .. , ) 
o r 
d W = Bl~edl ~e + 2Gd12, 
In view of equations (47) and (51) the work increment may also be written in the form 
l l 
d W = 9B l l .,dll., + 2G d1'2., 
This is the expression given in equation (14). 
APPENDIX II 
(52) 
(53) 
(54) 
(55) 
Using the proposed expression for Young's modulus and constant Poisson's ratio, it may be 
shown that energy is conserved along a closed strain path. The stress invariant form in equation 
(26) may be written in terms of strain invariants using equation (47) and (51): 
X = (38)21~. + R4G 2 [ J (12,)] 2 
and using the expression for R in equation (25): 
x = (38)2 (Jf. + ~ [ J (J2.)] 2 ) 
(56) 
(57) 
Assuming that the bulk modulus B is a function of X only, as presented in the text, then let 
x 
F(X) = [3B(X)]2 = y 
where 
is an invariant s train form generally similar to the invariant stress X. 
Equation (58) may be inverted, at least in principle, to give 
X = H( Y) 
The work increment in equation (54) may then be written as 
o r 
dY dW = B(X) -
2 
(58) 
(59) 
(60) 
(61) 
(62) 
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Thus, 
dW=tB[H(Y)]dY (63) 
and 
W= f: tB[H(f)]d Y (64) 
Foliowing the same argument used for the stress path, but writing the work increment dW 
in the form shown in equation (61), a potential function W[I 1., .J(J2,)] will exist, and the material 
will be conservative when exercised around closed strain paths provided that 
(65) 
and 
aw 36 , 
o.J(J2,) =R B.J(J2,) (66) 
Equations (65) and (66) may be verified by dilferentiating equation (64). 
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Model and parameters for the elastic behaviour o f soils 
Poul V.Lade 
Dtpartment o/Civil Engineering, University ofCa/ifornia, Los Angeles, USA 
ABSTRACf: A nonlinear, isottopic model for the elastic behavior of soils has been developed on the basis 
of theoretical considerations involving the principle of conservarien of energy. Energy is therefore neilher 
generated nor dissipated in a elosed-loop sttess path or strain path. The frarnework for the model consists 
of Hooke's la w in which Poisson's ratio is constantand Young's modulus is expressed as a power function 
involving the first invariant of the stress tensor and the second invariant of the deviatoric stress tensor. The 
characteristics of the model are described, and the accuracy is evaluated by comparison with experimental 
results from triaxial tests. Pararneter determination from unloading-reloading cycles in conventional triax-
ial compression tests is demonsttated, and parameter values are given for a variety of soils. 
l INTRODUcnON 
The models employed for the elastic behavior most 
often asswne the soil to behave as an isotropie materlal 
that obeys Hooke's law with a constant Poisson's ratio. 
Experimental data tend to confirm these assumptions, 
but the types of dependence on stress state assumed for 
Young's modulus, the shear modulus and the bulk 
modulus have shortcomings. 
Presented here is an isotropie model for the non-
linear elastic behavior of soils. The model is based on 
a theoretical development which guaranlies laclc of 
energy generation or dissipation for any closed-loop 
stress path or slrain path. The characteristics of the 
model are described, and determination of parameters 
from simple tests is demonsttated. Test data for lifteen 
different soils have been analyzed, and the parameter 
values are Iisted and evaluated. 
2 COMMON ELASTIC MODELS AND THEIR 
SHORTCOMINGS 
The two most well-known types of expressions for the 
elastic moduli are those given below. The tirst expres-
sion gives Young's modulus E as a tunetion of the 
mi nor principal stress a3 = amiD [ 1,2]: 
E= K · Pa · [ ;: r (l) 
in which p. is atmospheric pressure in the same units 
as E and a3• The two materlal parameters K and n are 
constant for a soil at a given void ratio. Conditions for 
which the minor principal stress is constant, thus pro-
ducing the same value of Young's modulus, are illus-
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trated in Figure l. Young's modulus is constant along 
three perpendicular planes crossing the hydrostatic axis 
at the common value of miner principal stress. The 
expression in equation (l) has been used with constanl 
and with variable Poisson's ratios. 
For an isotropie elastic material, Young's modulus 
and Poisson's ratio may be replaced by the shear 
modulus G and the bulk modulus B in Hooke's law. 
These moduli have often been expressed in terms of 
themeannormal stress a0 [3,4]: 
G andtor B = A · F(e,OCR) · a& (2) 
The materlal parameters incorporated in this class of 
expressions have occasionally included variations due 
Omin = 0 2 = const. 
Figure l. Three Perpendicular Planes in Which Elastic 
Modulus is Constant According to Equation (l). 
10 factors such as void ratio e and overconsolidation 
ratio OCR [4) as indicated in equation (2). For a soil 
with given e and OCR the values of A,F and n are 
conswu. The mean nonnaJ stress and consequently the 
moduli given by equation (2) are constant in an 
oaahedral plane as illustrated in Figure 2. 
Theoretical reasons exist for the variation of etas-
tic moduli with stress state [ e.g. 5]. The simple fonnu-
talions indicated above are empirical in nature, i.e., 
they have been devised on the bases of results from 
available, simple tests such as isotropie compression 
and lriaxial compression. 11le expressions are widely 
used, because they appear 10 capture the etastic 
behavior observed in such tests. and because the 
materlal parameters can be detennined from the results 
of conventional lriaxial tests. 
Howevcr, thesc models for the variation of etastic 
moduli result in viotation of the principte of conserva-
lien of energy [6). Thus, depending on the direction of 
a closed stress loop, thesc modets will generate or dis-
sipate energy in violation of the basic premise of etas-
tic behavior. According to elasticity theory. a materlal 
exhibits true elastic behavior if energy is conserved at 
the end of a closed stress loop or strain loop. 
3 TRUE ELASTIC MODEL FOR SOll.S 
An isotropie modet for the nonlinear elastic behavior of 
soils was developed by Lade and Nelson [7]. This 
model is based on Hooke's law in which Poisson's 
ratio v= conswu. The expression for Young's 
modulus was derived from theoretical considerations 
based on the principle of conservallon of energy. 
According 10 this derivation, Young's modulus E can 
be expressed in tenns of a power law involving nondi-
mensional materlal constants and stress functions as 
follows: 
in which 
[ [
l ]l 1' ]~ 
E=M·p.· p: +R· p~ 
R=6 · ...!..±..Y... l- 2v 
(3) 
(4) 
11 is the lirst invariant of the stress tensor, and J; is the 
second invariant of the deviaiOric stress tensor, given 
as follows: 
~ =~ +~+~ m 
J; "" t [(a,- a/+ (ay- aJ2 +(a, - aJ2] (6) 
+ ~y + tiz + -r! 
The parameter Pa is atrnospheric ~ressure expressed in 
the same units as E, 11, and vJ2 , and the modulus 
number M and the exponent A. are constant, dimension-
less numbers. 
According to equation (3) Young's modulus is 
constant along rationally symmelric ellipsoidal surfaces 
whose long axis coincides with the hydrostatic axis and 
whose center is located at the origin of the principal 
Figure 2. Octahedral Plane in Which Elastic Modulus 
is Constant According to Equation (2). 
stress space. The magnitude of Poisson's ratio deter-
mines the shape of the ellipsoidal surface. For v = O 
the value of R = 6 and the surface becomes spherical, 
whereas for v = 0.5 the value of R = - and the surface 
degenerates into a line coinciding with the hydrostalle 
axis. 
Figurc 3 shows cross·sections of the ellipsoidal 
surfaces in lriaxial and octahedral planes for different 
values of Poisson's ratio. The cross-sections in the 
octahedral plane are always circular, whercas the 
cross-sections in the triaxial plane are shaped as 
ellipses whose aspea ratio depends on the value of 
Poisson's ratio. The locations of typical faiture sur-
faces for soils with frietion angles from 30" 10 50" are 
shown for lriaxial compression and extension. Only 
the portions of the ellipsoids Jocated inside the conical 
faiture surface can be rcached by stress states in soils. 
and only thesc portions are of interest. 
Figurc 4 shows a three-dimensional ellipsoidal 
surface along which Young's modulus is constant 
according to equation (3). Comparison of this surface 
with !hose in Figures l and 2 indicates that the condi-
tions for which Young's modulus areconslant arc quite 
different for the thrce expressions. As shown in Figure 
l, the model exprcssed by equation (l) produces sur-
faces of constant moduli which are convex with regard 
to the origin, whereas the truly elastic model deseribed 
by equation (3) results in surfaces that are concave 
with rcgard 10 the origin. The model deseribed by 
equation (2) produces planes of constant moduli !hat 
are neilher convex nor concave with regard 10 the ori-
gin. None of the two previous models are contained as 
special cases within the truly elastic modet deseribed 
here. 
4 DETERMINATION OF PARAMETER V ALUES 
The materlal parameters M, A., and v required 10 
describe the elastic behavior of soils may be deter-
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Figure 3. Contours of Constant Young's Modulus Shown in (a) Triaxial Plane and in (b) Octahedral 
Plane. 
mined from conventional drained triaxial compression 
tests which inelude unloading-reloading cycles. 
4 .l Passion' s ratio 
The best estimate of Paisson 's ratio is obtained from 
the slope of the volwne change curve associated with 
reloading initiated at or near the hydrostatic axis 
according to • 
v = - ~ = f · (• - ~ ] m 
in which (E,./t1) is the slope of the volwne change 
curve immediately after stress reversal, as indicated in 
the lower part of Figure S. 
Figure 4. Ellipsoidal Surface Along Which Young's 
Modulus is Constant According to Equation (3). 
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It is preferable to obtain an average value of 
Poisson's ratio from several tests. Figure 6 shows 
values determined from equation (7) for medium dense 
Sacramento River Sand pioned against 11/p.. Although 
there is some scaner in the data, there is no discemible 
5 
4 
3 
2 
o 
1.2 1.4 1.6 
oo•o-
1.8 ·--2.0 ~ 1(%1 1.0 
o r r---r---;r---,----,---, --
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SLOPE CORRESPONDS 
TO 11• 0.26 
Figure S. Young's Moduli and Slopes of Volume 
Change Curve for Determination of Poisson's Ratio 
from Unloading-Reloading Cycle in Conventional 
Triaxial Compression Test on Loose Santa Monica 
Beach Sand. 
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0.4 v =0.25 :!:0.05 
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J 0~~-!-8---- --~--
0.1 
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Figure 6. Possion's Ratios Determined from Results of 
Triaxial Tests on Mediwn Dense Sacramento River 
Sand (e;= 0.71, Dr = 78%) 
effect of mean normal stress on Poisson's ratio. Simi-
lar results have also been obtained for several other 
soils [e.g. 7,8). The average value and the standard 
deviation for Poisson's ratio are indicated on Figure 6. 
4.2 Young's modulus 
Using the average value of Poisson's ratio, the value of 
R can be determined from equation (4). lndividual 
modulus values may be obtained from the slopes of the 
unloading and the reloading stress-strain relations as 
shown in the upper part of Figure S. These modulus 
values are associated with the stress states at which 
stress reversals are initiatcd. The parameters M and A. 
in equation (3~ are then determined by plotting (EipJ 
versus ((1 1/p.) +R· (J;tpbJ in a log-log diagram as 
shown in Figure 7 for mediwn dense Sacramento River 
Sand. The intercepJ of the best titting straight line with 
[(I1tpJ1 + R · (J;tp;)) = l is the value of M, and >.. is 
the slope of the line. 
lt is lmeresting to note that the reloadlng modul! 
obtained at the hydrostatic axis where 1; = O essentially 
de fine the straight line in Figure 7. The positions of 
the unloading moduli are suitably adjusted through Jz 
and R so as 10 fall on the same line. For this panicular 
case, the points corresponding to isotropie compression 
are located slightly below the other points. However, 
this is usually not the case. Thus, once v and R have 
been determined, any type of test may, in principle, be 
used 10 obtain the parameter M and >... 
S ELASTIC PARAMETER VALUES 
Seventeen sets of data from fifteen different soils have 
been analyzed to study the range of parameter values 
obtained. Descriptions of soils and materlal parameter 
values are given in Table l. The average Poisson's 
ratios were obtained from reloading, as eltplained 
above, as well as from unloading at constant confirung 
pressure and from JCo-unloading. Considerable scatter 
in the values of Poisson's ratio were obtained as indi-
caled by the standard deviations. However, it was 
l~ r-------.--------.--------.-------~------~ 
Q - UNLOADING IN TIUAXIAL COMPRESSION 
• - RELOAOINO IN TIUAXIAL COMPRESSION 
/j. - ISO'ntOPIC UN- ANDRELOADINO 
102~--------~----------~---------L~--------L---------~ 
l IO Io2 Iol l~ 
Figure 7. Determination of Parameters for Young's Modulus for Medium Dense Sacrarnento River 
Sand (e;= 0.71, Dr = 78%) 
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Tablc l. Description and Elastic Patarneler Valucs for IS Diffcrcnt Soils 
Dcscription 
So il 
D50(mm) c. c 
(Reference•) 
Santa Monica 0.61 
Beacb Sand 0.27 1.58 
(Lade and Nelson [7]) 0.81 
Montery No. O 0.57 
Sand 0.43 1.53 
Lade and Duncan [9)) 0.78 
FincSilica 
Sand 0.18 2.0 0.76 
Mohawk Model 
Soil 3.5 6.2 0.64 
Niagara-Type A 
Ma!erial 4.8 1.52 0.71 
Niagara-Type B 
Malerial 1.2 8.6 0.52 
DenscSilica 
Sand 0.25 1.8 o.so 
(Duncan and Chang [2)) 
OuawaSand 
(Yong and Ko, [lO]) 0.42 1.3 0.51 
DenseSand 
(Goldschcidcr [Il]) 0.42 1.8 O.S6 
Hostun Sand 
(Saada [12)) 0.34 1.7 0.62 
Rcid Bcdford 
Sand 0.24 1.7 0.68 
(Saada [12]) 
lntact Claycy 
Sand 0.20 200 0.51 
Rcmoldcd Clayey 
Sand 0.20 200 0.51 
Compacled S ilt u.s. Class. 
0.013 ML 0.42 
Sacramcnto 
RiverSand 0.21 1.5 0.71 
(Lee [13]) 
• Thosc without reference arc from thc aulhor's files. 
shown in [7] that the average values of v may well be 
within ranges in which M and A. are relatively insensi-
tive to Poisson's ratio. Table l shows that Poisson's 
ratio varles from 0.11 to 0.27 with an average value for 
all soils (mostly granular) of 0.21. 
The modulus number M varles from 280 to 1270, 
whereas the exponent A. varles from 0.18 to 0.38. The 
coefficient of corrclation r is also Iisted in Table l to 
indicatc the quality of lit with the model for each data 
set In view of the number of data sets that have been 
evaluated, thc magnitudes and ranges of M, A.. and v 
Iisted in Table l are considered to be representative for 
granular matcrials. 
Paisson 's Ratio Young's Modulus 
Coctr. of 
Com:lation 
D,(%) v ... s M A. r 
90 0.15 0.08 1270 0.23 0.878 
20 0.26 0.06 600 0.27 0.792 
98 0.17 0.14 1120 0.33 0.849 
27 0.17 0.05 800 0.26 0.659 
30 0.27 0.08 440 0.22 0.673 
73 0.25 0.13 630 0.27 0.782 
95 0.23 0.12 670 0.26 0.872 
95 0.24 0.11 570 0.29 0.788 
100 0.16 
-
750 0.21 0.960 
87 0.13 0.04 800 0.18 0.429 
100 0.14 
-
280 0.38 0.970 
98 0.22 0.04 400 0.32 0.914 
51 0.11 
-
s so 0.33 0.859 
65 0.25 0.03 400 0.36 0.963 
6S 0.25 O.Q3 390 0.36 0.987 
RC=9S% 
Mod. Proctor 0.27 0.06 340 0.20 0.762 
78 0.25 0.05 670 0.33 0.975 
6 CONCLUSION 
An isotropie model for the nonlinear elastic behavior of 
soils has been presented. The model is bascd on 
Hookc's law in which Poisson's ratio is constant. and 
Yong's modulus is cxpressed in terms of stress invari-
ants. The cxpression for Young's modulus has becn 
derived from thcoretical considerations based on thc 
principle of conservation of energy. Materlal par.une-
ters may be determincd from unloading-reloading 
cycles in conventional niaxial compression tests. 
Paruneters were determined and studicd for fifteen 
differcnt soils. 
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Chapter 20 
F ailure C riterion for 
Frictional M at eriais 
P. V. Lade 
20.1 INTRODUeriON 
Faiture of engineering structures, whether simple or complex, usually involves 
three-dimensional stress conditions in the materials. Detailed analyses of such 
structures therefore require knowledge of the stress-strain behaviour and the 
states of stress which constitute failure. However, the use of inadequate material 
models, especially for frictional materials, is oftenone of the li mi ting factors in the 
analyses procedures. In addition, the behaviour and the stress distributions are 
likely to be different in intact and in fractured materials. To determine the stress 
conditions which govern fracture of intact materials, a general three-dimensional 
faiture eriterion is required. Such a eriterion is also one o f the important parts o f a 
constitutive law for frictional materials. 
Frictional materiais are characterized by increasing shear strengths with 
increasing normal stresses. Many experimental investigations have been per-
formed, especially in recent years, to study the faiture conditions for frictional 
materiais such as sands, clays, cemented soils, concrete, mortar, rock, etc. These 
laboratory investigations have been characterized by utilization of increasingly 
improved equipment, in which the boundary conditions are well known, thus 
leading toreliable results of good quality. Along with these studies, formulations 
o f faiture criteria ha ve been proposed. S orne o f these ar e airned at practical design 
applications, whereas other more complex expressions have been developed for 
use in advanced computer codes. Most of the failure criteria proposed for three-
dimensional stress states involve relatively complex expressions for which more 
than three material parameters are required. 
These criteria have been developed to capture the experimentally determined 
shape of the faiture surfaces as observed in the principal stress space. Several 
studies have shown that the faiture surfaces in the principal stress space are 
shaped as pointed hullets with cross-sections in octahedral planes which are 
triangular, monotonically curved surfaces with smoothly rounded comers. 
In addition to the characteristic cross-sectional shape in the octahedral plane, 
the three-dimensional faiture surfaces for frictional materiais have three inde-
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pendent characteristics: (l) the opening angle of the Cailure surface, often 
deseribed by the frietion angle, (2) the curvature of the Cailure surface in planes 
containing the hydrostatic axis, i.e. curved meridians, and (3) the tensile strength 
(which is zero for materiais without effective cohesion). At least three independen t 
parameters are necessary for description of the three separate and distinct 
characteristics of the Cailure surface for frictional materials. 
A general, three-dimensional Cailure eriterion expressed in terms of stress 
invariants has been developed for frictional materials. lt involves three inde-
pendent material parameters, each relating to one of the three characteristics 
mentianed above. These parameters may be determined from any type of 
strength tests, including the simplest possible such as uniaxial compression and 
triaxial compression or biaxial tests. 
The procedure for determination of the three material parameters is de-
monstrated and comparisons between Cailure eriterion and experimental results 
are present ed for ditferen t frictional materials. The v a lues of the three parameters 
are summarized for the va.rious materials, and their magnitudes are compared 
and discussed in light of the materiais to which they belong. 
20.2 FRicnONAL MATERIALS WITIIOUT 
EFFECfiVE COHFSION 
Man y frictional materiais such as gravels, sands, silts, clays, rockfill, mine tailings, 
coal, feed grain, etc. do not have effective cohesion. According to Mitchell [l] 
'tests over large ranges of effective stress show that the actual effective stress 
Cailure envelope is curved,' and 'that cohesion is either zero or very small, evenfor 
heavily over-consolidated clays. Thus, a significant true cohesion, if defmed as 
strength present at zero effective stress, does not exist in the absence of chemical 
bonding (cementation)'. Several studies of materiais without effective cohesion 
under two- and three-dimensional stress conditions show that these materiais 
have many characteristics in common. 
20.2.1 Evaluarioa of classical failure criteria 
Several existing constitutive models employ the Extended Tresca eriterion or the 
Extended von Mises (or Drucker- Prager) eriterion to describe the Cailure 
condition for frictional materials. The shapes of the corresponding Cailure 
surfacesin the principal stress s pace are conical and they have cross-sections of a 
regular hexagon (Tresca) or a circle (von Mises) with their centre lines coinciding 
with the hydrostatic axis. According to both these criteria the material has the 
same strength in compression and extension for a given magnitude of mean 
normal stress. 
In an evaluation of possible Cailure criteria for sands, Bishop [2] pointed out 
that the two Cailure criteria deseribed a bove are in principle unable to represent 
.. ,· 
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Fiaure 20.1 (a) Reprcsentation of elassieal faiture eriteria in principal stress space, showing 
boundaries of positive stress space (after Bishop (2]). (b) Cross·sections of the Mohr-Coulomb 
faiture eriterion shown for three different frietion angles 
the behaviour of cohesionless materials. Figure 20.1(a) indicates that the failure 
surfaces may extend outside the part of the principal stress space where all 
stresses are compressive and positive. The frietion angle in triaxial compression 
for which both these failure surfaces are tangential to the coordinate planes is 
36.9°. For higher frietion angles the states of stress near triaxial extension are 
located in the parts of the stress space where one of the principal stresses is 
negative, and t his is clear ly unreasonable for materiais without efTective cohesion. 
Even for frietion angles in triaxial compression smaller t han 36.9°, the two criteria 
fail to model correctly the experimentally observed variation of the three-
dimensional strengths of frictional materials. 
The Mohr-Coulomb Cailure surface is also conical, and its cross-section is an 
irregular hexagon as indicated in Figure 20.1(a). This failure surface exhibits 
some of the characteristics necessary for correct modeiling of Cailure of frictional 
materials. Thus, for materiais without effective cohesion all principal stresses 
remain positive, evenfor very high frietion angles. The shape of the cross-section 
of the Mohr-Coulomb Cailure surface resembles a regular hexagon for very small 
frietion angles and it approaches an equilateral triangle for frietion angles 
approaching 90°. The variation in shape for more conventional frietion angles, as 
shown in Figure 20.l(b), is supported by experimental evidence. 
The intermediate principal stress does not appear in the Mohr- Coulomb 
failure criterion, the failure surfaces are pointed in octahedral planes as indicated 
in Figure 20.1(b), and their traces in planes contairung the hydrostatic axis are 
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straight lines. However, experimental evidence clearly shows that the in-
termediate principal stress has an important influence o n the strengthof frictional 
materials. Furthermore, traces of experimental faiture surfaces in octahedral 
planes are smooth throughout their lengths, and they intersect the projections of 
the principal stress axes at right angles. Experimental results also indicate t hat the 
faiture surfaces are curved in planes containing the hydrostatic axis. The Mobr-
Coulomb eriterion does not model these significant aspects offailure in frictional 
materials. 
20.2.2 Three-dimensional failure eriterion 
The three-dimensional faiture eriterion for frictional materiais without effective 
cohesion presented here was previously developed for soils with curved faiture 
envelopes [3]. This eriterion is expressed in terms of the first and third stress 
invariants of the stress tensor as follows : 
where 
/1 =a1 +az +aJ=ax+a,+a, 
/ 3 =a1 ·a2 ·a3 
= ax·a,-u, + rx,-r, ,·rrx + r,x· r,,-ru 
-(a x ·r,, ·r,1 + Uy rrx ·r x.+ a, ·rx,-ryx) 
(20.1) 
(20.2) 
(20.3) 
m•1 
m•1ANO 0-~1 ·105 l. o u, 
11 • 100 kg/cm2 
0 - ~1 • 1oJ O R '11 • 1o5 
0 - ~1·1o20R '11•1o4 
0 - ~1 • 10 OR '11 • 1oJ 
C:,. - ~1 • 1 OR '11 • 1o2 
(ol 
o -~1 •104 
o - ~1 · 103 
t;. - ~1 . 102 
HYOROSTATIC A XIS 
11 • 100 kv/c:m2 
(9810 kN/m2) 
(9810 kN/m2) 
(bl 
Figure 20.2 Characteristics of failure surfaces shown in principal stress s pace. Traces of failure 
surfaces shown in (a) triaxial plane, and in (b) actahedral plane 
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and p. is atmospheric pressure expressed in the same units as the stresses. The 
value o f I~ l I J is 27 at tb e hydrostatic axis where a 1 = u 2 = a J· The parameters 
'h and m in equation (20.1) can be determined by plotting (It/I J- 27) versus 
(p J I d at failure in a log-log diagram and locate the best fltting straight line. 
The intercept of this line with (pJI d= l is the value of '7t and m is the slope 
of the line. 
In principal stress s pace the failure surface defined by equation (20.1) is shaped 
like an asymmetric bullet with the pointed apex at the origin of the stress axes 
as shown in Figure 20.2(a). The apex angle increases with the value of '7t· The 
failure surface is concave towards the hydrostatic axis, and its curvature increases 
with the value of m. For m= O the failure surface is straight. Figure 20.2(b) 
shows typical cross-sections in the actahedral plane (I 1 = const.) for m =O and 
'7 1 =l, 10, 102, and 103• As the value of '7 1 increases, the cross-sectional shape 
changes from circular to triangular with smoothly rounded edges in a fashion 
t hat conforms to experimental evidence. The shape of these cross-sections does 
not change with the value of I 1 w hen m= O. For m> O the cross-sectional 
shape of the failure surface changes from triangular to become more circular 
with increasing value of I 1• Similar changes in cross-sectional shape are 
observed from experimental studies on frictional materials. The cross-sections 
in Figure 20.2(b) also correspond to m= l and '71 = 102, lOJ, 104 , and 105• 
20.2.3 Comparison of failure eriterion and test data 
The failure eriterion deseribed above has been shown to model the experi-
mentally deterrnined three-dimensional strengths of sand and clay with good 
!al MONTER EY No. O SAND 
t 1· • 5.00 kt/an2 
1'90kN/m21 
~ 3 • • 0.60 1ct/cm2 
(58.9 kN/m2) 
(bl EDGAR PLASTIC KAOLINITE 
Fieure 20.3 Comparison of failurc eriterion in actabedral planes with results of cubical triaxial 
testson (a) den se Montercy No. O sand, and (b) normaUy consolidated, rcmoulded Edgar plastic 
kaolinitc 
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accuracy in the range of stresses where the failure envelopes are concave towards 
the hydrostatic axis [3 to 5]. 
Figure 20.3 shows examples of comparisons between failure eriterion and test 
data in terms of efTective stresses for dense Monterey No. O sand and normally 
consolidated, remoulded Edgar plastic kaolinite. The values of 171 and m suitable 
f~r description of failure in the two soils are given in Figure 20.3. The data 
pOints were projected on the common octahedral planes along curved meridians 
in order to provide a correct comparison between failure eriterion and 
experimental data. It may be seen that the failure eriterion models the 
experimentally obtained three-dimensional failure surfaces with good accuracy 
for both sand and clay. 
20.3 FRICTIONAL MATERIALS WITH EFFECfiVE COHF.SION 
Examples of frictional materiais with eiTective cohesion inelude cemented soils 
(artificial and natura!), frozen soils, ice, concrete, mortar, rocks, cerarnics, 
graphite, plaster of Paris, and hydrostone. These materiais exhibit tensile 
strengths and their shear strengths increase with increasing normal stresses. 
20.3.1 General three-dimensional failure eriterion for frictional materiais 
Because frictional materiais with eiTective cohesion have many characteristics 
in common with those without efTective cohesion, it has been proposed [6] that 
'ii1 • u 1 +a · p3 
.,., 
COMPRESSION 
HYDROSTATIC AXIS 
EXTENSION 
a. Pa ~--~~===--------------------.V27~3 
UNIAXIAL TENSILESTRENGTH 
a1{2·to-3 +l . Pal 
Figure 20.4 T ranslation of principal stress s pace along hydrosiatic axis to 
inelude effect of tensile strength in faiture eriterion 
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their strengths can be expressed by a eriterion similar to that in equation (20.1). 
In order to inelude the cohesion and the tensile strength in the failure criterion, 
a translation of the principal stress space along the hydrostatic axis is performed 
as illustrated in Figure 20.4. Thus, a constant stress a· p. is added to the normal 
stresses before substitution in equation (20.1): 
ii"=a"+a·p. 
ii1 =a1 +a·p. 
ii:=a,+a·p. 
(20.4a) 
(20.4b) 
(20.4c) 
where·'a' is a dimensionless parameter and p. is atmospheric pressure in the 
same units as a :v a Y' and a:· The value o f a· p. reflects the effect o f the tensile 
strength of the material. Although the three material parameters describe 
separate characteristics of the failure surface, they do interact in calculation of, 
for example, the uniaxial compressive strength of the material. Thus, an infinite 
number of combinations of 'a', 17 1, and m could result in the samevalue of the 
uniaxial compressive strength. 
20.3.2 Determination of material parameters 
In ord er to determine the values ofthe three material parameters for a given set of 
experimental data. the value of 'a' is estimated and a· p. is added to the normal 
stresses before substitution in equation (20.1). The procedure for finding 17 1 and m 
as deseribed above is then followed. To facilitate the estimate of 'a', ad vantage 
may be taken ofthe faet that a· p. must be slightly greater than the uniaxial tensile 
strength as indicated on Figure 20.4. If tensile tests are not part of a regular 
testing pro gramme, a sufficient! y accurate value of the uniaxial tensile strength 
may be obtained from the foliowing approx.imation formula. 
20.3.2.1 Uniaxial tensile strength 
The uniaxial tensile strength, a., has often been expressed as a fraction of the 
uniaxial compressive strength, a0 • For example, Mitchell [7] indicates that a, 
(actually given as the flexural strength which may be higher than the truevalue of 
Table 20.1 Values of parameters T and c for various types 
of frictional materials 
Material T Reference 
Cernented soils -0.37 0.88 MitcheU [7) 
Concrete and mortar -0.61 0.67 Wastiels [9] 
lgneous rocks -0.53 0.70 This chapter 
Metamorphic rocks -0.00082 1.6 This chapter 
Sedimentary rocks -0.22 0.75 This chapter 
Ceramics -1.0 0.73 This chapter 
u 11Pa 
lol,--r---.------:;~--~--
1o2 
101 
1o0 
loO 
u t • O" c 
101 
METAMORPHIC ROCK 
CEMENTED SOILS 
102 l ol 104 
uciPa 
Fieure 20.5 Relations between uniaxial tensile strcngths and uniaxial compressive strengths for various types of frict ional materials 
105 
\;.) 
\0 
N 
s:: 
~ 
;:>-
~ 
:::1 
~· 
~ 
~ 
~ ;;· 
~ 
.... ;;· 
~ 
s:: 
~ 
"' .... j5• 
<:;-
F ai/ure C riterion for Frictional Materials 393 
a,) for cemented soils is about t to tof ae, whereas datacompiled by Hannant [8) 
show that a, for concrete varies between 5 per cent and 13 per cent of <Te · 
However, the values of a, and <Te may be related through a power function of 
the foliowing type [7, 9]: 
a,= T ·p.- (;: )' (20.5) 
where T and t are dimensionless numbers, and p. is atmospheric pressure in the 
same units as t hose of a, and a e· 
Values of T and t have been determined for several frictional materiais and 
Iisted in T a ble 20.1. Tho:se values represent the best lit between experimental data 
and the simple expression in equation (20.5). Scatter in the test data was present 
for all materials, and the values of T and t given in T a ble 20.1 maynot suitable for 
individual cases. The data base for ceramics was taken from only a few sources, 
whereas more extensive data bases were used for the other materiais in 
Table 20.1. 
Figure 20.5 shows a comparison of the relations between uniaxial tensile and 
uniaxial compressive strengths for the materiais Iisted on Table 20.1. The straight 
lines shown o n tb e log- log diagram span over tb e ranges o f uniaxial compressive 
strengths indicated by available data. Both relatively weak and very strong 
frictional materiais are represented in Figure 20.5. Note that the lines tend to 
duster in an oblong area which slopes away from the line representing equal 
uniaxial tensile and uniaxial compressive strengths. Thus, the weak materiais 
have relatively higher uniaxial tensile strengths than the strong materials. 
20.3.22 Regression analyses 
Because the failure eriterion is expressed in terms of stress in variants, an y type of 
test in which all stresses are measured may be used for determination of the three 
material parameters. However, it is advantageous to require only the simplest 
possible types of tests such as, for example, uniaxial compression and triaxial 
compression or biaxial tests forthis determination, and then check whether these 
simple tests are sufficient for adequate characterization of the failure condition 
for the particular material under investigation. This may be done using various 
sets of data available in the literature which inelude both simple and more 
complex three-dimensional tests. 
In order to obtain the overall best litting parameters, regression analyses 
may be performed to deteriDine the highest possible value of the coefficient of 
determination ,z. Figure 20.6 shows an example of the effect of varying the 
parameter 'a' on the values of ,z, '7 1, and m for the tests on Mix A concrete 
performed by Mills and Zimmerman [10]. Only the results of the uniaxial 
compression and the triaxial compression tests in addition to the estimated 
value of the uniaxial tensile strength (from equation (20.5)) were used to 
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Figure 20.6 Determination of material parameters involved in failure eriterion for Mix A 
concrete tesled by Mills and Zimmerman [IO] 
determine the three materlal parameters. The uniaxial tensile strength was 
estimated to be - 23.1 kg/cm2 (- 2266 kN/m2) for Mix A concrete and the best 
lit value of 'a'= 23.2 resulted in 171 = 119,339 and m= 1.127. 
Except the three points corresponding to the uniaxial tensile strength on 
Figure 20.6, the points corresponding to the other tests do not translate enough 
on the diagram to show their separate locations. The points corresponding to 
the uniaxial tensile strength tend to influence the location of the best lit straight 
line. However, each of the three lines would describe the failure surface in the 
region of compressive stresses with reasonable accuracy. Thus, i t is an ad vantage 
to incorporate the uniaxial tensile strength, even though it may be an estimate, 
in determination of the materlal parameters in order to stabilize the failure 
eriterion in the region close to the origin and to describe the tensile strength 
for the materlal with reasonable accuracy. 
The results of the cubical triaxial tests on Mix A concrete are shown on 
Figure 20.6 for comparison. 1t may be seen that somescatter of the data around 
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the solid line does ex.ist, but the material parameters selected on the basis of 
the simple tests appear to represent the data quite well. 
20.3.3 Comparison of Cailure eriterion and test data 
In order to evaluate the capabilities of the three-dimensional failure criterion, 
comparisons have been made between experimental data and failure surfaces 
calculated from equations (20.1) and (20.4). Data were plotted on the biax.ial 
plane, and data points were projected on the octahedral plane for all available 
data sets. Those data sets containing results o f triax.ial compression and extension 
tests were also shown on the triax.ial plane. Examples of these comparisons are 
given below for concrete and rock. 
Comparison oftest data (points) and failure surface (solid line) is shownon the 
normalized biax.ial plane in Figure 20.7(a) for the tests performed on concrete 
with U c= 590 kg/cm2 (57 880 kN/m2 ) by Kupfer et al. (11]. All data, except t hose 
corresponding to tension- tension, were used to determine the material para-
meters. The failure critertion is seen to represent the test data with reasonable 
accuracy. In order to stud y the failure surface relative to the data in the tension-
tension area, the data areshownon the enlarged diagram in Figur e 20. 7(b ). lt may 
be seen that the failure surface is smoothly rounded at the corner and that it 
corresponds very well with the data in this region. 
A major investigation was performed by Mills and Zimmerman [10]. The 
results of their tests on Mix A concrete, which contained tests in triax.ial, biax.ial, 
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and actahedral planes, provid ed a good, coherent set of data. This set of data w as 
used for illustration of material parameter determination in Figure 20.6. 
Comparisens between faiture eriterion and test data for Mix A concrete are 
shown in Figure 20.8. The material parameters for this concrete were determined 
on the basis of data from uniaxial compression and triaxial compression tests, 
and an estimated value o f the uniaxial tensile strength. Thus, the good agreement 
shown in Figure 20.8(a) between the results of the triaxial compression tests and 
the failure critertion could be expected. However, the strengths obtained in 
triaxial extension are also well represented by the failure criterion. The data 
obtained in the compression-compression region of the biaxial plane are shown 
in Figure 20.8 (b). Although there is somescatter in the test results, the failure 
eriterion is seen to represent the data quite well. Note t hat the pointed comer in 
the tension-tension area is actually smoothly rounded as shown in Figure 
20.7(b). 
Figure 20.8(a) also shows that the failure surface in extension cuts across the 
a 1 =O plane at a very shallow angle. Therefore, an y small deviation between test 
data and failure surface at this intersection in the triaxial plane will appear as 
a large deviation in the biaxial plane. Comparison of the data points for Mix A 
concrete indicated by arrows in Figures 20.8(a) and 20.8(b) shows that these 
appear to deviate somewhat from the failure surface in the biaxial plane (Figure 
20.8(b)), whereas the same points in the triaxial plane are very close to the 
proposed failure surface. Any littie amount of restraint in the testing apparatus 
would result in too large strength in biaxial extension, and this would show up 
very clearly in the biaxial plane. However, an evaluation in the triaxial plane 
would likely show t hat the test dataarenot t hat far from the actual failure surface. 
The natura! scatter in test data could easily account for deviations of the 
magnitude indicated in Figure 20.8(b). 
The data from cubical triaxial tests on Mix A concrete obtained by Mills 
and Zimmerman [10] are projected on the octahedral plane corresponding to 
I 1 = l50kg/cm2 (14 715 kN/m2) in Figure 20.8(c). Values of the minor principal 
stress, a 3 , of O, 29.5 kg/cm2 (2894 kN/m2), 59.11 kg/cm2 (5798 kN/m2), and 
88.6 kg/cm2 (8692 kN/m2) were used in these tests. The points in Figure 20.8(c) 
corresponding to these values of a 3 a re shown separately on the octahedral 
plane for comparison with the failure surface. The projected data points were 
transferred to the common octahedral plane along the curved meridians using 
a technique involving the diagram in Figure 20.6. Note again that only data 
from uniaxial compression, triaxial compression, and uniaxial tension were used 
for determination of material parameters. The data from these tests are at the 
top of the diagrams in Figure 20.8(c). The experimental points on the actahedral 
plane describe a failure surface which is triangular with monotonically curved 
surface and smoothly rounded edges, as does the failure criterion. 
A study of the three-dimensional strengthof sancistone performed by Akai 
and Mori [12] involved uniaxial compression, triaxial compression, biaxial 
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compression, and cubical triaxial tests. Comparisans between failure eriterion 
and test data for the sandstone are shown in Figure 20.9. The materlal parameters 
Iisted on Figure 20.9 for this rock were determined from the results of the 
uniaxial compression, triaxial compression, and biaxial compression tests. The 
value of the uniaxial tensile strength was not measured, but an estimate based 
on equation (20.5) with values of T and t for sedimentary rock from Table 20.1 
gave a, = - 44.6 kg/cm2 • This value was not used for materlal parameter 
determination in this case. The value of a·p. = 37.4 kg/cm2 resulted in a better 
overall lit when the estimated value of a, was not employed for determination 
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of parameters. lf u, were included, a· p. would become 44.7 kg/cm2, but these 
two values of a· p. are easily within the scatter of the data employed to obtain 
T and t. 
The comparison between failure eriterion and test data forsandstone shown in 
Figure 20.9 indicates sirnilar results as discussed in conneelion with Figure 20.8 
for Mix A concrete. The strengthof the sandstone is about five times higher tha·n 
that of Mix A concrc:tc: as mc:asured by the uniaxial compressive strengths. The 
values of the parameters a, m, and especially 17 1 are therefore higher for the 
sandstone than for the concrete. The shape of the failure surface in the biaxial 
plane is somewhat different for the two materials, and thisis correctly modelled 
by the failure eriterion given by equations (20.1) and (20.4). The standard 
deviations ofthe major principal stresses, u ~o as listed by Akai and Mori [12], are 
shown on Figures 20.9(a) and (b). The overall fit between failure surface and 
experimental data in Figure 20.9 is considered to be quite good and generally 
within the scatter of the test results. 
Because emphasis was placed on obtaining the hest overall fit between data 
and failure criterion, equal weights were placed on all test results used for 
parameter determination. lt may therefore occur that the proposed failure 
eriterion does not fit perfectly with the results of any one particular test. For 
example, the failure surface in Figure 20.7(a) does not go through the point 
corresponding to the uniaxial compressive strength. If it is desirable to obtain 
good correlation between the failure eriterion and the uniaxial compressive 
strength, i t may be necessary to apply beavier weights tothis strength t han to the 
results from other tests used for parameter determination. 
20.4 PARAMETER VALUES FOR VARlOUS 
FRICTIONAL MATERIALS 
Because the characteristic features of the three-dimensional failure surfaces have 
been observed for many different types of frictional materials, such as those 
deseribed above, it is reasonable to believe that they exist for other frictional 
materiais which have not yet been tested under general three-dimensional stress 
conditions. Therefore, the values of the three material parameters have also been 
determined for other frietianaJ materiais for which results of simple tests are 
available in the literature. 
Figure 20.10(a) shows a diagram in which values of mare plotted against values 
o f 171 for several types o f frictional materiais with and without effecti ve cohesion. 
The ranges of 17 1 which have been obtained for these ditTerent materiais are 
indicated by the bars in the upper part of Figure 20.10(a). It is likely that these 
ranges will be expanded w hen additional data sets for each type of material are 
analysed. Thus, the transition from cemented soils to rock is most likely smooth 
with n o clear distinction between the two materials. Only a few sources of data for 
cerarnics have been consulled for this stud y, and the range of the parameters for 
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ceramics is probably larger than indicated in Figure 20.10. However, it is clear 
that the increased frictional strength indicated by 1] 1 is accompanied by an 
increased curvature of the faiture surface as expressed by the value of m. 
The parameter 'a' used for frictional materiais with effective cohesion must be 
higher than the uniaxial tensile strength, a,. Yalues of a, are related to the uniaxial 
compressive strength, ae, in Figure 20.5. Thus, if uniaxial tension testsarenot part 
of the testing programme, an approximate value of a, may be obtained from 
Figure 20.5 or from equation (20.5). Because many engineering materiais are 
exposed to both compressive and tensile stresses in the same structure, it was 
proposed to inelude a reasonable value of the uniaxial tensile strength in the 
parameter determination in order to obtain an overall representative faiture 
eriterion for the material under investigation. The values of the parameter 'a' 
obtained in t his stud y have been related to a, through the term (a· p.- a,)/u, (in 
per cent) which expresses the percentage by which 'a' is greater than a,. This 
percentage is plottedversus 1]1 in Figure 20.10(b). The high values (up to 17 per 
cent) of this percentage were obtained for cemented soils for which the parameter 
111 is relative! y small. Yalues below 2 per cent were obtained for all otherfrictional 
materiais with effective cohesion. In faet, a gradual decrease in percentage is 
obtained with increasing value of 1] 1• 
The insert in Figure, 20.10(b) indicates the general trend for tbe three 
parameters 'a', 1]1 , and m. All three parameters have been found to increase with 
increasing strength o f the frictional material. 
Some materiais, such as compacted, partly saturated soils, may exhibit an 
apparent cohesion. These materiais have not been inelucled in the present study. 
However, the faiture conditions for such materiais may be modelled by the faiture 
eriterion in equations (20.1) and (20.4) using total stressed for parameter 
determination and subsequent application in analysis procedures. 
20.5 CONCLUSION 
Faiture surfaces for frictional materiais with and without effective cohesion have 
several characteristics in common, and these are all captured by a general three-
dimensional failure eriterion formulated in terms of the frrst and the t hird stress 
invariants of the stress tensor. This failure eriterion involves only three 
independent materlal parameters. Although thesl! parameters interact with one 
another, each parameter corresponds to one of three failure characteristics of 
the frictional materials. The materlal parameters may be detennined from simple 
tests such as uniaxial compression and triaxial compression or biaxial tests. For 
the purpose of including reasonable values of tensile strengths in the faiture 
eriterion (for frictional materiais with effective cohesion), i t may be necessary to 
inelude the uniaxial tensile strength in the parameter determination. A simple 
expression for evaluation of the uniaxial tensile strength on the basis of the 
uniaxial compressive strength is given. Representative sets of data for soils, 
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eonerete, and rock, for whieh results of three-dimensional tests were available, 
have been analysed, and eomparisons between the failure eriterion and the 
experimental data are made in triaxial, biaxial, and actahedral planes. Typical 
values of the three materlal parameters for various types of frictional materiais 
have been determined, and their magnitudes are eompared and discussed in light 
of the materiais to which they belong. The ability of the general three-
dimensional failure eriterion to capture the characteristics of failure in frictional 
materiais appears to be quite good with accuracies generally within the natura! 
scatter of the test data. 
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NONASSOCIATED FLOW AND STABILITY 
OF GRANULAR MATERIALS 
By Poul V. Lade,' Richard B. Nelson,' Members, ASCE, 
and Y. Marvin lto' 
Aesm.t.cr: Materials exhibiting nonassodaled flow should, according to 
Drucker's stability postulate, become unstable when exposed to certain stress 
paths inside the tailure surface. Results of a series of triaxial tests designed to 
expose the type o f behavior displayed by granular materiais a re presented and 
discussed . The sand dilates during shear, it exhibits nonassodaled flow, and 
when exposed to stress raths in the region of potential instability, none is ob-
served. The reliability o the test results, the possible influence of viscous ef-
fects on the stability, and the effect ofrelease of elastic energy are studied and 
discussed in detail. Thus, Drucker's stability postulateis not applicable to gran· 
ular materials. The type of volume-change behavior displayed by the material 
is of great importance in the question of stability of granular materials. 
INTRODUCTION 
The occurrence of nonassociated plastic flow in frictional materiais such 
as sand, clay, concrete, and rock has raised questions regarding the 
uniqueness and stability of such materials. The stability postulate for-
mulated by Drueker (3-5) for time-independent materiais provides a suf-
ficient condition for stability and ensures uniqueness in dynamic as well 
as static problems. Drucker's postulate is satisfied provided that asso-
ciated flow is employed in construction of constitutive models involving 
convex, plastic yield surfaces. Whereas this postulate provides a suffi-
cient condition for stability, it has been suggested that it is not a nec-
essary condition (13,15). 
Considerations of stability have mainJy been explored on a theoretkaJ 
level. Experiments to study whether or not frictional materiais are, in 
faet, unstable under certain loading conditions have not been per-
forrned . A series of tests is presented on granular materiais designed to 
expose the type of behavior that is characteristic of frictional materials. 
The problem of instability and the factors that control the occurrence of 
unstable behavior are discussed in light of experimental results. l t is shown 
that Drucker's stability postulate is not applicable to frictional materiais 
in general and that the volume-change behavior (dilatancy) plays an im-
portant role in the stability of such materials. 
DRUCKER'S STABILilY POSTULATE 
The condition for stability forrnulated by Drueker (3-5) involves two 
components expressed in terms of plastic work increments: 
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dW, - dw; = (a9 - a:> t~ ~ O ..... .. ...... ••.. ... ... ........... (la) 
d2W = å;; t~ ~ o ............................................... (lb) 
where a;; = a stress state located on the yield surface; aij = a stress state 
located inside the yield surface; and å9 = a stress increment initiated at 
a 9 on the yield surface, causing the plastic strain increment, tij. Eq. la, 
which is often referred to as stability in the large, requires the yield sur-
face to be convex. Eq. lb is referred to as stability in the smalt, and it is 
fulfilled, in general, if the plastic strain increment vector is perpendicular 
to the yield surface. This implies that the plastic potential surface co-
incides with the yield surface, so that the plastic strain increments pro-
duced upon yielding are perpendicular to the yield surface. Thus, 
Drucker's stability postulate requires constitutive laws to incorporate a 
so-called associated flow rule in order to guarantee that stable behavior 
is obtained. 
lt is Eq. lb that will be used to define stable or unstable behavior. If 
this inequality is fulfilled for any å ;;, then the materlal will be uncon-
ditionally stable. Otherwise, according to Drucker's postulate the ma-
terial is conditionally stable, with the second increment d2W positive for 
some &9 but negative for others, or completely unstable with d
2W neg-
ative for aU &9. Complete instability, with d
2W negative, is obtained for 
aU materiais after the failure surface has been reached, whether the ma-
terial exhibits assodated or nonassodaled flow. 
The inslability of inierest here occurs before the faiture surface has 
been reached. All nonassodaled flow models exhibit a region where d2W 
is negative. However, it is by no means clear that lhe materiais which 
are being modeled are physically unstable in this region. lt is lhe pur-
pose of this experimental investigation to delermine the physical be-
havior of a real soil in this region of negative d2W. 
0CCURRENCE OF NONASSOCIATED fLOW 
In relation to a previous study of stress-palh-dependent behavior of 
cohesionless soil (10), the uniqueness of stress-strain behavior for ma-
terials exhibiting nonassociated flow was discussed. Several triaxial tests 
were performedon Monterey number O sand with stress paths involving 
primary loading with decreasing stress difference (a1 - a 3 ) and decreas-
ing confining pressure, a 3 • The results of these tests were compared 
with results of conventional triaxial compression tests in which the con-
fining pressure was held constant. If stresses and strain increments are 
plotled on the same diagram, as in Fig. l(b), the direction of the plastic 
strain-increment vector is uniquely determined from the state of stress 
and is independent of the stress path leading to this state of stress. All 
strains are calculated as engineering strains, i.e., they refer to the orig-
inal dimensions of the specimens. Since the prefailure strains of inierest 
in this study are less than 6%, any effects of second-order terms or large 
strains are negligible. The failure surface indicated in Fig. l(b) corre-
sponds to peak failure conditions from drained tests in which maximum 
stress difference and maximum effective stress ratio occur simulta-
neously. The prefailure stress path with decreasing stresses shown in 
Fig. l(b) is so steep as to form an obtuse angle (9 = 110°) with the di-
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reetion of the strain-increment vector. Nevertheless, the two plastic strain-
increment vectors are parallel. This has also been demonstrated by Poo-
rooshasb, et al. (16). 
The faet that plastic yielding is occurring along the stress path with 
decreasing stresses is seen from the stress-strain curve in Fig. l(a). Sec-
tion AB on the stress path is tabeled similarly on the stress-strain curve, 
which indicates large plastic strains between A and B. Since the yield 
surface is being pushed out, it must be steeper than the stress-path di-
rection AB. lf it were less steep, so as, e.g., to be perpendicular to the 
plastic strain-increment vector thereby indicating assodated flow, then 
point B would be inside point A, corresponding to unloading from A to 
B. This would contradiet the large plastic strains shown in Fig. l(a) . Con-
sequently, the yield surface must be steeper than stress path AB and 
nonassodaled flow is therefore clearly obtained. 
Since the stress-increment vector and the strain-increment vector form 
an obtuse angle for the stress path considered, the scalar produet of 
these two vectors (Eq. lb) is negative. According to Drucker's stability 
postulate, the sand should exhibit unstable behavior along this stress 
path. However, the tests in Ref. 10 were all performed under strain con-
tro!. This method of testing does not allow instabilities (i.e., gross col-
Iapse) of the materlal to be exposed. To force exposure of such insta-
bilities, it is necessary to perform the tests under load or stress control. 
1t is important to recognize that the sand stress-strain curve in Fig. 
l(a) corresponds to work hardening rather than softening. Although the 
stresses along stress path AB are decreasing, faiture has not been reached, 
and softening of the materlal is therefore not occurring. The decreasing 
stresses along stress path AB are deliberately followed and not imposed 
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by the material, whereas decreasing stresses are dictated by a softening 
material, because its strength has been exeeecled and it is behaving in 
an unstable fashion. 
Fig. 2 shows a schematic illustration of the region in which Eq. lb is 
not fulfilled for a materlal with nonassodaled flow. The region is shaped 
as a wedge between the current yield surface f and the plastic potential 
surface g corresponding to the current stress point. This wedge-shaped 
region is located within a larger region bounded by lines corresponding 
to (!1t /!13 ) = const and (!11 - !13 ) = const, as indicated in Fig. 2. All 
stresses, induding the stress difference (u1 - !13 ), are decreasing within 
the wedge between f and g, whereas the stress ratio (!11 /!13 ) is increasing 
in this region. By performing triaxial tests with stress paths located in 
this region, it should be possible to obtain experimental evidence re-
garding the stability of materiais with nonassodaled flow. 
EXPERIMENTAL SETUP 
In order to study experimentally the potential instabilities in soil be-
havior that might occur for the stress paths in the prefailure region de-
scribed earlier, it is necessary to perform triaxial tests under stress con-
tro) rather than strain control. This allows the triaxial specimen to exhibit 
any unstable behavior that may occur for the stress paths of interest. 
Fig. 3 shows the experimental setup used to apply both horizontal and 
vertical stresses to a triaxial specimen under stress control. The minor 
principal stress, !13 , was applied as a confining pressure in the triaxial 
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FIG. 3.-Experlmental Setup for Stress Control of Trlaxlal Test 
cell. This pressure was supplied by a column of water contained in a 10-
ft tall clear piatic tube. The water could be melered out through the 
needle valve at the hottom of the column, thus decreasing the minor 
principal stress on the specimen at a desired rate. 
The vertical stress difference (!11 - !13 ) was applied to the specimen 
by the piston protruding from the top plate of the triaxial cell. The ver-
tical load was supplied by a buekel of water hanging in a yoke below 
the table supporting the triaxial cell. By filting the 15 gal buekel with 
water at any desired rate, it was possible to increase the stress difference 
(!1t - !13 ) and to fail the specimen under load control with increasing 
vertical stress. However, all tests performed for the present study were 
conducled under load control with decreasing vertical stresses. This was 
accomplished by melering water out through a needle valve located near 
the boltom of the bucket. Thus, after having first loaded the specimen 
by filling water into the bucket, the water was let out through the needle 
valve at a desired rate. The actual vertical·Joad applied to the specimen 
was measured with a load cell attached to the piston as seen in Fig. 3. 
The vertical stress rates employed during loading of the specimens av-
eraged 0.025 kg/ cm2/min (2.5 kN/m2/min) for increasing stresses and 
0.001 kg/cm2/min (0.1 kN/m2/min) for decreasing stresses. 
This simple experimental setup, in which the specimen was loaded 
under stress control, would allow any unstable behavior of the granular 
materlal to reveal itself by an inability to support the buekel of water. 
Thus, unstable soil behavior was expected to result in a dramatic drop 
of the water bucket to the labaratory floor, leaving no doubt about the 
nature of the soil behavior along certain stress paths of the types dis-
cussed earlier. 
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SAND TESTED 
To avoid experimental problems due to excessive effects of membrane 
penetration caused by changing confining pressures (11,14), the tests 
were performed on a fine sand. Membrane penetration into the pores 
of granular soils is small to negligible when the average diameter of the 
soil grains is smaller than 0.1-0.2 mm (6). 
Fine silica sand composed of angular particles consisting mainly of 
quartz were used in the study. The characteristics of this sand are sum-
marized as follows: (l) Mean diameter, 0.18 mm; (2) coefficient o f uni-
formity, 2.0; (3) specific gravity of grains, 2.66; (4) maximuro void ratio, 
0.85; and (5) minimum void ratio, 0.55. 
Tests were performed on dense specimens with void ratio of 0.58, cor-
responding to a relative density of 90%. 
SPECIMEN PREPARATION AND TESTING PROCEDURES 
All triaxial tests in the experimental program were performed on cy-
lindrical specimens with diameter = 2.80 in. (7.1 cm). Some tests were 
performedon specimens with height = 2.80 in. (7.1 cm), corresponding 
to a height-to-diameter ratio of H/D = 1.0. Other tests were conducted 
on specimens with height = 7.4 in. (18.8 cm) corresponding to H/D = 
2.65. The tall specimens were employed in most of the tests to allow 
any instabilities, e.g., development of shear planes or bands, to occur 
freely and uninterrupted by the end plates. In addition, lubricated end 
piates were used in all tests to avoid development of significant shear 
stresses at the cap and base. 
The specimens were prepared by dry pluviation of sand and saturated 
using the C02-method (9). In addition, a nominal back pressure of 30 
psi (207 kN/m2) was applied to the specimens to ensure a high degree 
of saturation. B-values of O. 97 or better were measured in most tests. 
The verticalload, the confining pressure, the vertical deformation, and 
the volume changes were measured during each test. Corrections were 
applied to the measured vertical load for uplift forces on the piston, pis-
ton friction, the load taken by the rubber membrane, and for the buoyed 
weight of the cap and the buoyed weight of the upper half of the spec-
imen. The measured confining pressure was corrected for the additional 
hoop tension produced in the rubber membrane due to the volume change 
of the sand specimen. Corrections to linear as well as volumetric strains 
were found to be negligible. 
CONVENTtONAL ORAlNED TRIAXIAL COMPRESSION TESTS 
Four conventional, consolidated-drained, triaxial compression tests were 
performed to establish the stress-strain behavior and the strength of the 
fine silica sand. Three of the four triaxial tests were performed on spec-
imens with H/D = 1.0 and with effective confinin~ pressures of 0.075, 
0.150, and 0.300 kg/cm2 (7.4, 14.7, and 29.4 kN/m ), corresponding to 
water column heights of 30, 59, and 118 in. (75, 150, and 300 cm). The 
fourth test was performed on a specimen with H/D = 2.65 and with an 
effective confining pressure of 0.250 kg/cm2 (24.5 kN/m2), correspond-
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ing to 100 in. (250 cm) of water. The four tests were all performed under 
strain control. Foliowing failure, each specimen was unloaded to enable 
determination of the elastic behavior of the sand. 
Stress differences and volumetric strains are plotled versus vertical 
strains for the four tests in Fig. 4(a). It may be seen that the differences 
in stress-strain and volumetric behavior between the short and the tall 
specimens are small. The initial modulus is a littie higher for the tall 
specimen than for the short specimens, but the strain-to-peak failure is 
in the range of 4-6% for all specimens. The decreases in strength fol-
lowing peak failure also appear to form a consistent patte rn. The frietion 
angles from the four tests are Iisted in Table l. 
To compare these frietion angles in a meaningful way, they have been 
adjusted to correspond to a void ratio of e = 0.580 and a relative density 
of 90.0%. The relationship e· tan tf! = const is suitable for ad justment of 
frietion angles when small differences in void ratio are present between 
TABLE 1.-Reault8 of Conventtonal Tri&Jdal Compression Testson Fine Sillea Sand 
(1.0 kgf cm• = 98 kN/m") 
.. • • (~usted 
Test a, (measured) t c 0 .580) a (a) jl(i) e 
number H/D t (kg/cm•) (degrees) (degrees) (degrees) (degrees) (dogreos) 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Cl). JO l. O 0.579 0.1)75 41.7 41.7 270.0 218.8 51.2 
(1).59 1.0 0.579 0 .150 40.8 40.8 270.0 218.7 51.3 
Ci).\00 2.65 0.580 0.250 39.6 39.6 270.0 2\9.9 SO.! 
(1).118 1.0 0.585 0.300 39.9 40.1 270.0 220.1 49.9 
1308 
the specimens (1). The frietion angles for the short specimens show a 
pattern of decreasing values with increasing confining pressure as is 
usually found for soils (8). The tal! specimen produced a frietion angle 
that is slightly lower than those from the short specimens. Those dif-
ferences have also been observed before from similar tests on tall and 
short specimens (7). 
Fig. 4(a) also shows that the volume changes observed in the four tests 
form a consistent pattern with only slightly decreasing rates of dilation 
with increasing confining pressures. The corresponding strain-incre-
ment vector directions are superimposed on the triaxial plane shown in 
Fig. 4(b). These vector directions are directly related to the rates of di-
lation. The vectors are shown initiating from the faiture points at the 
ends of the stress paths for the four triaxial compression tests. 
From the diagram in Fig. 4(b), it appears thai the strain-increment vec-
tors are parallel. To obtain a more sensitive measure of their relative 
directions, the angles 13 measured clockwise from the u3-axis to the pos-
itive directions of the vectors, were calculated from the original test data 
according to the foliowing expression: 
v2 
tan (13 - 1800) = --. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2) 
E. l --
El 
The values of 13 (Tabte l) increase slightly with increasing confining pres-
sure, thus reflecting the pattern of dilation rates shown in Fig. 4(a). The 
13-values vary consistently from 218.~-220.1°, i.e., over a very narrow 
range of 1.400 with an average value of 219.4°. 
The directions of the stress-increment vectors resulting in the afore-
mentioned strain-increment vectors are vertical on Fig. 4(b). The corre-
sponding a-values are therefore 270.00, as Iisted in Tabte l. 
The angles 9 between the stress-increment and strain-increment di-
rections are all smaller than 90°. The scalar produet given in Eq. Ib is 
therefore positive, corresponding to stable behavior in theory as well as 
experimentally. 
STRESS·PATH TESTS WrrH 0ECREASING STRESSES 
A total of seven tests were performed with stress paths in the sector 
defined by the yield surface and the plastic potential surface. Six of these 
were conducted on tall specimens with H/D = 2.65, and one was per-
formedon a short specimen with H/D = 1.0. 
All tests were initiated at a confining pressure of 0.300 kg/ cm2 (29.4 
kN/m2). The specimens were first loaded vertically by filling the 15 gal 
bucket with water at a moderately slow, conslant rate. As Iisted in Tabte 
2, in five of the seven tests the specimens were loaded to a vertical stress 
difference of 0.98 kg/cm2 (96 kN/m2), whereas stress differences of 0.86 
kg/cm2 and 0.72 kg/cm2 (84 and 71 kN/m2) were used in the other two 
tests. The proximity of these stress states to the failure line may be ex-
pressed in terms of the stress level S defined as the ratio of the current 
to the maximum stress difference at a given confining pressure. Thus, 
the failure stress state corresponds to a stress level of S = 1.00. The three 
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TABLE 2.-Results of Stress Path Tests wlth Decreaslng Stresseson Fine Sillea 
Sand (1.0 kg/ cm2 = 98 kNj m") 
•• 
Tos1 (a,- S al •• (adjustod 
num- ... ,_ , .., -
"" 
(measurod) t- 0.580) a (ul jl(i) e 
bet H/ D t (kg/an•) ... ,_ (kg/an2) (degrees) (degrees) (degroes) (degroes) (degroes) 
(l) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
SP2 2.65 0.591 0.97 0.97 0.281 38.4 38.9 116.2 220.9 104 7 
SPJ 1.0 0.568 0.99 0.93 0.254 40.0 39.4 112.2 218.2 106 o 
SP4 2.65 0.582 0.98 0.95 0.275 39.1 39.2 117.5 219 2 101 7 
SPS 2.65 0.582 0.98 0.92 0.253 40.0 40.1 112.8 219.0 106 2 
SP6 2.65 0.580 0.98 0.94 0.254 39.7 39.7 116.8 219.4 102 6 
SP7 2.65 0.580 0.86 0.86 0.209 39.6 39.6 109.5 219.0 109.5 
SP8 2.65 0.580 0.72 0.75 0.173 40.0 40.0 115.2 218.6 103.4 
stress differences reached in the seven tests correspond to stress levels 
of 0.94, 0.86, and 0.75, respectively. 
Foliowing the initial loading, the specimens were exposed to stress 
paths in which all stresses, as well as the vertical stress difference, were 
reduced in such ratios that the specimens were observed to compress 
vertically. Too severe a reduction of the vertical stress difference would 
result in unloading and therefore vertical extension of the specimens. 
Thus, the stress paths imposed on the specimens were of the type thai 
would potentially lead to unstable behavior of the sand. 
Fig. 5 shows the stress-strain and volume change curves, as well as 
the stress path for test number SP7. These results clearly illustrate the 
essence of the study presented here. Fig. 5(a) indicates that the vertical 
stress difference was first increased to 0.86 kg/cm2 (84 kN/m2), while 
the confining pressure was held conslant at 0.300 kg/cm2 (29.4 kN/m2). 
From the corresponding stress level of 0.86, the specimen was further 
loaded under load control along a stress path, which potentially could 
lead to unstable behavior of the sand. Fig. 5(b) shows that this second 
branch of the stress path is curved, although the flow rates from the 
two reservoirs were held constant. The curvature is caused by the ac-
celerated increase in cross-sectional area of the specimen as faiture is 
approached and subsequently crossed. 
It is clear from the stress-strain curve that faiture eannot be distin-
guished from observation of the vertical stress difference alone. How-
ever, the effective stress ratio will reach a max.imum along the stress 
path indicated in Fig. 5(b). This maximum occurs at the point on the 
stress path that, when connected with the origin, forms the greatest slope 
of any point on the stress path. This eriterion of failure is often used for 
granular materiais and for soils without effective cohesion. Thus, for such 
materiais and for frictional materiais in general (soils, rock, concrete), it 
is important to consider the magnitude of all stresses when conditions 
of failure are to be described. 
The portion of the stress path of inierest in the present study is that 
from point B to point C. AU stresses, as well as the vertical stress dif-
ference, are decreasing along this second branch. The strain increments 
produced along this branch correspond to dilation of the sand. Super-
imposed on the triax.ial plane in Fig. 5(b) are the strain-increment vectors 
at points B and C. These strain-increment vectors, which are atmost par-
1310 
(cr1-cr31 kg/cm2 
1.0 
0.5 
lP~ Ppa. 
~ 
TEST No. SP7 
H/D • 2.6 
cr1 lkg/cm2l 
FAILURE LINE 
i, l '17-crl 
1.0 
0.5 
o - f1 f%) 
15 0~--------~ 
+1 r f v f%1 
5 10 -12 -«~ 0.6 
(a) (b) 
FIG. 5.-(a) Streu·Straln and Volume-Change Curvea; (b) Stleu Path and Piaatle 
Stlaln-lncrement Vectora for Teet Number SP7 on Ane Sillea Sand (1.0 kg/cm• = 
98 kN/ m") 
alle!, are by definition perpendicular to the respective plastic potential 
surfaces indicated at these two points. 
It is clear that each increment of stress along the entire length of branch 
BC forms obtuse angles, e, with the corresponding strain-increment di-
rections. Thus, the scalar produet of the two vectors expressed in Eq. 
1b is negative, and the behavior of the granular materlal should be un-
stable according to the inequality. However, each of the seven tests ex-
hibited stable behavior before the maximum stress ratio had been reached. 
In faet, the specimens deformed uniformly, i.e., there was no visible 
evidence of bulging or shear-band fonnation until well beyond failure 
as measured by the maximum stress ratio. 
The essential results of the seven tests are summarized in Table 2. 
Detailed results are given in Ref. 12. As for the conventional tests, the 
frietion angles have been adjusted to correspond to a void ratio of e = 
0.580. The seven specimens failed within a narrow range of confining 
pressures, and the adjusted frietion angles are therefore directly com-
parable. The average value of the frietion angles is 39.6° with a standard 
deviation of 0.46°. Thus, the strengths obtained from the seven stress-
path tests are exactly the same as those obtained from conventional triaxial 
compression tests(<!>' = 39.6° for test number CD-100 with H/ 0 = 2.65). 
This shows that the sand specimens remained perfectly stable, and they 
reached the same failure surface as obtained from conventional tests. In 
none of the tests did shear planes or bands develop until well beyond 
failure, and there was consequently no difference in terms of stability 
and strength between the short specimens, in which shear-plane prop-
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agation may be inhibited, and tall spedmens, in which shear planes are 
free to develop and propagate when they occur (see Ref. 7). 
The directions of the strain-increment vectors are indicated by the an-
gles 13 measured clockwise from the o)·axis to the positive directions of 
these vectors. The j3-values are calculated from Eq. 2 and Iisted in Table 
2. Since all specimens failed within a narrow range of confining pres-
sures, there should not and there does not appear to be any systematic 
variation of th,e 13-values in the seven tests. The average 13-value is 219.2° 
and the standard deviation is 0.85°. Thus, the strain-increment directions 
obtained from the stress-path tests are the same as those obtained from 
the conventional tests in which the average j3-value is 219.4°. The faet 
that the directions of the strain-increment vectors are independen t of the 
stress path has been observed before (10,16). These irnportant charac-
teristics of the materlal behavior make it possible to express and deter-
mine the relative magnitudes of the plastic strain increments from a po-
tential function. 
The directions of the stress-increment vectors are calculated from the 
stresses leading up to failure. The directions are expressed in terms of 
the angles a, measured clockwise from the a 3-axis to the positive direc-
tions of the stress-increment vectors. The values of a are detennined 
from the foliowing expression: 
v2o-3 
tan (a- 90°) = -.- ..................... ....... .......... ... . (3) 
(J l 
and Iisted in Table 2. lt may be seen that a range of a -values from 109.5°-
117.50 are covered in the experiments. 
The angles e between the positive directions of the strain-increment 
and stress-increment directions are calculated as the difference between 
13 and a and Iisted in Table 2. The values of e range from 101.~-109S, 
i.e., from 11 .~-19. 5° greater than 90°, which corresponds to perpendic-
ularity of the two vectors. Thus, the plastic flow of the granular materlal 
is clearly of the nonassodaled type. More importantly in the present 
context, the seven stress paths all involve conditions for which the scalar 
produets of the strain-increment and stress-increment vectors are neg-
ative. Therefore the materlal behavior should be unstable. However, each 
spedmen behaved in a stable manner, and they all reached strengths of 
the same magnitudes as those obtained from conventional triaxial 
compression tests . 
ANALYSIS 
The occurrence of nonassodaled flow and the consequent problem of 
stability of materiais that exhibit nonassodaled flow behavior have been 
the subject of much discussion. For example, the reliability of the ex-
perimental data that provided the evidence for nonassodaled flow has 
at times been questioned. In a similar fashion, assuming and accepting 
the possibility that instabillties may occur, the potential problem has been 
drcumvented by inelusion of rate effects, e.g., viscous flow or creep, to 
disguise the unstable behavior and to temporarily maintain stability of 
the material. ReJease of stored elastic energy to counter dissipation of 
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plastic work along s tress paths with decreasing stresses has also been 
proposed. Each of these points will be considered in detail below. 
Reliability ofTest Data.- Because experimental data are at times sub-
ject to justified criticism and because such data may be unreliable, the 
occurrence of nonassodaled flow occasionally has been considered to be 
the result of imprecise performance and measurements in tests that oth-
erwise would exhibit associated flow. 
Applied loads and pressures can be measured with good accuracy in 
experiments such as triaxial compression tests. The most obvious inac-
curacies in these tests arise from nonuniform strains exhibited by, e .g. , 
bulging of the specimen. This mode of deformation is due to end re-
straint caused by development of shear stresses between the end piates 
and the specimen. To avoid this problem, lubrication consisting of one 
or more thin rubber sheets coated with silicone grease may be used on 
the cap and base. By adjusting the number of rubber sheets and the 
amount of silkone grease, the specimen can be made to deform as a 
right cylinder, thereby producing uniform strains. 
Lubricated ends were used in the tests perfonned for this study. The 
shape of the specimen w as carefully monitored during each test to detect 
any signs of bulging or other nonuniform deformation patterns. The 
specimens in all tests defonned as perfect right cylinders until well be-
yond tailure (maximum stress ratio). The experimental results presented 
here are therefore considered to be reliable and to correctly reflect the 
true behavior of the soil. 
In spite of the care with which the present experimental program was 
executed, it was of inierest to investigate the degree to which nonuni-
form strain distributions could disguise the type of behavior (associated 
or nonassodaled flow) exhibited by the soil. For this purpose, the spec-
imen has been assumed to deform nonuniformly and to develop from 
a right cylinder into the shape of a barre!. It is therefore obvious that 
the lateral strain, E3 , is nonunifonnly distributed along the vertical axis 
of the specimen. In the analysis, it is assumed that the contour of the 
barre! is shaped as a parabola with no expansion at the ends. Two sim-
ple options are available for the distribution of the vertical strain, E1 : (l) 
Parabolic distribution with zero strains at the ends and maximum strain 
in the middle; and (2) uniform strain distribution. Both these assumed 
strain distributions are extreme on either side of the real strain distri-
bution in a specimen with full frietion on the end plates. 
The results of the analyses are given in Table 3 in terms of the ratio 
id(\12 i 3), which is equivalent to the negative value of the right-hand 
side of Eq. 2. The values of i 1 and i. in Table 3 are those usually cal-
culated by assuming the specimen to deform as a right cylinder with 
uniform strains. The strain-increment ratio is calculated for the ends and 
the middle of the specimen for various combinations of uniform and 
parabolic strain distributions. The expression for the strain-increment ra-
tio for uniform strain distributions (Col. 2) is that employed in Eq. 2. 
For parabolic distributions of both E1 and E3 with no strains at the ends, 
the ratio of the strain increments in the middle (Col. 3) becomes the 
same as that obtained for uniform strain distributions. Thus, the type 
of behavior exhibited by the soil is easily recognizable, even from grossly 
noncylindrical specimens with most of the deformation occurring in the 
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TABLE 3.-Values of i, /(v'ii3 ) for Ditterent Assumed Straln Distributions In Trl-
axlal Speelmen 
Parabolic t, , 
Strain Uniform t , . parabolic t 3 , no Uniform t , , parabolic 
conditions uniform t 3 strains at ands t 3 , t , = O at ends 
{1) (2) (3) (4) 
At ends - 2/ (1 - f. ,/ i ,) 0/0 = ? ( -oo) - 00 
In middle - 2/(1 - f.,ff.,) - 2/(1 - f.. / f., ) -2/ 3 · v'Zto - f../ i, l 
middle. Although fixity in terms of E3 , i. e ., E3 = O, can occur at the e nds, 
at least mathematically, the value of E1 = O would correspond to an in-
finite modulus. Allowing for a modulus of finile value, the ratio of 
i 1 /(VZ i 3) = - oo is reasonable for full fixity at the ends of the specimen. 
Alternatively, the specimen might be unloading at the ends (due to re-
ducing stresses along the stress path under consideration), in which case 
the soil behavior is elastic and not of inierest in the present context. 
!f, on the other hand, the vertical strain distribution is assumed to be 
uniform, the results Iisted in Col. 4 of Table 3 are obtained. In this case, 
the ratio of the strain increments in the middle is multiplied by a factor 
of 2/ 3, i.e. , the strain-increment vector is apparently moving towards 
perpendicularity to the stress path. Additional considerations are nec-
essary to investigate whether the results of the triaxial tests now indicate 
associated flow, and this in turn might be the reason for the stable be-
havior of the granular materlaL 
Since the E3-distribution is assumed to be parabolic, the cross-sectional 
area in the middle of the specimen is larger than that obtained from a 
perteet cylindrical specimen with the same measured vertical deforma-
tion and volume change. The cross-sectional area at the middle of the 
barrel-shaped specimen may be expressed as 
Aba,.,.l = A cyl;nder · [l + ~·(EJ - E. ) J ............. · · · .. .... · . · ... · · · (4) 
Since E1 is compressive and positive and E. is negative for dilation, the 
cross-sectional area of a barrel-shaped specimen is greater and the ver-
tical stress difference is smaller in the middle than the corresponding 
values for a cylindrical specimen. The effective confining pressure acting 
at the middle of the specimen would be unaffected by the end restraint. 
For the sake of investigating whether these modifications are sufficient 
to disguise the real soil behavior, it is assumed that the seven specimens 
Iested in this study became barrel-shaped along the stress paths with 
decreasing stresses. After applying the modifications to stresses and s trains 
deseribed earlier, the directions of stress-incrementand strain-increment 
vectors expressed in terms of the angles a and 13 a re calculated and Iisted 
in Table 4 for the seven stress-path tests . The differences in the direc-
tions of stress-increment and strain-increment vectors are expressed by 
the angle 9. It may be seen by comparison with the results in Table 2 
that the values of 9 decreased in all cases towards 90", i.e., the two vec-
tor directions approached perpendicularity. However, in none of the cases 
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TABLE 4.-Direc:tlons ot Stress lncrement and Straln lncrement tor Assumed 
Parebolle lateral Straln Distribution and Assumed Unitorm Vertlcal Straln Dlstrl· 
bution In Trlaxlal Speelmens 
Test number H/D a (å) (degrees) 13 (t) (degrees) 9 (degrees) 
(1) (2) (3) (4) (5) 
SP2 2.65 110.8 210.0 99.2 
SP3 1.0 105.4 207.7 102.3 
SP4 2.65 109.2 208.6 99.4 
SP5 2.65 105.8 208.4 102.6 
SP6 2.65 112.1 208.7 96.6 
SP7 2.65 103.9 208.3 104.4 
SP8 2.65 109.8 208.0 98.2 
was perpendicularity obtained. In faet, the angles 6 remained in all cases 
greater than 90", and the soil therefore exhibited nonassodaled flow be-
havior. Thus, even an unlikely combination of parabolic Erdistribution 
and uniform E1-distribution is insufficient to disguise the real soil be-
havior. The true E1-distribution in a specimen with full-end restraint is 
most likely in between the assumed uniform and parabolic distributions, 
and the true 8-values for these boundary conditions are therefore higher 
than !hose Iisted in Table 4. 
Rate/ Time Effects.-The occurrence of viscous flow or creep may 
maintain the stability, at least temporarily, of otherwise unstable ma-
terials. This effect often manifests itself through increasing strength with 
increasing loading rate. Thus, the materlal appears to remain stable at 
high magnitudes of shear stresses when these are applied at a fast rate. 
Examples of this behavior can be found for soils, ice, rock, concrete, etc. 
(see Ref. 2). 
In a similar fashion, it is possible that the granular materlal Iested for 
this study remained stable because the load was changed at a reasonable 
finite rate. To check if effects of viscious behavior were artificially main-
taining stability of the sand specimens, the testing procedures for two 
of the seven specimens included establishment of creep rurves at several 
stress levels. One representative set of eceep curves is shown in Fig. 6 
for test number SPS. The first four creep curves were established during 
loading of the sr-ecimen at the conslant confining pressure of 0.300 kg/ 
cm
2 (29.4 kN/m ). This was done by simply stopping the verticalloading 
of the specimen and observing the deformation with time. Very littie 
but increasing amounts of creep occur with increasing stress level. The 
foliowing two eceep rurves were determined along the stress path in-
volving decreasing stresses. These curves were measured after having 
stopped the changes in both vertical and lateral stresses. Because the 
stress levels were eloser to the tailure stress ratio (i.e., 0.96 and 0.99), 
greater amounts of eceep strains occurred. However, in both cases the 
creep rates deeceased to very small values after 60 min. The specimen 
was perfectly stable, even after the majority of viscous effects had gone 
away. Thus, it is clear that viscous effects eannot account for the stability 
of the sand. 
The last creep curve was measured after the maximum (failure) stress 
ratio had been obtained. The stress level forthis curve was initially 0.98, 
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i.e., the stresses had only decreased a small amount after failure due to 
increasing ecoss-sectional specimen area. Nevertheless, the specimen was 
clearly unstable after failure, and it moved to complete collapse with no 
further change in vertical load or confining pressure. The reason that 
instability was not observed immediately upon failure, i.e., immediately 
after S = 1.00 had been reached, was that viscous effects maintained 
stability over a short period of time, allowing further increase in ecoss· 
sectional area to ocrur before it was realized that tailure had been passed 
and that collapse was in progress. 
It can be seen that the sand specimen maintains stability before faiture 
independent of any viscous effects exhibited by the material. However, 
immediately foliowing failure, according to the maximum stress-ratio cri-
terion, the instability of the sand is clearly evident. The deformation to 
complete callapse of the specimen begins slowly and then accelerates to 
a conslant terminal velocity, after which the specimen deformsat a con-
slant rate. Thus, the specimen did not exhibit catastrophic failure, as, 
e.g., in a liquefaction failure of loose sand. 
Kelease of Stored Elastic Energy.-In order to account for the stability 
of granular materiais during stress paths with deeceasing stresses, it may 
be possible that elastic energy is released to counter the dissipation of 
plastic energy. Stability should then be maintained as long as 
ir;1 • t;1 = ir9 • (tij + tt) = ir;1 • tr1 + ir;1 ·E; ~ O ......... . ... . ........... (5) 
in which case the sign of the elastic energy inecement is the opposite of 
the sign of the plastic energy inecement along stress paths with deeceas-
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ing stresses. Thus, stability should be maintained along potentially un-
stable stress paths as long as 
&;l ~~ ~ l &;; ~~' ... .•.....•...••••••.••.•••••.•••........... ...... (6) 
in which both sides of the unequal sign have positive values. By forming 
the ratio of elastic to plastic energy increments and expanding the terms, 
the foliowing inequality is produced: 
l E· [&j - 4&,&3 + 2(1 - v)å3J 
l&,t.p 2&3t.~l ~ 1 ... . . . .................. .. ........ (7) 
The test most likely to fulfill this condition for stability is that whose 
value of e in Table 2 is nearest to 90•. Test number SP4 involves the 
lowest value of e = 101.7'. The left-hand side of Eq. 7 is therefore cal-
culated forthis test, using an elastic modulus of E = 400 kg/cm2 (39,240 
kN/m2) (determined from the unloading branches in Fig. 4) and a Pois-
son's ratio of 0.25 (determined from the initial portion of the volume 
change curve during reloading). The value of the ratio of energy incre-
ments is determined to be 0.031, i.e., much Jess than unity. The other 
si.x tests would have even smaller values of the ratio of energy incre-
ments occurring on the left-hand side of Eq. 7. Therefore, the reJease of 
stored elastic energy accounts for a maxi m u m of 3.1 o/o of the plastic en-
ergy increment in the seven stress-path tests with decreasing stresses, 
and this mechanism eannot account for the stability of the granular ma-
terial. 
The tests deseribed earlier all exhibited stable behavior until the failure 
surface was reached. These tests were performed on dense sand at low 
confining pressures, at which the materlal exhibits the type of behavior 
that is very characteristic of frictional materials. Notably, the granular 
materlal dilated under the conditions under which it was tested. On the 
other hand, granular materiais that tend to compress may become un-
stable and liquefy during shear. The type of volume-change behavior 
exhibited by the materlal is of overriding significance in the question of 
stability. This has been discussed in further detail by the writers (12). 
SUMMARY 
The stability postulate formulated by Drueker provides a sufficient 
condition for stability and requires that materiais obey an associated plastic 
flow rule. Frictional materiais exhibit nonassociated plastic flow, and the 
stability of such materiais has often been questioned. To provide ex-
perimentai evidence regarding the stability of granuiar materiais, a series 
of triaxiai tests was performed on specimens of dense sand exposed to 
stress paths with decreasing stresses and increasing stress ieveis. These 
tests were performed under stress control so that any instability in the 
materlal could freely develop. The results of the tests showed that the 
granular materlal dilated during shear, it followed a nonassociated flow 
rule, and stability was obtained in all cases until the failure surface was 
reached. Thus, stable behavior was observed in a region in which Druck-
er's stability postulate was violated. The reliability of the test results, the 
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possible influence of viscous effects on the stability of the material, and 
the effect of reJease of elastic energy were investigated experimentally 
and discussed in detail. None of these effects could account for the sta-
bility of the material. 
The occurrence of stable behavior found in this study is related to the 
dilation exhibited by the granular material. The type of volume-change 
behavior exhibited by the materlal is of great significance in the question 
of stability of granular materials. 
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INSTABILITY OF GRANULAR MATERIALS 
WITH NONASSOCIATED FLOW 
By Poul V. Lade,• Member, ASCE, Richard B. Nelson,• 
Member, ASCE, and Y. Marvin Ito3 
ABSTRACT: Materials exhibiling nonassodaled flow should, according to Druck-
er's stability postulate, bccomc unstable when exposed to cenain strcss-paths inside 
the failure surface. Results of a series of triaJtial tests designed to expose the type 
of behavior displayed by granular materiais are presented and discussed. The sand 
tends to compress du ring shear, il exhibits nonassociated flow, and instability is 
observed along strcss-patbs in the region of potential instability. In a previous study 
of similar type in which dilation developed during shear and the sand exhibited 
nonassociated flow, w hen the specimens were exposed to strcss-paths in the region 
of potential instability, none w as observed. The type of volume change behavior 
dispiayed by the materiai is of great imponance in the question of stability of 
gran u i ar materiais. Stabilily conditions for materiais with nonassociated flow are 
presented. 
INTRODUCTIC N 
Frictional materiais such as sand, clay, concrete, and rock exhibit non-
associated plastic flow, and consequently questions have been raised re-
garding uniqueness and stability of such materials. Drucker's stability pos-
tulate for time-independent materiais (Drucker 1951, 1956, 1959) provides 
a sufficient condition for stability and ensures uniqueness in dynamic as well 
as static problems . Drucker' s postulate is satisfied provided that associated 
flow is employed in construction of constitutive models involving convex, 
plastic yield surfaces. Although Drucker's postulate provides a sufficient 
condition for stability, theoretical considerations have suggested that i t is not 
a necessary condition (Mandel 1964, Mroz 1963). 
Experiments to support this condusion have been presented by the authors 
(Lade et al. 1987). In a series of tests designed to expose the type of be-
havior that is characteristic of granular materials, the sand exhibited non-
associated flow, and stability was obtained at the same time Drucker's pos-
tulate was being violated. The occurrence of stable behavior inside the failure 
surface (i. e ., before failure had been reached) was found to be associated 
with the dilation or volumetric expansion exhibited by granular materials. 
In the present paper a sand very similar to that investigated in Lade et al. 
(1987) is again investigated, but in a loading region where shear induced 
volumetric compression occurs , rather than dilation as in Lade et al. (1987). 
Again, stress-paths are explored along which Drucker's stability postulate is 
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violated. The experimental apparatus is a load controlled device so that any 
instabilities will develop freely. It will be shown that, for the load paths 
considered hcrein, instabilitics develop. 
The problem of instability and the factors which control the occurrence 
of unstable behavior of granular materiais are discussed in view of experi-
mental results in the present paper. Based on the evidence presented here 
and in the previous pubHeation (Lade et al. 1987), conditions for stability 
are formulated for granular materials. These conditions take the form of ad-
ditions to Drucker's stability postulate. 
DRUCKER'S STABILITY POSTULATE 
The stability condition formulated by Drueker (1951, 1956, 1959) in-
volves two components expressed in terms of plastic work increments: 
dWP - dw: = (a,1 - a;)t~ ~ O . .... .. ...... . . . .. . ... .......... ... (la) 
d2WP = å,i~ ~ O .... ...... .. . .... ... ..... . ....... . . . . . ......... ( Ib) 
whcre a,1 = a stress state located on the yield surface; crt = a state located 
inside the yield surface; and &,1 = a stress increment initiated at cr,, on the 
yield surface causing the plastic strain increment t~. Inequalily l (a), which 
is often referred to as stability in the large, requires the yield surface to be 
convex. Inequalily l(b) is referred to as stability in the small, and it is ful-
filled in general if the plastic strain increment vector is perpendicular to the 
yield surface. This implies that the plastic potential surface coincides with 
the yield surface such that the plastic strain increments produced upon yield-
ing are perpendicular to the yield surface. Thus, Drucker's stabili ty postulate 
requires constitutive laws which incorporate an associated flow rule in order 
to guarantee that stable behavior is obtained . 
lt is the second Inequalily l(b) which defines stable or unstable behavior. 
If this inequality is fulfilled for any &,1, then the materlal will be uncondi-
tionally stable. Otherwise, according to Drucker's postulate the materlal will 
be unconditionally stable, with the second increment d2WP positive for some 
&,1 but negative for others , or it may be unstable with d2WP negative for all 
åij · 
The instability of interest here occurs before the failure surface has been 
reached. Complete instability with d2WP negative, is obtained for all mate-
riais after the failure surface has been reached, whether the materlal exhibits 
associated or nonassociated flow . Inside the failure surface, but in a state of 
inelastic behavior (yield), all nonassociated flow mathematical models ex-
hibit a region where d2WP is negative and, hence, where the materlal is un-
stable. However, it is by no means clear that the real materiais which are 
being modeled are physically unstable in this region. It is the purpose of the 
experimental investigation to delermine the physical behavior and the factors 
that influence the behavior of a real sand in this region of negative æw,. 
NONASSOCIATED FLOW AND POSSIBLE CONSEQUENCES 
A typical pattern of yield surfaces for an isotropie granular materlal is 
shown on the triaxial plane in Fig. l . In three dimensions these yield sur-
faces are shaped as asymmetric tear drops. For an isotropie materlal the yield 
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surfaces intersect the hydrosiatic axis in a perpendicular manner, they bend 
smoothly backwards towards the origin, and cross the failure surface at sharp 
angles as indicated in Fig. l . 
Plastic potential surfaces have similar shapes as yield surfaces, but for 
nonassociated flow the two families of surfaces cross each other. Experi-
mental evidence for frictional materiais indicates that the plastic potential sur-
faces have flatter rounded ends and the apex of the surface is not at the 
origin, but rather located at a point on the negative pressure axis . A typical 
plastic potential surface is shown at point A in Fig. l. 
The shaded wedge between the yield surface and the plastic potential sur-
face defines a region in which Inequalily l(b) is not fulfilled for a materlal 
with nonassociated flow. Since a stress increment vector from point A lo-
cated inside the wedge and the plastic strain increment vector form an obtuse 
angle, the scalar produet of these two vtctors [see Inequalily l(b)] is neg-
ative. According to Drucker's stability postulate, the sand may ~xhibit un-
stable behavior if a stress increment Iies in the shaded region. However, as 
will be seen, the sand is perfectly stable at stress points where the normal 
to the yield surface points in the outward direction of the hydrostatic axis. 
For this condition the deviator stress can be safely increased to produce fur-
ther plastic shear strains (work-hardening). In other words, the sand can 
sustain higher loads and behave in an inelastic manner without undergoing 
any instability or collapse. 
Potential instability occurs in regions where the yield surface opens up in 
the outward direction of the hydrosiatic axis. This allows plastic strains 
(loading) to occur while the stresses are decreasing. Here loading occurs 
inside the failure surface and instability may develop in the form of inability 
to sustain the current deviator stresses. 
2175 
FAILURE LINE 
"1 
YIELD SURFACE. f 
HYDRDSTATIC AXIS 
-ff· <TJ 
AG. 2. Wedge-Shaped Region of Stress-Paths wlth Decreaslng Stresses In whlch 
Granular Materlal wHh Nonassoclated Flow may be Unstable durlng Hardenlog 
Inside Fallure Surface 
Fig. l shows the stress-path for a conventional triaxial compression test 
perfonned at constant confining pressure. As the specimen is loaded from 
B to C the inclination of the yield surface changes. At low deviator stresses 
near point B, the yield surface is inclined towards the outwards direction of 
the hydrosiatic axis. As loading proceeds, the inclination of the yield surface 
changes gradually and becomes inclined towards the origin as failure is ap-
proached at point C. lt is in this region of high deviator stresses where the 
yield surface is ioclined towards the origin that instability may occur. 
Fig. 2 shows a schematic illustration of the region in which Inequality 
l (b) is not fulfilled for a materlal with nonassociated flow. The region is 
shaped as a wedge between the current yield surface f and the plastic po-
tential surface g corresponding to the current stress point. This wedge shaped 
region is located within a Jacger region bounded by lines corresponding to 
(fit/fi3) = const. and (fi1 - fJ3) = const. as indicated on Fig. 2. All stresses, 
including the stress difference (fi1 - fJ3), are decreasing within the wedge 
betweenfand g, but the stress ratio (fi1/fi3) is increasing in this region. By 
perfonning triaxial tests with stress-paths located in this region, experimental 
evidence regarding the stability of materiais with nonassociated flow can be 
obtained. 
lt is important to recognize that the materlal behavior obtained for stress-
paths within the shaded wedge in Fig. 2 corresponds to work-hardening with 
positive plastic work, dWP > O, and outward motion of the yield surface. 
Although the stresses in any direction within the wedge are decreasing, fait-
ure has not been reached and softening of the materlal is therefore not oc-
curring. The decreasing stresses along a stress-path within the wedge may 
be deliberately followed and not imposed by the material. Such a stress-path 
is not possible in a softening material, because its strength has been ex-
ceeded, and it is behaving in an unstable fashion. 
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REGION OF STABILITY 
In a previous study (Lade et al. 1987) perfonned to provide experimental 
evidence regarding the stability /instability of granular materials, a number 
of triaxial tests were perfonned on specimens of dense sand exposed to stress-
paths with decreasing stresses and increasing stress ratios . The tests were 
perfonned under stress control so that any instability in the materlal could 
freely develop. The results of the tests showed that the granular materlal 
dilated during shear, following a nonassociated flow rule, and stability was 
obtained in all cases until the failure surface was reached. Thus, stable be-
havior was observed in a region in which Drucker's stability postulate was 
violated. The reliability of the test results, the possible influence of viscous 
effects on the stability of the material, and the effect of release of elastic 
energy were investigated experimentally, and discussed in detail. None o f 
these effects could account for the stability of the material. 
The occurrence of stable behavior found in the previous study is related 
to the dilation exhibited by the granular material. The triaxial tests were 
perfonned on dense sand at low confining pressures at which the materlal 
exhibited the type of behavior which is very characteristic of frictional ma-
terials, namely dilation under the test conditions. The tests showed that gran-
ular materiais appear to be stable in the region of stresses where dilation 
occurs . This region is located near the failure surface at low to medium 
confining pressures for materiais at a given void ratio. For higher confining 
pressures the same materlal undergoes volumetric compression during shear. 
The unique relation between void ratio and confining pressure for which a 
granular materlal dilates or compresses at faiture is deseribed by the concept 
of critical state as defined by Seed and Lee ( 1967) and by Lee and Seed 
(1967). 
REGION OF POTENTIAL INSTABILITY 
According to the critical state concept a granular materlal at a given void 
ratio will compress during shear at sufficiently high confining pressures. lf 
the question of stability is related to the type of volume change (dilation or 
compression) occurring in the material, then it should be possible to induce 
instability inside the failure surface by conducting tests at high confining 
pressures with stress-paths within the shaded wedge shown in Fig. 2. Under 
these conditions the specimens will tend to compress during shear. 
Undrained triaxial compression tests perfonned at high confining pressures 
on saturated granular materiais exhibit effective stress-paths whose directions 
inside the faiture surface may fulfill the requirements presented above. Fig. 
3 shows the effective stress-paths for four undrained triaxial compression 
tests on loose Sacramento River Sand perfonned by Lee (1965). The spec-
imens were initially consolidated isotropically at the effective consolidation 
pressures, fi~, indicated on the figure . The volumetric strain in undrained 
tests on saturated specimens is zero, but the tendency for compression at 
high confining pressures results in increasing pore pressures which in tum 
force the effective stress-path into the desired direction. In the triaxial plane 
shown in Fig. 3, the stress difference (fi1 - fi3) is proportional to the per-
pendicular distance from the hydrostatic axis. For the tests at high confining 
pressures the maximuro stress differences occur well within the failure sur-
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face. Thus, true failure does not occur at the maximum stress difference. 
The region of potential instability is located at and above the solid points 
indicating the maximum stress differences. This region will be discussed 
further. 
The stress-strain and pore pressure relations for the four undrained tests 
are shown in Fig. 4. The stress-strain curve for the test at 5.0 kg/cm1 (490 
kN/m1) exhibits continuously increasing stress difference, although a ten-
dency for IeveJing off occurs early in the test. The corresponding pore pres-
sure curve shows first increasing and then decreasing pore pressures. This 
reflects a tendency for compression followed by a tendency for dilation as 
the failure surface is approached. Since the load carrying ability is contin-
uously increasing until failure at large strains, the specimen appears to be 
stable. 
The test performed at a confining pressure of 20.0 kg/cm2 exhibits a tem-
porary deeline in the load carrying capacity between 1.0 and 4.0% axial 
strain. This may retleet a temporary instability which is then overeorne as 
further straining occurs. The pore pressure curve exhibits s imilar behavior 
as that deseribed above, reflecting the tendencies for compression followed 
by dilation. The tendency for dilation almost coincides with the recovery 
and increasing stress difference applied to the specimen. 
The two tests with the highest confining pressures of 40. 1 and 80.0 kg/ 
cm2 (3,930 and 7,850 kN/m1) both show similar behavior. The stress dif-
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ference increases to a peak at relatively smal! axial strains and then decreases 
at larger strains. The pore pressures increase steadily before reaching essen-
tially constant values at large strains. This reflects tendendes for compres-
sion with negligible or no tendency for dilation towards the end of the test. 
Thus, by increasing the confining pressure to sufficiently high values, the 
tendency for dilation observed at lower confining pressures can be sup-
pressed. 
The cffective stress ratios, often taken to indicate failure in soils, occur 
at axial strains of 12 to 15% in all tests. Thus, the peak stress difference in 
the tests at high confining pressures are reached much earlier than the stress 
states corresponding to failure, i. e. , the maximum stress difference may not 
indicate true failure of the granular materlaL The deeline in load carrying 
capacity may indicatc that instability can occur inside the failure surface. 
However, the tests whose results are shown in Figs. 3 and 4 were all per-
formed under strain control. This method of testing does not allow insta-
bilities of the material to be exposed. To demoostrate instabilities, it is nec-
essary to perform the test under load or stress control. 
NONASSOCIATED FLOW IN UNDRAlNED TESTS 
To study the region of potential instability in stress space and to inves-
tigate the occurrence of nonassociated flow in undrained tests, the effective 
stress-paths are further analyzed below. There are basically three different 
types of effective stress-paths in undrained tests. These are shown, onc at a 
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time, in Fig. 5. Strain increments are superimposed on the stress diagrams 
to allow analyses of strain increment vector directions and to derive the di-
rections of the plastic potential surfaces g. These surfaces are by definition 
perpendicular to the plastic strain increment vector directions. 
For undrained tests the total volumetric strain is zero corresponding to the 
total strain increment vector being perpendicular to the hydrostatic axis 
everywhere along the effective stress-path. This is shown in Fig. 5(a). This 
figure also shows that volumetric compression is characterized by a strain 
increment vector pointing away from the origin, whereas volumetric dilation 
corresponds to a strain increment vector inclined towards the origin of the 
stress space. 
The stress-strain curves in Fig. 4 show that plastic strains are produced 
everywhere along the undrained stress-paths. The yield surface must there· 
fore be pushed out, and this requires it to be inclined relative to the effective 
stress-paths as indicated at each point in Fig. 5. 
The direction of the elastic portion of the total strain increment vector in 
the triaxial plane depends on the value of Poisson's ratio, v, and the ratio 
of the stress increments, K= å 1/å1 . The foliowing relations may be deduced 
from Hooke's law: For å 1 # 0: 
~~ (K- 2v) 
V2 . ~l = V2 . [J - v . (l + K)] . . .................................. (2) 
and for å 1 = 0: 
l 
. --~-~- = Y2· v ...... . .. . ....... . . . .......... •.•. ............. (3) Y2·~l 
These relations give the slopes of the elastic strain increment vectors on the 
triaxial plane. Since granular materiais have O ~ v ~ 0 .5, these two limits 
will be used to bracket the directions of the elastic strain increment vectors. 
For å 1 # O and v = O, Eq. 2 produces 
~ ~ K å 1 Y2 · ~l = V2 = Y2·&l .......................................... (4) 
i.e., the elastic strain increment vector is parallel to the stress increment 
vector or the stress path on the triaxial plane. 
For å-1 = O and v = O, Eq. 3 gives 
el V2 . ~l = -00 .................... . ..... . ..... ......... •.•. • .•... (5) 
i.e., the elastic ~-vector is again parallel to the å'-vector , both being vertical 
on the triaxial plane. 
For v = 0.5 both Eqs. 2 and 3 lead to 
~~- ~l= -\12 ................................................. (6) 
i. e., the elastic strain increment vector is perpendicular to the hydrosiatic 
axis corresponding to no elastic volume change. 
2180 
:>l "' ::1 ... a: 
:> 
.. 
:>l 
"' CJ 
o / 
8. 
>-
... 
~ 
\ :t fi .t:. CJ 1ii ;:: "' a. " ~ . ., • 
" ~ ll> 
11 
·t· > \i 
ll> = w 
"2 
r:: 
! 
-g 
;:) 
al L~ •L.o 
r:: 
o 
c ~- " 11 u C\ ~.., ~8. .., - > . ., ~~-:i~ ll> e-o • ..,a. at ~i 
.;., a. N b 
.!:!!: ~ iii .!!..-a._ 
-o .Q 
r::-. .. 
..... 
s 
"O L~ .L .o 'i) 
l > 
o 
" '1. - J r:: o 
i 
.E 
u 
r:: .., 
-.... 11 
> 
~ i 'i) 
a: 
.... o b r:: 
~ .2 iii 
:J 
'i 
> w 
.,; 
L• ·L.o ej 
u: 
2181 
For values of Poisson's ratio betwcen zero and 0.5 the elastic strain in-
cremen! vector will be between the two extreme positions discusscd . With 
no loss o f generalit y, i t will be assumed in the foliowing that the clastic 
strain increment vector is parallel to the stress increment vector or the stress 
path on the triaxial plane, i.c., corresponding to v = O. This simpliries the 
diagrams in Fig. 5, but docs not limit the arguments presented below. 
Three points of interest are indicated along the undrained cffcctive stress-
path of Type l in Fig. 5(a). The elastic portion of the total strain increment 
vector is pointed in the eurrent direction of the effective strcss-path . The 
length and direction of thc plastic strain increment vector is obtained by 
vectorial subtraction of the elastic from the total strain increment vector. lt 
is clear that only the directions of the elastic and the total strain increment 
vcctors are known, and that the derived direction of the plastic strain inere-
ment vector depcnds on the assumed relative magnitudes of the elastic and 
total strain incrcments . However, as will be seen, it can be shown that non-
associated flow prevails at points B and C independent of the assumcd mag-
niludes of strains. 
At point A the length of the elastic vcctor is chosen so as to show that 
nonassociated flow could occur. In faet, in the absence of actual cxperi-
mental determination of the elastic and plastic strain magnitudcs, it is not 
possible to argue whether the plastic flow is associated or nonassociated, 
i. e., whether thc yield and plastic potential surfaces arc identical or not. 
However, this is of no importance to the study of instability prcscnted here. 
Whether associated flow (which guarantees stability) or nonassociated flow 
is observed at point A, stability is obtained everywhere along the effective 
stress-path from the hydrosiatic axis up to point B. Along this portion of 
the stress-path the load can be maintained conslant or increascd without any 
observable instabil i ty. 
Nonassociated flow is clearly obtained at points B and C. For the Jimiting 
case where the elastic strain ineremems become negligible the plastic strain 
increment vectors become perpendicular to the hydrosiatic axis. Since the 
yield surfaces must be inclined relative to the effective stress-paths as shown, 
nonassociated flow is clearly demonstrated to occur at points B and C. 
Similar arguments can be made for point D on stress-path Type 2 in Fig. 
5(b). Point D corresponds to a minimum stress difference along this portion 
of the effective stress-path. The load carrying capacity iocrcases from point 
D to failure. At point E the effective stress-path is perpendicular to the hy-
drostatic axis. The elastic strain increment vector is therefore parallel with 
the total strain increment vector, and so is the plastic strain increment vector. 
The plastic potential surface is consequently parallel with the hydrosiatic 
axis. Since the yield surface becomes steeper with increasing stress level, it 
eannot coincide with the plastic potential surface at point E. and nonasso-
cialed flow is demonstrated. 
At point Fon stress-path Type 3 in Fig. 5(c) the relative directions of the 
elastic and plastic strain increment vectors have been reversed (reversal oc-
curs at point E). Point F is located in the region of plastic dilation. Large 
plastic strains occur in this region (see stress-strain curve corresponding to 
ui,. = 5.0 kg/cm2 in Fig. 4), and the elastic strains are therefore relatively 
small . For the Jimiting case where the elastic strain increments reducc to 
zero, the plastic strain increment vector becomes perpendicular to the hy-
drostatic axis and the plastic potential surface becomes parallel with the hy-
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drostic axis . Thc yield surface is relatively steep, close to fai lure, as indi-
caled on Fig . l , and nonassociated flow is therefore obtained. In th is region 
of dilation stability has been demonstrated as discussed. 
lt is the undraincd test with effective stress-path of Type l that will bc 
used as a tool to study stability /instability in thc following . In this test the 
effective stress-path from point B to failure (point C being a typical point) 
is located in the shaded wedge region shown in Fig. 2. The deeline in load 
carrying capacity may indicate that instability can occur inside the failure 
surface . Stress-controlled tests are required to stud y thi s possibility. 
EXPERtMENTAL PROGRAM AND PROCEDURES 
Sand Tested 
Sacramento River Sand from the same batch previously tested by Lee ( 1965) 
was used in the ex perlmental program. This sand is composed of subangular 
to subroundcd particles consisting mostly of feldspar and quartz. The char-
acteristics o f t his sand are summarized as follows: Mean diameter, 0.21 mm; 
cocfficient of uniformity, 1.5; specific gravity of grains, 2.68; maximum 
void ratio, 1.03; and minimum void ratio, 0.61. 
Effects o f membrane penetration on the developed pore pressures are small 
to negligible in undrained tests when the average diameter of the soil grains 
is smaller than 0 . 1- 0.2 mm (Frydman et al. 1973; Lade and Hemandez 
1977; Martin et al. 1978) . Tests were performedon loose specimens with 
void ratios around 0 .84 corresponding to relative densities of 45%. 
Specimen Preparation 
All triaxial tests were performed on cylindrical specimens with diameter 
= 1.40 in. (3.56 cm) and height = 3.25 in. (8.26 cm) corresponding to H/ 
D = 2.32. Filterstones were employed at each end of the specimens. This 
setup is similar to that used by Lee (1965). 
The loose specimens were prepared by dry deposition of sand through a 
funnel with essentially zero drop height. The C02-method (Lade and Duncan 
1973) was employed for saturation, and a nominal back pressure of 30 psi 
(207 kN/ m2) was applied to the specimens to insure a high degree of sat-
uration. The B-values averaged 0 .98 for all tests . 
Testing Procedures 
All specimens were first isotropically consolidaled to 29.9 kg/cm2 (2,930 
kN/m2) . The vertical load was applied by a pneumatic cylinder, thus ob-
taining stress-controlled loading due to the high compressibility of air. 
The vertical load, the confining pressure, the vertical deformation , and 
the volume change or the pore pressure were measured during each test. 
Vertical stress differences were calculated using current cross-sectional areas, 
and all strains were calculated as engineering strains. Corrections were ap-
plied to the measured vertical load for uplift forces on the piston. All other 
corrections to loads , pressures, linear deformations and volumetric strains 
were found to be negligible. 
EFFECTIVE 5TRESS·PATH TESTS WITH 0ECREASING STRESSES 
Foliowing application of the isotropie consolidation pressure, the speci-
mens were loaded vertically under drained conditions by increasing the air 
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pressure in the pneumatic cylinder. Vertical stress differences of (u1- u 3) = 
38.09, 42.72, 47.64, and 51.39 kg/cm2 (3,737; 4,191; 4,673; and 5,041 
kN/m2) were applied to the specimens. These correspond to effective stress 
ratios of (ul/u)) = 2.28, 2.42, 2.59, and 2.72, whereas the maximum ef-
fective stress ratio at faiture was (ul/u))max = 3.69, obtained from the sirain-
controlled tests discussed in the foregoing as well as from the stress con-
trolled tests presented here. The proximity of these stress siates to the failure 
line may bc expressed in terms of the stress level S defined as the ratio of 
the current to the maximum stress difference at a given confining pressure. 
Thus, the faiture stress state corresponds to a stress level of S = 1.00. The 
four stress differences reached in the tests correspond to stress levels of 0 .62, 
0 .66, 0.70, and 0.74. 
After the desired stress difference was obtained under drained conditions, 
the drainage valve was elosed while the vertical load was maintained con-
slant. The undrained condition imposed on the specimen caused the pore 
pressure to increase, thus forcing the effective stress-path into the shaded 
wedge shown in Fig. 2. Unstable behavior of the sand was observed in each 
test performed for this stud y. 
Fig. 6 shows the results of the test performed with S;.;, = 0.66. These 
results are typical for all tests. The initial portions of the stress-strain and 
volume change relations correspond to drained loading. Note that the vol-
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umetric strain is compressive until the drainage valve is elosed at a vertical 
strain of E1 = 5.3%. Foliowing elosure of the drainage valve the specimen 
becomes unstable and compresses without any additional vertical load. The 
effective confining pressure decreases due to increasing pore pressure , and 
the ·stress difference decreases due to increasing cross-sectional area of the 
specimen. However, the decreasing stress difference eannot be sustained by 
the specimen. 
Fig. 7 shows the pore pressure development and the axial strain devel-
opment versus time after elosure of the drainage valve. The pore pressure 
development slightly precedes the development of axial strain. Although the 
pore pressure starts increasing imrnediately upon elosure of the drainage valve, 
the axial strain development initially occurs at a lower rate. The axial strains 
along this stress-path are very small, because the stresses push the yield 
surface out very little. lf a drained stress-path was followed barely inside 
the undrained effective stress-path, then the stress state would move inside 
the yield surface and elastic axial expansion would be recorded due to de-
creasing stresses. It is therefore understandable why very small compressive 
strains are recorded along the undrained effective stress-path. This type of 
behavior w as observed in all tests. 
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The effective stress-paths for the stress-controlled triaxial compression tests 
are shown in Fig. 8. The specimens were first loaded at constant confining 
pressure until the desired vertical loads were reached, corresponding to pre-
selected stress levels. These stress levels were all well below that required 
to cause failure at the conslant confining pressure. Thus, the specimens were 
perfectly stable at each of these stress levels before the drainagc valve was 
closed. Foliowing elosure of the drainage valve, the effective stress-paths 
were forced into the shaded wedge in Fig . 2 due to the increasing pore 
pressures . Within this wedge the specimens became unstable and the effec-
tive stresses moved to failure with no further change in extemal load. Due 
to increasing cross-sectional areas of the specimens, the calculated stress 
differences, (CT1 - a 3), decreased along these stress-paths. lt should be em-
phasized that the undrained test is only used as a tool to produce effective 
stress-paths in the shaded wedge within which nonassociated flow has been 
shown to occur. 
DISCUSSION 
In the study presented here instability was taken to be the inability to 
sustain or carry a given load, which ineludes the ability to sustain small 
perturbations in the loads. However, the possibility that instability might 
manifest itself as localization of plastic deformation and development of shear 
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bands or in any other way was not overlooked. The specimens were therefore 
inspected after the tests (they were enclosed in a stee l-walled triaxial ap-
paratus and could not be observed during the tests) at which time they had 
sustained 15% to 30% axial strain . The instabilities were induced at axial 
strains of 2.8% to 5 .3%. Thus, substantial amounts of strain had occurrcd 
after the instabilities were induced. Nevertheless, the specimens had bulged 
only slightly and there were no visible shear planes. In faet, a uniform dis-
tribution of horizontal wrinkles in the membrane was observed after cach 
test, thus revealing a fairly uniform pattern of intemal strains in the speci-
mens. Instabilily did not appear to be associated with localization of plastic 
deformations and consequent shear banding of the type discussed by Lade 
(1982), Hettler and Vardoulakis (1984), and Peters et al. (1988). This is 
consistent with previous observations that shear planes arc not observed in 
soils that compress (Lade 1982). 
The yield surfaces at each of the stress points at which the drainagc valve 
was closed and instability developed must have been inclined such as to open 
up in the outward direction of the hydrosiatic axis. This is the only inelin-
cation which would allow plastic strains and instabil ity to occur while the 
stresses wcre decreasing. If, on the other hand, the yield surface is inclincd 
such as to close in the outward direction of the hydrosiatic axis (as at point 
A in Fig. l), then stable behavior should be observed. To test thi s hypoth-
esis, the drainage valve was closed at an effective stress ratio of (a:/ai) = 
1.65 corresponding to S = 0.45 in the test whose results are shown in Fig. 
6. While the extemal loads were maintained constant, the pore pressure in-
creased some due to a tendency for undraincd volumetric creep as indicated 
in Fig. 8. The axial strains observed over a 30-min period are plotled versus 
time in Fig. 9. Very littie axial strain (0.3%) occurred over this period. This 
strain was caused by creep in the elastic region within the teardrop shaped 
yield surface (see Fig. 1). Thus, stability is obtained in the region where 
the yield surface is closing towards the outward direction of the hydrosiatic 
axis. 
To test whether rate/time effects such as viscous flow or creep could cause 
the instability discussed above, the test whose results are shown in Fig. 6 
was stopped at a stress ratio of (a;/ITi) = 2.28 coresponding to S = 0.62. 
This is precisely the same stress state at which one of the other tests was 
forced to exhibit instability by closing the drainage valve. In the current test 
the drainage valve was maintained open, and drained creep was observed 
for a period of 30 min. The axial creep strains are shown in Fig. 9. lt is 
seen that creep could not be responsible for the large strains observed in the 
tests discussed above. The axial strain-time relation for the test in which 
instability was induced is also shown in Fig. 9 for comparison. lt is clear 
thai instability eauses large strains to occur within relatively short time. The 
tendency for volumetric creep, however smal! it may be, eauses the pore 
pressure to increase under undrained conditions, providing the small pertur-
bation which renders the material unstable. Howcver, the large strains dis-
cussed here could not be caused by creep or viscous flow, but are the effects 
of nonassociated flow combined with stress-paths within the shaded wedge 
in Fig . 2 where plastic volumetric compression occurs . 
lt should be emphasized that instability is not synonymous with fai lure. 
Thus, a failure surface does not go through each of the points at which 
instability was produced. In faet, these points are well within the failure 
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surface as obtained from drained tests. Obviously, each of the specimens 
could have been loaded to higher stress differences as long as the stress-
paths were outside the wedge between the yield and the plastic potential 
surfaces. Therefore, a faiture condition expressed in terms of the maximum 
stress differences obtained from, e.g., undrained tests initiated at the hy-
drostatic axis (see Fig. 3) would clearly underestimate the true effective strength 
of the soil. 
Materlal models which employ associated plastic flow rutes must assume 
the failure surface to go through the point at which instability is produced. 
This is because stability is guaranteed according to Drucker's stability con-
dition until the faiture surface is reached, at which instability ensues. But 
then stable loading to higher stress differences, which is clearly possible, 
could not be predicted by such models. Further, since instability as well as 
stability can be obtained at any point in the region above the line roughly 
defined by the maximum stress differences in Fig. 3, it is not possible to 
define any one consistent failure surface to be used in a model which in-
corporates associated flow. 
STABILITY CONDITIONS FOR GRANULAR MATERIALS 
Based on the arguments and the experimental evidence presented here and 
in Lade et al. (1987), it is possible to state the conditions for which granular 
materiais exhibit stable behavior. These conditions take the form of additions 
to Drucker's stability condition [lnequality l(b)). which by itself is sufficient 
to guarantee stability. However, this is not a necessary condition for stability 
2188 
of granular or frictional materials , i.e. , stability may be obtained even when 
Inequalily l (b) is violated. Thus, the tests presented here, together with the 
work in Lade et al. (1987) indicate that stable materlal behavior exists when 
&,j· i~ < o ... .. .... .. . . .. ... . . . ...... . .......... . .. . ..... . . . .... (7) 
and 
af 
- · 8 ;j > o ... . .. ........ . . ..... . ... . .. .. ....... ........ ........ (8) 
aa,J 
where o11 = a vector on the hydrostatic axis. lnequality 8 expresses that the 
yield surface eloses in the outward direction of the hydrostatic axis , i. e., 
stability is obtained along the "front portion" of the teardrop shaped yield 
surface. 
Further, stability is also obtained when lnequality 7 holds and both 
ag 
-·8,1 s o ........ . ..... . .. . .. . . . .. . .......... .. ............... (9) 
aa,J 
and 
af 
-;;;:o ... . . .... . . . .. . .. . .. . . . .... ... . . . ... . . . ... . . . . ........ (10) 
awp 
Inequalily 9 holds when the materlal exhibits plastic dilation or a tendency 
for plastic dilation in undrained tests in which the total volumetric strain is 
zero. Since instability is observed beyond failure , where both Inequalilies 7 
and 9 are satisfied, it is necessary to add Inequalily 10, which expresses that 
loading and therefore plastic yielding occurs inside the faiture surface. Thus, 
stability is obtained for stress-paths within the shaded wedge (see Fig. 2) as 
long as the plastic volumetric strain show dilation or a tendency for dilation. 
Experlments to support this stability condition were presented in Lade et al. 
( 1987). 
CONDITIONS FOR INSTABILITY OF GRANULAR MATERIALS 
The conditions for stability stated above may be reversed to produce re-
quirements for instability of granular materials. These may be important and 
somelimas easier to employ than the stability conditions. Specifically. in-
stability will occur when Inequalily 7 is fulfilled together with 
af 
- < 0 ···· · · · · · ·· ······ · ················· · ·· · ···· · · · ····· · ··(I l ) awp 
which expresses the faet that softening occurs beyond failure . This condition 
for instability is implied in Drucker's stability condition (lnequality lb). 
Instabilily is also obtained inside the faiture surface when Inequalily 7 is 
cernbined with 
ag 
- · 8,/ > o .... . . . ..... . .......... . . ................... . .. ... .. (1 2) 
aaii 
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and 
af 
-·o,,< o ...... . . .... . . . .... . . ... .. . . . .. . ... .. . . . .. ........ . . <13> 
ilcrv 
Inequalily 12 holds when the material exhibits plastic volumetric compres-
sion or a tendency for plastic compression under undrained conditions where 
thc total volumetric strain is zero. Inequalily 13 stipulates that the yield sur-
face must open up in the outwards direction of the hydrosiatic axis . Thus, 
instability is obtained for stress-paths within the shaded wedge (see Fig. 2) 
when the plastic volumetric strains are compressive or show a tendency for 
compression under undrained conditions. Again, these results are based on 
experimental evidence supporting these conditions for instability. 
lt should be noted that the elastic strains will maintain stability slightly 
beyond the conditions for instability stated. For example, stability is re-
covered along the undrained effective stress-path from point D to point E in 
Fig. 5(b) due to elastic expansion . The conditions for instability statedabove 
are fulfilled from D to E. but stability is obtained, because the plastic 
compression goes to zero at point E and the elastic expansion produces stable 
behavior beginning at point D. Similar stable behavior is obtained imme-
diately before point B in Fig. 5(a) due to elastic expansion. The conditions 
for instability are fulfilled a littie before point B is reached, where the yield 
surface is parallel with the hydrosiatic axis. However, as the elastic strains 
become negligible, the stated conditions for instability prevail. 
Finally, plastic work, WP, is used as the hardening parameter to indicate 
loading or hardening in Inequalily IO and softening in Inequalily Il. Any 
other measure of hardening, consistent with the findings presented above , 
may be used in lieu of plastic work to indicate loading inside the faiture 
surface and softening beyond failure. 
CONCLUSION 
The stability condition formulated by Drueker provides a sufficient con-
dition for stability and is satisfied for materiais that obey an associated plas-
tic flow rule. Frictional materiais exhibit nonassociated plastic flow, and the 
stability of such materiais has often been questioned. To provide experi-
mental evidence regarding the stability of granular materials, two series of 
triaxial tests were performed under stress control so that any instability in 
the material could freely develop. 
In one series of tests previously reported (Lade et al . 1987), specimens 
of dense sand were exposed to stress-paths with decreasing effective stresses 
and increasing stress levels. The results showed that the granular materlal 
dilated during shear, it followed a nonassociated flow rule, and stability was 
obtained in all cases until the failure surface was reached. Thus , stable be-
havior was observed in a region in which Drucker's stability postulate was 
violated. 
In the second series of tests reported here, specimens of loose sand were 
also exposed to stress-paths with decreasing effective stresses and increasing 
stress levels. The rcsults of these tests showed that the granular material 
tended to compress during shear, it followed a nonassociated flow rute, and 
instability was obtained in all cases inside the failure surface. The possible 
intluence of viscous effects on the instability of the material , and the effect 
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of elastic energy reJease were investigated cxperimentally and discusscd in 
detail. None of these effects could account for the instability of the material. 
The occurrencc of stable and unstable behavior found in these two studies 
is related to the volume change characteristics of the material. Stable be-
havior is found when the material dilates, and unstable behavior may occur 
when the material compresses during shear. 
Stabilily conditions for granular materiais exhibiting nonassociated flow 
are formulated on the basis of the experimental results obtained in the two 
studies. These conditions take the form of augmentations to Druckcr's sta-
bility postulate. Conditions for instability of granular materiais are also pre-
sented. Both types of conditions are expressed in terms of the orientations 
of the plastic potential surface and the yield surface. 
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! STATIC INSTABILITY AND LIQUEFACTION OF LOOSE 
FINE SANDY SLOPES 
By Poul V. Lade,' Member, ASCE 
ABSTfiACT: Soils that exhibit nonassociated now may, according to stability pos· 
tulates by Drueker and by Hill. bccome unstable when exposcd to cenain stress 
paths inside the failure surface. Series o f convcntional triaxialtests o n f u Ily saturatcd 
and on panly saturated specimens wcre perfo rmed under drained and undrained 
conditions to study thc regions o f stable and unstable behavior. For specime ns that 
compressand have dcgrees o[ saturation higher than critical, undrained conditions 
Iea d to e ffective stress paths directed within the region o f potential instability. and 
instability was observed provided the yield surface opens up in the outward direction 
of the hydrosiatic axis. Thus, instability occurs inside thc failurc surfacc. Instabilily 
is not synonymous with failure, ahhough both may lead to catastro phic events. The 
location of the instabilily line is discussed. Examples of a shallow submarine slope 
and a nearly f u Ily saturated stccpe r slope reprcsenting a tailings dam . which bo t h 
should re main stable according to conventional stability analyses, arc presented to 
show that they eould becomc unstable due to small disturbances and proceed to 
fa il catastrophically. 
INTRODUCnON 
Two criteria for failure in soils are commonly employed in interpretation 
of results of triaxial tests: (l) Failure occurs when the stress difference 
reaches a Jimiting value, (<T1 - <T3)",a.r ; and (2) failure occurs when the 
effective principal stress ratio reaches a Jimiting value, (<T;I<T))",a.r. The two 
conditions are reached simultaneously in drained tests. The confusion as to 
the definition of failure arises in interpretation of undrained tests on loose 
sands and sensitive clays in which the pore pressures increase monotonically 
during shear. For these types of soils, the maximum stress difference is 
reached before the maximum effective stress ratio. The choice of failure 
eriterion varies with the purpose for which the strength is to be used. Typ-
ically, (<T1 - <T3)ma.r is employed in total stress analyses and (<T;I<Tj)",..,. is 
used in effective stress analyses. These issues have been discussed at length 
by e.g., B jerrum and Simons (1960), Seed et al. (1960), and Whitman (1960). 
The condition of maximum stress difference does not correspond to a 
true failure condit ion, but rather to a condition of minimum stress difference 
at which instability may develop inside the true failure surface. This con-
dition w as studied in detail by Kramer and Seed ( 1988). Stress stat es c an 
be reached above the minimum stress difference condition deseribed by (<1 1 
- <T3)max• and instability can be induced anywhere between the (<11 - <J3)ma.r 
condition and the true failure surface deseribed by (<T;I<Jj)",a.r· Thus, insta-
bility is not synonymous with failure, although both may Jead to catastrophic 
events. 
The location of the line separating potentially unstable stress states from 
stable stress states, herein called the instability line, is discussed. Examples 
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are presented to illust rate the use of the instability line in analyses of a 
shallow submarine slope and a nearly fully saturated steeper slope repre-
senting a taitings dam or a spoil heap. Such slopes can and do become 
unstablc due to smal! disturbances, although convcntional stability analyses 
indicatc that they should remain stable. 
STABILITY POSTULATES 
Experimental evidence from tests o n several types of soils have clearly 
indicated that the use of conventional associated flow rules results in pre-
diction o f too large volumetric expansion. To characterize the volume change 
correctly, i t is necessary to employ a nonassociated flow rul e. The plastic 
potential surfaces do not thcrefore coincide with the yield surfaces, but the 
two families of surfaces cross each other. 
The application of nonassociated plastic flow ru les for soils have resulted 
in questions regarding uniqueness and stability of such materials. The sta-
bility postulates for time-independent materiais due to Drueker ( 1951. 1956. 
1959). Bishop and Hil! {1951), and Hil! (1958) provide sufficient conditions 
for stability and ensure uniqueness in dynamic, as well as static, problems. 
Drucker's postulate is satisfied provided that associated plastic flow is em-
ployed in construction of constitutive models involving convex, plastic yield 
surfaces. Hill's stability condition is expressed in terms of total strain in-
crements (elastic and plastic), and it extends the condition for stability a 
littie beyond that of Drucker. Although these conditions are sufficient to 
guarantee stability. theoretical considerations have suggesled t hat they a re 
not necessary conditions (Mroz 1963; Mandel 1964) . 
The stability postulate formulated by Drueker is suitable for solid metals 
that exhibit associated flow. According to this postulate, stability requires 
that the second increme nt of plastic work is positive or zero: 
&,, . tt ;æ: o .............. . · ................................... (l) 
in which &,1 = increment of stress; and t~ = resulting increment in plastic 
strain. For metals, positive values of the second increment of plastic work 
are always associated with the stable, ascending part of the stress-strain 
relationship, whereas negative values are associated with the unstable , de-
scending part of the stress-strain curve obtained atter peak failure . 
According to Hill's condition, stability should be maintained as long as 
&,, · t;, = &,, · (t~ + t~) = &,, · tij + &,1 • t~ <::: O ................. (2) 
in which t:1 and tij = the total and elastic strain increments, respectively. 
Hill's stability condition guarantees stability a littie beyond the condition 
given by Drucker. 
CONSEQUENCES OF NONASSOCIATED FLOW 
A typical pattern of yield surfaces for an isotropie soil is shown on the 
triaxial plane in Fig. l. In three dimensions , these yield surfaces are shaped 
as asymmetric tear drops. For an isotropie material the yield surfaces in-
tersect the hydrosiatic axis in a perpendicular manner, they bend smoothly 
backwards towards the arigin and cross the tailure surface at sharp angles 
as indicated in Fig. l . 
Plastic potential surfaces have similar shapes as yield surfaces, but for 
nonassociated flow , the two families o f surfaces cross each o t her. Ex peri-
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FIG. 1. Pattern of Yield Surfeces for Isotropie Solls. Stress Path for Conventtonal 
Trlaxlal Compression Test (BC) 
mental evidence for frictional materiais indicates that the plastic potential 
surfaces have more pointed ends, and they resemble cigars with asymmetric 
cross sections. A typical plastic potential surface is shown at point A in Fig. 
l. 
The shaded wedge betwee n the yield surface and the plastic potential 
surface defines a region in which (l) is not fulfilled for a material with 
nonassociated flow. Since a stress increment vector from point A. Jocated 
inside the wedge, and the plastic strain increment vector form an obtuse 
angle, the scalar produet of these two vectors (see (l)] is negative. According 
to Drucker's stability postulate, the sand may exhibit unstable behavior if 
a stress increment Iies in the shaded region. However, experiments show 
that the sand is perfectly stable at stress points where the normal to the 
yield surface points in the outward direction of the hydrosiatic axis. For t his 
condition, the deviator stress can be safely increased to produce further 
plastic shear strains (work-hardening). In other words, the sand can sustain 
higher loads and behave in an inelastic manner without undergoing any 
instability or collapse. 
Potential instability occurs in regions where the yield surface opens up in 
the outward direction of the hydrosiatic axis. · This allows plastic strains 
(loading) to occur while the stresses are decreasing. Here, loading occurs 
inside the failure surface and instability may develop in the form of inabil i ty 
to sustain the current deviator stresses. 
Fig. l shows the stress path for a conventional triaxial compression test 
performed at constant confining pressure. As the specimen is loaded from 
B to C, the inclination of the yield surface changes. At low deviator stresses 
near point B, the yield surface is inclined toward the outward direction of 
the hydrostatic axis. As loading proceeds, the inelinalian o f the yield surface 
changes gradually and becomes inclined toward the arigin as tailure is ap-
proached at point C. lt is in this region of high deviator stresses, where the 
yield surface is inclined toward the origin, that instability may occur. 
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Fig. 2 shows a schematic illustration of the region in which (I) is not 
fulfilled for a material with nonassociated flow. The region is shaped as a 
wedge between the current yield surface f and the plastic potential surface 
g corresponding to the current stress point. This wedge-shaped region is 
located within a la rger region bounded by lines corresponding to (u;tu)) = 
conslant and (u1 - u3) = conslant as indicated on Fig. 2. All stresses, 
inelucting the stress difference (u1 - u ") , are decreasing within the wedge 
bc::tween f and g, but the stress ratio (a;ta_;) is increasing in this region. By 
performing triaxial tests with stress paths located in t his region, experimental 
evidence regarding the instability of materiais with nonassociated flow can 
be obtained. 
It is important to recognize that the material behavior obtained for stress 
paths within the shaded wedge in Fig. 2 corresponds to work-hardening 
with positive plastic work , dWP > O, and outward motion of the yield surface. 
Although the stresses in any direction within the wedge are decreasing, 
failure has not been reached and softening of the material is therefore not 
occurring. 
NONASSOCIATED fLOW IN GRANULAR SOILS 
Drained Conditions 
To demoostrate that nonassociated plastic flow is obtained for granular 
materials, the results of a drained triaxial test on fine silica sand are shown 
in Fig. 3. This test was perfo rmed with a stress path inside the failure surface 
involving primary loading (hardening) with decreasing stress difference (u1 
- a_,) and decreasing confining pressure u3 . l f stresses and strain increments 
areplottedon the same diagram, as in Fig. 3(b), the direction of the plastic 
<T l 
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~(<T l ·<T J) = CONST. 
. PLASTIC POTENTIAL 
SUR FACE, g 
YIELD SURFACE, f 
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FIG. 2. Wedge-Shapecl Region of Stress Paths wlth Decreaslng Stresses In whlch 
Solls wlth Nonasaoelsted Flow may be Unatabte durlng Hardenlng Inside Fallure 
Surface 
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strain increment vector is uniquely determined from the state of stress, and 
it is independent of the stress path leading to this state of stress, as shown 
by Poorooshasb et al. (1966) and Lade and Duncan (1976). The stress path 
with decreasing stresses, shown in Fig. 3(b), is so steep as to form an obtuse 
angle (~ - a = 110°) with the direction of the plastic strain increment 
vector. Thus, the inequality in (l) is violated. 
The faet that plastic yielding is occurring along the stress path with de-
creasing stresses is seen from the stress-strain curve in Fig. 3(a). Section 
BC on the stress path is labeled similarly on the stress-strain curve, which 
indicates large plastic strains between B and C. Since the yield surface is 
being pushed out, it must be steeper than the stress path direction BC. lf 
it were Jess steep, so as, for example , to be perpendicular to the plastic 
strain increment vector, thereby indicating associated flow, t hen point C 
would be inside the yield surface, passing through point B, corresponding 
to unloading from B to C. This would contradiet the large plastic strains 
shown in Fig. 3(a). Consequently, the yield surface must be steeper than 
stress path BC, and nonassociated plastic flow is therefore clearly indicated. 
Undrained Conditions 
To study the region of potential instability in stress space, and to inves-
tigate the occurrence of nonassociated flow under undrained conditions, a 
typical effective stress path observed in an undrained test performed with 
high confining pressure is shown in Fig. 4. Strain increments are superim-
posed on the stress diagram to allow analyses of strain incrcment vector 
directions and to derive the directions of the plastic potential surfaces g. 
These surfaces are, by definition, perpendicular to the plastic strain inere-
ment vector directions. 
For undrained tests, the total volumetric strain is zero corresponding to 
the total strain increment vector being perpendicular to the hydrostatic axis 
everywhere along the effective stress path. This is shown in Fig. 4. This 
tigure also shows that volumetric compression is characterized by a strain 
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Surfaces along Undralned Effectlve Stress Path 
increment vector pointing away from the origin, whereas volumetric dilation 
corresponds to a strain increment vector inclined towards the origin of the 
stress s pace. 
The stress-strain relation corresponding to the effective stresspathin Fig. 
4 shows that plastic strains are produced everywhere along the undrained 
stress path. The yield surface must therefore be pushed out, and this requires 
it to be inclined relative to the effective stress path as indicated in Fig. 4. 
The direction of the elastic portion of the total strain increment vector 
in the triaxial plane depends on the value of Poisson's ratio, v. For v = O 
the elastic strain increment vector is parallel to the stress increment vector, 
which is tangential to the stress path on the triaxial plane shown in Fig. 4. 
For v = 0.5 , the elastic strain increment vector is perpendicular to the 
hydrostatic axis corresponding to no elastic volume change. For values of 
Poisson's ratio between O and 0.5, the elastic strain increment vector will 
be between the two extreme positions. With no loss of generality, it will be 
assumed in the foliowing that the elastic strain increment vector is parallel 
to the stress increment vector. i. e., corresponding to v = O. 
Three points of in te rest are indicated along the undrained effective stress 
path in Fig. 4. The elastic portion of the total strain increment vector is 
pointed in the current direction of the effective stress path. The length and 
direct ion of the plastic strain increment vector is obtained by vectorial sub-
traction of the elastic from the total strain increment vector. lt is clear that 
only the directions of the elastic and the total strain increment vectors are 
known , and that the derived direction of the plastic strain increment vector 
depends on the assumed relative magnitudes of the elastic and total strain 
increments. However , as will be seen, i t can be shown t hat nonassociated 
flow prevails at points B and C, independent of the assumed magnitudes 
of strains. 
At point A , the length of the elastic vector is chosen so as to show that 
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nonassociated flow could occur. In faet, in the absence of actual experi-
mental determination of the elastic and plastic strain magnitudes , it is not 
possible to argue whether the plastic flow is associated or nonassociatcd, 
i.e . , whether the yield and plastic potential surfaces a re identical o r not. 
However, thisis of no importance to the study of instability presen ted here. 
Whether associated flow (which guaranices stability) or nonassociated flow 
is observed at point A, stability is obtained everywhere along the effective 
stress path from the hydrosiatic axis up to point B. Alo ng this portion of 
the stress path, the load can be maintained conslant or increased without 
any observable instability. 
Nonassociated flow is clearly obtained at points B and C. For the limiling 
case where the elastic strain increments become negligible , the plastic strain 
increment vectors become pe rpendicular to the hydrosiatic axis . Since the 
yield surfaces must be inclined relative to the effective stress paths as shown, 
nonassociated flow is clearly demonstrated to occur at points B and C. 
Notethat the plastic strain increment vectors in Fig. 4 indicate that plastic 
volumetric compression occurs while the total volumctric strain is zero . 
BEHAVIOR UNDER ORAlNED CONDITIONS 
Several series of triaxial compression tests were performed to study sta-
bility and instability in granular materials. The details of these experiments 
aregiven by Lade et al. (1987, 1988) . and by Lade and Pradel (1990). 
In order to expose the potential instabilities in soil behavior that might 
occur for the stress paths in the prefailure region deseribed earlier (see Fig. 
2), it is necessary to perform triaxial tests under stress control. A series of 
drained tests similar to that shown in Fig. 3 was therefore performed under 
stress control (Lade et al. 1987). In faet. the test shown in Fig. 3 is onc of 
these tests. Seven experiments were performed. They all exhibited plastic 
dilation , and they all clearly showed nonassociated flow. When the sand 
specimens were exposed to stress paths in the region of potential instability 
(&11 • E~ < 0), none was observed . The talJ cylindrical specimens with lu-
bricated ends deformed as perfect right cylinders with no developing shear 
bands, no bulging or shearing in a nonuniform manner. nor any other signs 
of instability. Little . but negligible , creep was present in the sand specimens. 
Thus, stable behavior was observed in t h e region in which Drueker s stabil i ty 
postulate was violated. 
In order to investigate whether the type of volume change (dilation or 
compression) was important for stability of granular soils, a second series 
of tests was performed on sand that eompressed during shear (Lade and 
Prade11990). Drained tests with stress paths within the shaded wedge shown 
in Fig. 2 were performed on loose sand that exhibited compression during 
shear. Although Drucker's stabil i ty condition was violated inside the failure 
surface, none of the specimens showed any signs of instability. 
The results of these two series of triaxial compression tests demonstrated 
that drained conditions produce stable behavior irrespective o f: (l) The sign 
of the second increment of work; (2) the sign of the volumetric strain 
(dilation or compression); and (3) the sign and direction of the increments 
in stress components. Thus, under fully controlled conditions such as those 
prevailing for drained conditions, unstable runaway situations eannot occur. 
These results, therefore, clearly show that Drucker's stability postulate is 
not a necessary condition for stability. 
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BEHAVIOR UNDER UNORAlNED CONDITIONS 
Fully Saturated Soil 
On the other hand. fully saturated soils that tend to compress during shear 
may become unstable inside the failure surface, and this may lead to liq-
uefaction. A series of stress-controlled tests was performedon granular soil 
that tended to compress during shear (Lade et al. 1988). The specimens 
were exposed to stress paths within the shaded wedge shown in Fig. 2. Fig. 
5 shows the actual stress paths followed in these tests, and Fig. 6 shows the 
observed stress strain , volume change. and pore pressure development in 
one of the tests. In each test, the saturated specimen was first loaded under 
drained conditions to a preselected stress level S (expressed as the ratio of 
the current to the maximum stress difference at a given confining pressure). 
The drainage valve was then closed and instability developed in each spec-
imen due to increasing pore pressures, i.e., the specimens could not sustain 
the applied load. The tendency for volumetric creep, however smalt, caused 
the pore pressure to increase under undrained conditions, providing the 
small perturbation t hat rendered the mate rial unstable . However, the large 
strains observed along the unstable stress paths could not be caused by creep 
or viscous flow as shown by Lade et al. (1988). The effective stress paths 
shown in Fig. 5 were within the shaded wedge in Fig. 2, the specimens 
exhibited nonassociated flow and plastic volumetric compression (although 
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the total volumetric strain was zero) , and instability w as obtained in all cases 
in the hardening regime inside the failure surface. 
In the studies presented here, instability was taken to be the inability to 
sustain or carry a given load, which ineludes the ability to sustain smal! 
perturbations in the loads. However, the possibility that instability might 
manifest itself as localization of plastic deformation and development of 
shear planes or in any other way was not overlooked. The specimens were 
therefore inspected after the tests ( they were enclosed in a steel-walled 
triaxial apparatusand could not be observed during the tests) . a t which time 
they had sustained 15-30% axial strain. The instabilities werc induced at 
axial strain of 2.8-5.3%. Thus, substantial amounts of strain had occurred 
after the instabilities were induced. Nevertheless, the specimens had bulged 
only slightly and there were no visible shear planes . In faet , a unifo rm 
distribution of horizontal wrinkles in the membrane was observcd after each 
test, thus revealing a fairly uniform pattern of internal strains in the spec-
imens. Instabilily did not appear to be associated with localization of plastic 
deformations and consequent shear banding of the type discussed by Lade 
(1982) and Peters et al. (1988). Thisis consistent with previous observations 
that shear planes are not observed in soils that compress (Lade 1982). 
Partly Saturated Soil 
Stress paths with only one particular direction are obtained from un-
drained tests o n f u Ily saturated so i l s at each particular stress state. as shown 
in Fig. 5. In arder to study the soil behavior for other stress path directions 
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under umlraincd conditions. a se ries of tests. similar to those deseribed 
previo usly. was performed o n specimens with decreasing degrees o f satu-
ration (Lade and Pradel 1990). By purposely introducing a controlled amount 
of compressible air into the specimens, the undrained effective stress paths 
could be pointed in diffe rent directions within the shaded wedge in Fig. 2. 
The specimens in both tests, in which the effective stress paths were inside 
the shaded wedge, exhibited unstable behavior. The stress path in a third 
test was above the shaded wedge bccause the amount of air introduced in 
the specimen was greater than critical. In this test the specimen was perfectly 
stable. 
lt is clear from these expcriments that a change in drainage conditions 
for a fully or nearly fully saturated soil can activate unstable behavior. This 
may occur due to sta tic or dyna mic disturbances such as experienced in 
static flow failures of tailings dams o r in liquefaction of granular materiais 
during earthquakes. 
CONDITIONS FOR INSTABILITY OF SOILS 
Based on the arguments a nd the expcrimental evidence presented here 
and by Lade e t al. ( 1987, 1988) and Lade and Pradel ( 1990). i t is possihle 
to state the conditions for which soils with no nassociated flow exhibit un-
stable behavior. Instabilily will occur when 
&,1 • E:1 < O .. . .... ..... .. . . . .. . .. . . .... ... • . ..... ..... . . . . ... (3) 
and 
<l f 
- < () .... .. . . .. . .. . . .... .... . . . .. .... . . . ..... . .. . ........ (4) 
aw1, 
which ex presses the faet t hat softening occurs beyond failure. This condition 
for instability is implied in both Drucker's and Hill's stabi lity conditions. 
Instabilily is also obtained inside the failure surface when (3) is combined 
with 
iJg 
- · B,1 > O .. . . ... . ...... . ... . .. . .... . .. . ........ . .......... (5) d(],l 
in which B,1 = a vector on the hydrosiatic axis. and 
il f 
- · B,, < O ..... . ......... .... .. ... . ...... . . . .. .. . . .. . ...... (6) 
rJa,, 
Eq . (5) ho lds whe n the material exhibits plastic volumetric compression or 
a tendency for plastic compression under undrained conditions where the 
total volumetric strain is zero. Eq. (6) stipulates that the yield surface must 
open up in the outward direction of the hydrosiatic axis. Thus, instability 
is obtained for stress paths within the shaded wedge (see Fig. 2) when the 
plastic volumetric strains are compressive or show a tendency for compres-
sion under undrained conditions. These results are based on experimental 
evidence supporting these conditions for instability. 
Based on thc experimental observations, the conditions for which granular 
soils exhibit stable and unstable be havior can be summarized as shown in 
Table l . The conditions leading to unstable behavior of granular materia is 
have been identified from experimental evidence. The ro le of the degree 
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TABLE 1. Experlmental Observations of Conditions tor Stabllily and Instabilily 
Inside Fallure Surface 
Soil Dilation Compression 
volumetric 
behavior, 
drainage Drained Undcained Drained Undcained 
(1) (2) (3) (4) (5) 
d ' W >O Stability• Stability• Stability• Stability• 
d ' W < O Stability• N.A .< Stability" Degree of saturation -
d'W< 0 Stability• N.A .< Stability" S,= 100% lnstability" 
d ' W < O Stability• N.A.< Stability" S, 2 (Srlcu• lnstabili ty" 
d'W < O Stabil i ty• N.A .< Stability" S, < (Sr) .. " Stability" 
•Stability is guaranteed according to Drueker (1951), Bishop and Hill ( 1951), and Hill 
(1958) 
•shown by Lade e t al. (1987) 
'This combination eannot be achieved inside the failure surface 
dShown by Lade and Pradel ( 1990) 
<Show n by Lade et al. ( 1988) 
of saturation in conditions for instability and its relations to other material 
properties has been explored further in an analytical investigation presented 
by Pradel and Lade (1990). 
INSTABILITY AND F AlLURE OF SOILS 
Instabilily and failure are two different behavior aspects o f soils that 
exhibit nonassociated flow . Although both may lead to catastrophic events , 
they are not synonymous. Thus, a failure surface does not go through each 
of the points at which instability was produced. In faet, these points are 
well within the fai lure surface as obtained from drained tests. Obviously, 
each of the specimens could have been loaded to higher stress differences , 
as long as the stress paths were outside the wedge between the yield and 
the plastic potential surfaces. Therefore , a failure condition cxpressed in 
terms o f the maximum stress differences obtained from, e.g., undrained 
tests initiated at the hydrosiatic axis (see Fig. 4), would clear! y underestimate 
the true effective strength of the soil. 
Material models that employ associated plastic flow rules must assume 
the failure surface to go through the point at which instability is produced . 
This is because stability is guaranteed according to Drucker's and Hill 's 
stability conditions until the failure surface is reached , at which instability 
ensues. But the n stable loading to higher stress differences, which is clear! y 
possible, could not be predicted by such models. Further, since instability 
as well as stability can be obtained at an y point in the region a bove the line 
defined by the maximum stress differences in Fig. 4, it is not possible to 
define any one consisrent failure surface to be used in a model that inear-
porates associated flow . 
LOCATION OF INSTABILITY LINE 
It is the faet that loading of a compressible soil (resulting in large plastic 
strains) can occur under decreasing stresses that leads to unstable behavior 
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under undrained conditions. Loose, finesands and silts have relatively low 
permeabilities, and small disturbances in load or even small amounts of 
volumetric creep may produce undrained conditions in such soils, and in-
sta bility of the soil mass follows. As long as the soil remains drained, it will 
remain stable in the region of potential instability. 
When the condition of instability is reached, the soil may not be able to 
sustain the current stress state. This stress state corresponds to the top of 
the current yield surface as show n schematically on the p' -q diagram in Fig. 
7. Foliowing thi s top point, the soil can deform plasticallyunder decreasing 
stresses. The top of the undrained effective stress path, corresponding to 
(a1 - a 3)mu.r• occurs slightly after, but very close to , the top of the yield 
surface. The difference is due to the additional stability provided by the 
elastic strains, as expressed in Eq. (2). Therefore, the line connecting the 
tops of a series of effective stress paths from undrained tests on loose soil 
provides the lower limit of the region of potential instability. Experiments 
show that this line is straight , and it goes through the ultimate state point . 
For very loose sands, the ultimate state strengthis very low, and for practical 
purposes, the line goes through the origin of the stress space. The lower 
limit of the region of potential instability is tabeled the instability line in 
Fig. 7. The upper limit of this region is defined by tl>e faiture line. 
In the p' -q diagram in Fig. 8, the location o f the instability line is compared 
with locations of the effective stress failure line, the total stress failure line, 
0.3 
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Failure Line 
- -......,~ Yield Surface 
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FIG. 7. Locatlon of Instabilily Line for Loose Sand 
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FIG. 8. Effectlve Stress Path for ICU-Test on Very Loose, Fine Valgrinda Sand 
[Deduced from Bjerrum et al. (1961)] 
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and the line corresponding to the normalized undrained shcar strength 
sjp~. The effective stress path from an isotropically consolidated-undrained 
triaxial compression test on very loose, fine Valgrinda sand deduced from 
results presented by Bjerrum et al. (1961) forms the background for this 
comparison. The effective stress failure line forthis loose sand corresponds 
to an effective frietion angle of cjl ' = 20.2°. The region between this line 
and the instability line, which corresponds to cjl' = 10.8°, bounds the stress 
states for which static instability may occur. 
The total stress faiture line indicates a total stress frietion a ngle of cjl = 
5.6°, whereas the sjp~ line is located slightly higher. These two lines do not 
correspond to the effective stress states at the condition o f instabil i ty because 
they do not imply anything about the pore pressures that develop during 
undrained shear. Rather, they represent means of characterizing the un-
drai'ned shear strength as related to the effective consolidation pressure, 
which may be obtained from static analysis. They are used in total stress 
analyses in which the pore pressures that develop under undrained shear 
are unknown . They a re not useful for analyses of static instability, which 
require considerations in terms of effective stresses as shown below. 
As the density of the sand increases, the instability line moves up and 
away from the origin o f the p ' -q diagram, and i t crosses the tailure line at 
a point corresponding to the steady state or critical state value of p'. Ac-
cording to Poorooshasb ( 1989), these two states a re, in faet, the same, and 
they aremore appropriately referred to as the ultimate state. The instability 
line may then be deseribed by a straight line in terms o f c; and q,;. Siaden 
et al. (1985) have summarized data forseven loose sands to give variations 
of ultimate statevalues of p' with void ratio, effective stress frietion angles, 
cjl', for the failure surface, and fr ietion angles, q,;, to describe the slope o f 
the instability line. For the seven fine sands in loose conditions, the average 
value of cjl ' = 30°, and the average q,; = 17°. Basedon typical p ' -value at 
the ultimate state condition and a cjlj-value of 17°, a typical instability line 
for loose sand may correspond to c; = 0.20 kglcm2 (410 psf = 20 kPa). 
These values are used in the foliowing analysis of a nearly fully saturated 
loose fine sandy slope as found in a tailings dam or a spoi l heap. 
INSTABILITY OF SuBMARINE SLOPE 
Andresen and Bjerrum (1967) and Bjerrum (1971) reviewed a series of 
large submarine slope failures that occurred in loose, fine sand and silt 
deposits in the fjords mainly within a small area in the middle of Norway. 
These slides took place in deposits with gentie slopes of 3- 15°. Bjerrum 
(1971) reports that "these slides have been surrounded by considerable 
mystery as they frequently occur in slopes which, according to conventional 
stability analysis, should be stable beyond an y doubt. " 
Such slides may be initiated by very small disturbances or small amounts 
of volumetric creep resulting instatic instability. This is made possible by 
the faet that the states of stress on some planes in the soil mass are within 
the region of potential instabi1ity. Using the data shown in Fig. 8 for very 
loose, find Valgrinda sand (from a site south of Trondheim, Norway), an 
analysis of the state of stress in a submarine slope with an inclination o: = 
7° is shown in Fig. 9. Since these slopes are typically stretching over large 
areas, an infinite slope-stability analysis may provide the appropriate con-
ventional procedure. According to such an analysis, the factor of safety 
would be 
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F = tan <jl' = tan 20.2o = 3.00 . .. . .. . ... .. . . .. . .. .. . . ... . ..... (7) 
tan a tan 7o 
Even if the frietion angle corresponding to the instability line is used, F 
becomes 
tan <jl' tan 10.8• F = -- = ---'-
tao o: tan 7° 
1.55 . ... . . .. . . ...................... (8) 
This indicates that the slope should be stable beyond any doubt as stated 
by B jerrum ( 1971) . However, t his analysis is only concerned with the stresses 
along the sliding surface, which is assumed to be parallel with the sloping 
ground surface. The horizontal stresses acting in the soil deposit have been 
ignored in the conventional analysis. 
The state of stress under level ground is obtained from the value of Ko. 
which for very luose Valgrinda sand is in the order of 0.65. Tims, cr;, = 
0.65 · a; .. The corresponding Mohr circle is shown in Fig. 9. For a gently 
sloping ground surface , the normal stresseson vertical and horizontal planes 
may be approximated by those obtained from the K0 stress state. The shear 
stresses acting on these planes may be obtained from T = cr' · tan a . The 
corresponding states of stress are represented by the larger Mohr circle in 
Fig. 9. Whereas this circle may represent an approximation to the real states 
of stress, these are likely to be between the two Mohr cireles shown in Fig. 
9. This diagram also shows that the states of stress on some planes are 
located in the region of potential instability (shaded areas), but they are 
not close to the faiture line corresponding to<!>' = 20.2•. Therefore, as long 
as the soil remains drained, it is stable. But a small disturbance will cause 
the fine sand and silt deposit, which has relatively Iow permeability, to 
become undrained and subsequently render the slope unstable under what 
amounts to essentially static conditions. 
lt is inieresting to note that even the Ko stress state obtained under level 
ground (a = o•) on some planes reaches up into the region of potential 
instability . Thus, the soil under a level ground surface may become unstable 
due to small disturbances. 
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Bjerrum (1971) noted that the initial submarine slides tended to occur at 
low tide. It is difficult to imagine that very large amounts of water would 
drain out of the fjord bottom (due to the very low compressibility of water). 
thus causing a disturbance of the submarine slope, but the change in tide 
may have provided the small disturbances (possibly in the form of drag on 
the fjord bottom) that caused the gentie slopes to become unstable . All 
other requirements for instability were already fulfilled. 
INSTABILITY OF T AlLINGS SLOPE 
An examp1e slope is analyzed to demoostrate that a tailings slope or a 
spoil heap consisting of loose granular materiais with permeabilities near 
those of fine sands and silts may become unstable under essentially static 
loading condit ions. Such slopes are often not engineered. but simply created 
by dumping material in a loose state. 
S1ope Definition 
The slope shown in Fig. 10 has an inclination of horizontal: vertical = 
2: l (inclination angle = 26.6°); a height o f H = ISO ft (45.7 m); and effective 
strength parameters of c' = O and <jl ' = 30°. The soil in the slope is assumed 
to have a void ratio of 0.89 and a dry density of 87.5 lb/cu ft (13.75 kN/ 
m3). It is also assumed to be nearly saturated, say due to rain water infil-
tration, with a degree o f saturation of 97%, and the total density is therefore 
"/, = 116.0 lb/cu ft (18.22 kN/m3) . Only vertical water flow inside the slope 
is assumed, and the pore water pressure is therefore dissipated as the water 
in filtrates the slope. 
Conventional Slope Stabilily 
Conventional slope-stability methods indicate that the most critical tailure 
surface for a cohesionless slope is parallel to the slope surface. Thus, an 
infinite slope-stability analysis of a slope with vertical seepage produces 
T 
H= 150ft 
All Circle Centerson this Line 
y,= 1161b/ft3 
c' = 0 
<!> ' = JO• 
FIG. 10. Example Slope wlth Clrcular Slip Surfaces for Analyses of Stalle State 
of Stress 
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tan <t>' tan 30° 
F = tan a = tan 26.6° = l.lS · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9) 
indicating that the slope should be stable. 
Stress State in Slope 
To determine whether the slope can become unstable, it is necessary to 
compare the states of stress in the slope with those required to produce 
unstable behavior. The simple stress analysis indicated for the shallow sub-
marine slope eannot be employed for the steeper slope, because its states 
of stress are far removed from the Ko state. A correct stress analysis could 
be performed by the finite element method incorporating a realistic con-
stitutive model to describe the stress-strain behavior of the soil. Whereas 
such an approach would be desirable, it is not simple in comparison with 
conventional slope-stability analyses methods. Although not ideal , the latter 
may be employed to evaluate the state of stress to an approximate degree. 
This approach has been used to determine the consolidation stress state in 
slopes [e.g., Lowe and Karafiath {1960)]. 
Spencer's slope-stability method (Spencer 1967; Wright 1969; Pyke 1984) 
was employed to determine the approximate effective stress state along five 
circular slip surfaces as seen in Fig. 10. Since none o f these cireles are critical, 
they all produce factors of safety a bove unity, and the stress stat es can be 
calculated along each slip surface. Because the calculation procedure re-
quires the factor of safety to be conslant along a given cirele, the computed 
stress states are located on a straight line given by 
c' + a' · tan <t> ' , , 
'T = F = cd + rr · tan <!>d . . .. . .....••... . ....... (10) 
For a eohesionless slope c' = cd = O, and the straight line goes through 
the origin of the T-a ' diagram. Fig. 11 indieates the stress states obtained 
from the five cireles shown in Fig. 10. Some of the stress states reach up 
into the region of potential instability, the lower limit of which is deseribed 
by c; = 0.20 kg/cm2 and <t>: = 17°. Thus, the slope is potentially unstable 
according to the concepts presented here. 
To obtain the region within the slope in which the stresses reach values 
2 
t !p, 
p, = Almospheric Pressure 
lnslabilily Line 
ef/p, ~ 0.20 
~; = 17° 
2 
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4 
a ·/p, 
6 
FIG. 11. Stress States along Clrcular Slip Surfaces Reach lnto Region of Potentlal 
Instabill ty 
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that a re in the area of potential instability in Fig. 11, the stress stat es ( cal-
culated at the middle of each slice) have been plotted in Fig. 12(a). This 
diagram shows values of (T - c;)ta' versus the horizontal distance from the 
toe. The stress states for which 
'T - c~ 
--, -' ~ tan <j>1 • • • • ••.••• • .•• • • • • •• ... .. .•. •. . •• . . •. ••••• ..• ( 11) (]" 
are within the region of potential instability. The range o f stresses for which 
this inequality is fulfilled is then transferred to the respective cireles in Fig. 
12{b), and a region of potential instability may be identified within the 
slope. 
To stud y the reliability of t his method for determination o f the stress stat e 
in a slope, another set of five cireles were employed. These cireles had a 
fixed center (namely that o f cirele 3 in the firs t series of analyses) and variable 
radius. The corresponding region of potential instability is indicated by a 
dashed line in Fig. 12(b). The two regionsarenot exactly the same. Thus, 
this method of obtaining the stress states in the slope is not entirely satis-
factory but may suffice for an approximate determination of the suscepti-
bility of a given slope to static instability and liquefaction. 
Finite element analyses of slopes (Wright et al. 1973; Pyke 1984) indicate 
that the ratio of shear stress to normal stress near the middle section of the 
slip surface may be obtained with reasonable accuracy from conventional 
equilibrium slope-stability methods. Near the upper end of the slip surface, 
this ratio tends to be higher, and near the lower end i t tends to be lower 
than obtained from the slope-stability methods. Thus, the real region of 
potential instability reaches higher up towards the crest of the slope than 
indicated in Fig. 12{b), and it may not reach as far down towards the toe 
as shown in Fig. 12(b). 
EfTect or Slope Height 
Using geometrically similar toe circles, such as those shown in Fig. IO, 
the influenee of slope height on the extent of the potentially unstable region 
was studied. Fig. 13 shows that the relative magnitude of the potentially 
unstable region increases with slope height, whereas slopes with heights 
smaller than approximately 90 ft do not have stresses reaching up into the 
critical stress region shown in Fig. 11. For slopes higher than 90ft, a region 
is present in whieh instability may be induced under essentially static loading 
conditions, e.g., due to increasing stresses eaused by the weight o f additional 
rain water. Once a loeal zone of instability has been created, the resulting 
pore pressure buiid-up will propagate and enlarge the unstable region in 
the slope. Thus, a progressively larger volume of unstable soil will be en-
gaged, and the slope will fail by static liquefaction. 
Note that instability is not produced along a particular slip surfaee , but 
rather, in a volume of soil within the slope, and elassical slope stability 
methods eannot be used to produee a factor of safety. A slope withalarge 
region of potentially unstable soil is perfectly stable as long as the soil 
remains drained. But the moment the soil becomes undrained, it beeomes 
unstable, and the volume of unstable material will spread beyond the eal-
culated houodaries indieated in Fig. 13. 
Other Slopes 
The regions of potential instability indicated on Fig. 13 are specific to the 
slope inelination and soil parameters assumed for t his study. However, these 
values are not unlike those found in actual tailings dams and spoil heaps. 
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An analysis of potential instability of a slope may take the form suggested 
herein: (l) Determine the failure line and the instability line for the given 
soil and soil density, both lines in terms of effective strength parameters, 
using consolidaled undrained triaxial compression tests with pore pressure 
measurements; (2) establish the approximate states of stress in the slope 
from effective stress analyses using a conventional slope-stability procedure 
and several slip surfaces; (3) compare the stresses with those required for 
potential instability; and (4) determine the region in the slope (if any) that 
may become unstable . 
CONCLUSIONS 
Soils exhibit nonassociated flow and they may therefore become unstable 
inside the effective stress faiture surface. Experiments have shown that soils 
arestable as long as they remain under drained conditions. Instabilily may 
be obtained under undrained conditions in the region where the yield surface 
opens up in the o utward direction of the hydrosiatic axis. Initiation of 
instability also requires that the soil tends to compress during undrained 
shear. Thus, loading (i.e., hardening inside the faiture surface resulting in 
large plastic strains) can occur under decreasing stresses, and this leads to 
unstable behavior under undrained conditions. The location of the lower 
boundary for instability, herein called the instability line , is identified. To-
gether with the effective stress faiture line it defines the region of potential 
instability. The instability o f a gen t ly inclined submarine slope and a steeper 
slope representing a taitings dam or a spoil heap are analyzed. Conventional 
stability analyses indicate both slopes to be stable. The analysis procedures 
present ed here clearly show the potential for instability, as actually ollserved 
in many submarine deposits of loose , fine sands and silts, and in tail-
ings dams or spoil heaps of granular materiais with properties of similar 
character. 
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ELASTO-PLASTIC STRESS-STRAIN THEORY FOR 
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(Rtctiøtd 2 Aug11st 1976; rtvistd TI January 1977) 
Allttnd-An elasto-plastic stress-strain theory for cohcsionless soil with curved yield surfaces is de· 
veloped on the basis of soil behavior observed in laboratory tests. This theory is applicable to general 
rhree-dimensional stress tonditions, but the parameters required to characterize the soil behavior tan be 
derived entirely from results of isotropit tompression and tonventional drained triaxial tompression tests. 
Tbe theory is shown to predict soil behavior under various loading tonditions with good atcuracy. Of 
special interest is its capability of predicting soil behavior under drained as well as undrained conditions 
over a range of confining pressures where the behavior changes from that typical of dense sand to that 
typital of loose sand. Work-hardeninø as well as work-softening is intorporated in the theory. 
l. INTRODUCTION 
The elasto-plastic stress-strain theory previously developed for cohesionless soils[1,2) reftects 
many of the characteristics of sand behavior observed in labaratory tests. Results of cubical 
triaxial tests on cohesionless soil[l, 3) and concepts from elasticity and piasticity were em-
ployed in fonnulating the theory, which incorporates a yield criterion, a non-associated flow 
rule, and an empirical work-hardening law. 
This stress-strain theory is applicable to general three-dimensional conditions, but the values 
of the nine soil parameters required to characterize the soil behavior can be derived entirely 
from the results of conventional triaxial compression tests. Several essential aspects of the 
behavior of cohesionless soil observed in experimental investigations are modeled by the 
theory: nonlinearity, the inftuence of u2, stress-path dependency, shear-dilatancy effects, and 
coincidence of strain increment and stress incre'ment axes at low stress levels with transition to 
coincidence of strain increment and stress axes at high stress levels. Results of cubical triaxial 
tests, torsion shear tests, and tests performed using various stress-paths were analyzed using 
this theory, and it was found that the stress-strain and strength characteristics observed in these 
tests were predicted with reasonable accuracy[l, 2, 4). 
Involved in this theory are some simplifying assumptions, which result in !imitations in its 
capabilities in some respects. Thus, only elastic strains are predicted for proportional 
loading[4), whereas labaratory tests show that proportional loading with increasing stresses 
eauses some plastic deformation. Experiments show that tailure envelopes for sands most often 
are curved in the Mohr diagram, whereas they are assumed to be straight in the previous 
theory. The gradual change in behavior characteristics with increasing confining pressure from 
those typical of dense sand to those typical of loose sand is not accounted for in the previously 
developed theory. 
Incorporation of additional aspects of the real behavior of cohesionless soils in the stress-
strain theory requires further development. The modilied theory presented herein is based on 
the behavior observed in isotropie compression and triaxial compression tests o n three different 
cohesionless soils, each tested at two different densities. All aspects of soil behavior included in 
the previous theory are retained, and the previous theory is merely a special case (i.e. for 
straight tailure envelopes) which is contained within the framework of the new theory. 
The accuracy of the theory presented here is evaluated by comparing predicted and 
measured strains for a number of labaratory test conditions. Thus, it is demonstrated that the 
theory can accurately predict soil behavior in triaxial tests over a range of confining pressures 
in whicb the maximum stress ratio decreases (curved failure envelope) and the volume change 
behavior becomes compressive with increasing confining pressure. The post-peak behavior is 
;: also correctly modeled in the range o f confirung pressures used in tb e tests. The predicted and 
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the measured behavior for proportional loading is compared. and "at rest" loading conditions 
can be calculated with good accuracy. Finally, pore pressures in undrained tests are predicted, 
and since stress-path dependency can be bandled by the theory[4] , most aspects of undrained 
behavior can be accounted for by the new theory. 
2. BASIC BEHAVIOR OF COHESIONLESS SOILS 
The development of the new theory is based on a consistent pattern of behavior observed 
from tests on three different cohesionless soils: Sacramento River Sand[5], Cmshed Napa 
Basalt[6], and Painted Rock Material(71. Each of the soils were testedat two different relative 
densities. These three soils had quite different characteristics in terms of composition, grain 
shape, grain size, and maximum and minimum void ratios. The diagrams used to illustrate the 
developments presented here refer to loose Sacramento River Sand (initial void ratio= 0.87, 
relative density= 38%). 
2.1 Types of strain 
For the purpose of modeling the stress-strain behavior of soils by an elasto-plastic theory, 
the total strain increments, {dE1J}, are divided into an elastic component, {dEff}, a plastic collapse 
component. {dEff}, and a plastic expansive component, {dEJ;}, such that 
(l) 
These strain components are calculated separately, the elastic strains by Hooke's law, the 
plastic collapse strains by a plastic stress-strain theory involving a cap-type yield sudace, and 
the plastic expansive strains by a stress-strain theory which involves a conical yield sudace 
with apex at the origin of the stress space. 
Figure l illustrates schematically the parts of the total strain which for the present purpose 
are considered to be elastic, plastic collapse, and plastic expansive components of strain in a 
triaxial compression test. Typical observed variations of stress difference (ut- O'J), and 
volumetric strain, E., with axial strain. Et. are shown in this tigure for a test pedormed with 
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Fig. l. Schematic illustration of elastic, plastic collapse and plastic expansive strain components in drained 
triaxial compression test. 
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constant value of the confining pressure. Ul- Both elastic (recoverable) and plastic (irrecover-
able) deformations occur from the beginning of loading of a cohesionless soil, the stress-strain 
relationship is nonlinear. and a decrease in strength follows peak failure. The volumetric strain 
is initially compressive and this behavior may be followed by expansion (as shown in Fig. l) or 
by continued compression. The plastic strains are initially smaller than the elastic strains, but at 
higher values of stress difference the plastic strains dominate the elastic strains. The nature of 
the elastic, plastic collapse, and plastic expansive strain components and the methods of 
calculation for these components are discussed in the following. 
3. ELASTIC STRAINS 
The elastic strain increments, which are recoverable upon unloading, are calculated from 
Hooke's law, using the unloading-reloading modulus defined as[8]: 
( Ul)" E.,= K., . Pø - p. (2) 
The dimensionless. conslant value of the modulus number K., and the exponent n are 
determined from triaxial compression tests performed with various values of the confining 
pressure, UJ- In equation (2) Po is atmospheric pressure expressed in the same units as E., and 
U). 
The value of Poisson's ratio has often been found to be close to 0.2 for the elastic parts of 
unloading-reloading stress-paths{S-10]. This value is therefore used in the following cal-
culations. 
4. PLASTIC COLLAPSE STRAINS 
Part of the strains occurring during isotropie compression are irrecoverable, i.e. they are 
plastic in nature. Thus, a partial collapse of the grain structure resulting in a volumetric 
compression is caused by increasing isotropie stresses. This is iUustrated in Fig. 2 for loose 
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Fig. 2. Isotropie compression o f loose Sacramento River Sand with primary loading, unloading and re loading 
branches. 
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Sacramento River Sand. The elastic strains which are recoverable upon unloading can be 
calculated with good accuracy from Hooke's law as shown in this figure. The collapse strains 
can therefore be separated from the total strains observed in these tests by subtracting the 
elastic strains. 
It is reasonable to believe that plastic collapse strains are produced by any iocrcase in mean 
normal stress, and that within this mode of behavior. plastic shear strains will be associated 
with shear stresses acting on the soil. However, it is difficult to separate the collapse strains 
from the plastic expansive strains for a general stress increment (not along the hydrosiatic axis), 
because both types of strain occur simultaneously for such a stress increment. lt is therefore 
necessary to find the magnitudes of the collapse strains from isotropie compression, the only 
loading condition which does not produce plastic expansive strains. 
4.1 Yie/d criterion. 
In order to model the deseribed behavior, a yield eriterion which forms a cap on theopen 
end of the conical yield surface is used. Figure 3(a) shows the position of the yield cap. 
Cap-type yield criteria have been proposed in order to account for the plastic collapse strains 
occurring during isotropie compression{ll-14). Very often such cap yield surfaces have been 
continned smoothly into a conically shaped surface in such a way that the normality condition 
from theory of perteet plasticity[15,16) could be employed over the entire surface[11,12). Two 
yield surfaces, a cone and a cap, have been used more recently[13, 14). 
In the present development a collapse yield eriterion which forms a sphere with center in 
the origin of the principal stress space is used in conneelion with the conical yield surface. The 
equation for the yield cap can be written in terms of the first and the second stress invariants, J, 
and h as follows: 
(3) 
As the value of {c increases beyond its current value, the soil work-hardens and collapse strains 
are produced. It should be noted that yielding according to equation (3) does not result in 
eventual failure. Failure is controlled entirely by the conical yield surface. 
4.2 Plastic potential and flow rule 
Isotropie compression of an isotropie soil results in equallinear strains in the three principal 
directions. Thus, for this condition the strain increment vector should be pointed in the 
direction outward from the origin and coincide with the hydrosiatic axis, as shown in Fig. 3(a). 
For this condition to be fulfilled the plastic potential function, gc, must be identical to the yield 
criterion, {c. The flow rule is then derived from: 
CONICAL VI ELO SURFACE 
CONICAL YIELD 
SURFACE 
? 
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0.001 
0.0001 ....__....._ _ _.__ ........ _ ......... _ ....... 
1 10 100 1000 10,000 100,000 
(fcfp~) 
Fig. 3. (a) Location of yicld cap relative to conical yield surface shown in triaxial plane. (b) relation 
bctween plastic collapse work. W<. and tbc value of f< for loose Sacramcnto River Sand. 
(4) 
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where åA, is a proportionality constant. The derivatives of f, with respect to the normal 
stresses become: 
o fe 
- = 2·u, 
au. 
(5a) 
and similar expressions are obtained for the other normal stresses by interchanging the indices 
on the stresses. The derivatives of f, with respect to the shear stresses become: 
o fe 
- = 2·r1, OTyz 
(5b) 
and similar expressions are obtained for the other shear stresses by interchanging the indices on 
the stresses. 
4.3 Work-hardening /aw 
The collapse stress-strain relationship involves one parameter. åAc, which delermines the 
absolute magnitude of the strain increment. The value of åA, can be determined from the 
work-hardening law. 
The magnitudes of the strain increments can be calculated using an experimentally deter-
mined relation between the total plastic work required to produce collapse strains, W,, and the 
degree of hardening expressed by fe (from eqn 3): 
(6) 
where Fe is a monotonically increasing, positive function. It is assumed that the relation 
expressed in eqn (6) is unique, and this implies that the work-hardening relationship is 
independent of the stress-path. 
The relationship expressed in eqn (6) can be determined empirically from an isotropie 
compression test. The plastic work is calculated from 
(7) 
which for isotropie compression reduces to 
(8) 
where U J • dE/ is the plastic work done per unit volume during the volumetric strain increment 
dE/ . 
The value of f , reduces for isotropie compression to 
fe = 3 · a/ . (9) 
The diagram in Fig. 3(b) shows the relationship between Wc and fe plotted on log-log scales 
for loose Sacremento River Sand. This relationship can be deseribed with good accuracy as a 
straight line for which the foliowing expression is used 
(
f p 
W,= C· p.· ~). (IO) 
The dimensionless, constant value of the collapse modulus C is determined at fdp/ = l and the 
collapse exponent p is the slope of the straight line as indicated in Fig_ 3(b). In eqn (10) p. is 
atmospherie pressure expressed in the same units as Wc and VTc. 
Noting that the yield eriterion in eqn (3) is a homogeneous funetion of degree 2 and foliowing 
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the development outlined in[17], the proportionality constant .1.\, in eqn (4) can be written as: 
(Il) 
where dW, is the increment in plastic collapse work over the increment df, (;::O). The value of 
dW, may be determined from the derivative of W, (given in eqn IO) with regard to (jJp0 2): 
2 1-p 
dWc =C· p· Po· e:) · d(fc/po2). (12) 
The plastic collapse stress-strain relations are then determined from eqns (4), (5), (li) and 
(12). 
S. PLASTIC EXPANSIVE STRAINS 
The component of strain which has been referred to as plastic and expansive is shown in 
Fig. l. Experimenta1 evidence suggests, however. that som e compression occurs due to shear 
stresses at smal! stress levels before the plastic strains become expansive at higher stress 
levels[l8, 19]. Although compression is included, the component of strain dealt with in this 
section will be referred to as plastic expansive strain. 
5.1 Faiture criterion-failure surface 
The failure surface is curved for most cohesionless soils, i.e. the frietion angle decreases 
with increasing magnitude of the mean normal stress. In order to inelude this curvature in the 
failure criterion, data from triaxial compression tests on many ditferent cohesionless soils were 
studied. A suitable relationship between the stresses at failure was developed in terms of the 
first and the third stress invariants, la and Il: 
(13a) 
fp = TJ• at failure . (13b) 
The values of 111 and m in eqn (13) can be determined by plotting Uallll""27) vs (pøl la) at failure 
in a log-log diagram, as shown in Fig. 4 for loose Sacramento River Sand. On this diagram 111 is 
the intercept with (pøl l,)= l and m is the slope of the straight line. 
In principal stress space the failure surface defined by eqn (13) is shaped like an asymmetric 
bullet with the pointed apex at the origin of the stress space as shown in Fig. 5(a). The apex angle 
increases with the value of '7•· and tbe curvature of the failure surface increases with the value of 
m. For m =O the failure surface is straight and the ex pression in eqn (13) becomes identica1 tothat 
used in the previous theory[1,2]. Figure 5(b) shows typica1 cross-sections for given values of 
J, l/Il and for constant value of 11• These cross-sections are exactly the same as for the previous 
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Fig. 4. Determination of the values of 'h and m involved in failure eriterion for loose Sacramento River Sand. 
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Fig. 5. Characteristics ot proposed tailure and yield surfaces shown in principal stress space. (a) Traces ot 
tailure and yield surfaces in triaxial plane. (b) Traces ot tailure and yield surfaces in octahedral plane. 
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theory, and it has been shown that they model the experimentally determined three-dimensional 
strengths o f sand s with good accuracy (l, 2] . 
The failure surface given in eqn (13) is always concave towards the bydcostatic axis. 
However, the real failure surfaces for cohesionless soils open up and become conical at very 
high values of the mean normal stress [5]. The failure eriterion is therefore only valid in the 
range of mean normal stresses where the failure surface is concave towards the bydcostatic 
axis. This range of mean normal stresses is dependent on the integrity of the soil grains, and 
only when crushing becomes an important factor in the soil behavior does the real failure 
surface deviate fromthat expressed in eqn (13). However, for most soils the stresses necessary 
to produce appreciable crushing are of a magnitude to be found, e.g. at the bottom of very talt 
earth dams. 
5.2 Yield surface-yield eriterion 
The yield surface, which defines the boundary between states of stress where both elastic 
and plastic deformations occur and those where only elastic deformations occur, is assumed to 
have the same general shape as the Cailure surface and to be expressible by eqn ( 13a). During 
continued loading the yield surface expands symmetrically around the hydrostatic axis as the 
value of fp increases, such as shown in the insert in Fig. 5. The ultimate position of the yield 
surface for which fp = 111 is the failure surface for the sand. During unloading and neutral 
loading, the yield surface remains in the same position corresponding to the highest value of fp 
previously applied to the sand. Thus, the soil is assumed to harden isotropically. 
5.3 Plastic potential and flow rute 
It is often assumed in piasticity theory that the plastic potential and the yield eriterion are 
identical. This assumption was employed for the behavior of the plastic collapse strains. 
However, it has been found that this assumption is not accurate for the plastic expansive strain 
component[3, 4, 20, 21]. The plastic potential function incorporated in the theory deseribed 
herein is expressed in a form similar to the faiture criterion: 
(14) 
where 112 is a constant for given values of fp and O"J. The plastic potential function describes a 
series of surfaces which are normal to the plastic strain increment directions. The selection of 
the function in eqn (14) was basedon observations made during this and previous studies(l-4] 
of the directions of plastic strain increments determined from experiments. 
The plastic potential surfaces given by eqn (14) are shaped like asymmetric bullets with 
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their pointed apices at the origin of the stress space. Their traces in actahedral planes are the 
same as those for the yield surfaces (Fig. 5b). Their traces in triaxial planes resemble those of 
the yield surface (Fig. 5a), but their apex angles are greater, they aremore curved, they cut the 
yield surfaces, and they become asymptotic to the hydrostatic axis at a greater rate than the 
yield surfaces. 
The relation between stress and strain is derived according to the foliowing expression: 
iJgp 
å ~ = åA ·-
•• p OCTIJ 
(15) 
which expresses that the strain increments are proportional to the derivatives of the plastic 
potential. The derivatives of gp with respect to the normal stresses become: 
iJgp 2 ( (P•)'") ( 2 ) IJ (P•)'" 
- = ) ' f1 - 27 + '72' - ' U 1 ·Ur - T 1r +- ' m ' '72' -
au. I 1 I. I. 
and similar expressions are obtained for the other normal stresses by interchanging the indices 
on the stresses. The derivatives of gp with respect to the shear stresses become: 
(16b) 
and similar expressions are obtained for the other shear stresses by interchanging the indices on 
the stresses. 
A significant feature of the stress-strain relations is that they model the coupling between 
shear stresses and normal strains (eqns 15 and 16a) and between normal stresses and shear 
strains (eqns 15 and 16b). These coupling effects are consistent with observed soil behavior. 
Two parameters are involved in the stress-strain relationship: åAp and '72· The value of åAp 
delermines the magnitude of the plastic strain increment, and the value of '72 delermines the 
directions of the strain increments in planes perpendicular to the actahedral plane. 
The value of '72 may be determined from the directions of the plastic strain increments in 
the triaxial plane, as shown for the similar strain increment directions in conneelion with the 
previous theory[1, 2]. '72 can be determined by expressing: 
(17) 
Substituting expressions for åE•P and åEl from eqns ( 15) and (16a) in to eqn (17) and solving 
for '72 gives: 
(18) 
"
2 
= (P•)'" [ m · (I + Jl' ) · r. ] · J; • U ) . (CTJ + ,!' • U l )- fp • (paJlJ)"' + 27 
lt is assumed that the values of T/2 calculated from the triaxial compression tests at any 
stress level are the correct values to use for prediction of the relative magnitudes of the strain 
increments at the same stress levels in tests with any combination of the three principal 
stresses. This assumption was shown to result in good agreement between observed behavior 
and the predictions of the previous theory[1, 2]. 
Values of T/2 were calculated from eqn (18) and plotled as a function of fp given by eqn 
(13a). In order to determine the ratio "P= - 6.E3Pffl.d from the triaxial compression tests, the 
plastic expansive strain increments were calculated by subtracting the elastic and the plastic 
callapse strains from the total strains according to eqn (l). The variation of T/2 with fp and UJ is 
shown in Fig. 6(a) for loose Sacramento River Sand. lt may be seen from this ligure that T/2 is 
very near1y Iinearly related to fp for conslant values of U ) . The slopes of the straight lines are 
the same,. but the intercept of the lines with the T/raxis vary with U ) . The variation of T/2 can be · 
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modeled by a simple expression of the foliowing type: 
T/2 = s . f + R . l CTJ + t 
p 'J p. (19) 
where S is the slope of the straight lines, and the last two terms model the variation of the 
intercept. R and t are conslants to be determined as shown on the diagram in Fig. 6(b). 
Considerations of the strain increment ratios suggest that the value of 112 should be zero for 
isotropie stress conditions where the value of {p is also zero. However, the plastic strains 
which occur for very small values of fp are negligible, and the faet that the straight lines, which 
model the variations of 112. do not go through the origin is therefore not of practical importance. 
Negative values of 112 correspond to plastic volumetric strains which are compressive, 
whereas positive values of 112 correspond to plastic expansive strains. Figure 6(a) shows that 
Ioose Sacremento River Sand compresses slightly at small stress levels before expansive strains 
are produced at high stress Ievels. The diagram indicates that the initial compression is most 
pronounced for high confining pressures, which is in accordance with observed soil behavior. 
The experimental data show that the values of 112 are smaller than fp, thus indicating that the 
plastic potential surface and the yield surface do not coincide. If 112 was equal to !P at all stress 
Ievels, the plastic potential tunetion in eqn (14) would be identical to the yield tunetion in eqn 
(13a) and the normality eriterion would apply to the soil. However, Fig. 6(a) indicates that the 
chosen yield eriterion eannot substitute as the plastic potential function for cohesionless soil. 
5.4 Work-hardening and -softening law 
The magnitudes of the strain increments caused by a given stress increment can be 
calculated using an experimentally determined relation between plastic work and stress level. 
An isotropie work-hardening and -softening law is employed, and this implies that the yield 
surface expands or contraels uniformly and that the degree of hardening or softening is 
independent of stress-path. Thus, according to the isotropie hardening hypothesis, there exists a 
unique relationship between the total plastic work Wp and the degree of hardening or softening 
expressed by the value of IP (given by eqn 13a): 
(20) 
where FP is a monotonically increasing or decreasing, positive function. 
The relationship expressed in eqn (20) can be determined empirically by calculating the 
plastic work and plotting its variation with fp. The plastic work at each stage of the triaxial 
compression tests was calculated from 
(21) 
in which {ul;}r{dE!/} is the plastic work done per unit volume during the strain increment {dE!/}. 
The diagram in Fig. 7 shows the variation of the total plastic work with the value of fp and the 
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Fig. 7. Variation of total plastic work with f, and u1 for loose Sacramento River Sand. 
confining pressure u 3• The faet that very small or negligible plastic strains are produced at smal) 
stress levels (as shown schematically in Fig. l) is reflected in the work-hardening relationsbips 
which have vertical tangents at the origin. Increasing increments of plastic strains are produced 
with increasing stress levels. Figure 7 also demoostrates a significant influence of the confining 
pressure on the amount of plastic work necessary to produce plastic strains at high stress 
levels. The peaks of the relationsbips all occur at fp = '1•· but the amount of plastic work 
required to reach the peaks increases with increasing confining pressure. The decreases in the 
values of fp with further work input also follow a consistent pattern which depends on U J, as 
shown in Figure 7. This post-peak behavior is referred to as work-softening or strain softening. 
In order to be able to handle both work-hardening and work-softening, it is necessary to 
consider the tunetion FP in eqn (20) first as monotonically increasing and then as monotonically 
decreasing. Therefore, the value of Wp at the peak stress level (i.e. at peak failure) is used to 
distinguish between the parts of the relation between WP and fp where FP is increasing and the 
parts where FP is decreasing. 
The plastic potential tunetion for the plastic expansive strains (eqn 14) is not a homogeneous 
function. However, proceeding as in [17), the operations indicated in the expression 
en;· (og"/ou;;) result in 
ogp (P•)'" u;; · - = 3 · gp + m · '12 • - · h. 
OUif lt 
(22) 
The value of the proportionality constant ÅÅp in eqn (15) can therefore be written as 
dWp 
ÅÅp = '" 3·gp+m·m·('J.) ·h (23) 
where gp is the plastic potential tunetion and dWp is the increment in plastic work due to an 
increase in the stress level dfp. 
The increment of plastic work per volume, dWp, can be determined from the relations 
between WP and fp shown in Fig. 7. These rlations can be approximated by exponential 
tunetions for which the foliowing expression is used: 
w. l /q 
fp = a · e -b · w, · (P:) , q > O (24) 
where the parameters a, b and q are constants for a given value of the confining pressure UJ. 
The expression in eqn (24) models several aspeels of the work-hardening and work-
softening behavior shown in Fig. 7: (l) The initial tangent is vertical, and the expression 
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therefore models the soil behavior at the origin, as discussed above; (2) the value of fp 
increases with WP until a peak value is reached; and (3) fp decreases with further increase in 
Wp in a way similar to that exhibited by the soil behavior. The only limitiation of the 
exponential expression in eqn (24) is that the value of fp decreases asymptotically to zero for 
very large values of Wp. Thus. it implies that the residual strength of the soil is zero. However, 
eqn (24) models the soil behavior very accurately within strain magnitudes of interest, and only 
for very large strains does it deviate from the observed soil behavior. 
The values of q, a and b in eqn (24) can be determined for a given value of the confining 
pressure according to the foliowing expressions: 
( Wpp•G.t) ( Wp60 ) log --- l--- ·loge 
Wp60 Wpp<G.t q=--~'-------'-'=---
log (,:J (25) 
where ( Wp60, fp60) and ( Wpp<G.t. 111) are two sets of corresponding values o n a curve in Fig. 7 and 
e is the base for natura! logarithms. Any two points on a curve could in principle be used for 
determination of q, but the best overall curvefit is obtained when the peak point of the curve 
and the point corresponding to 60% of 111 on the work-hardening part of the curve are used. 
(e. P•) 1/q 
a=111· --
Wpp•G.t 
(26) 
and 
b= l (27) q· w.,.... 
where q is determined from eqn (25), e is the base for naturallogarithms and Wpp<G.t is the value 
of Wp at the peak point. 
The variation of Wpp<G.t with the confining pressure u3 is shown on the diagram in Fig. 8(a), 
and this variation can be approximated by a straight line in the log-log diagram, such that 
(u,)' w ••••• = p . p. . p. (28) 
where P and J are constants to be determined as shown on Fig. 8(a) and p. is atmospheric 
pressure expressed in the same units as Wpp<G.t and u3• 
The variation of q with confining pressure UJ is shown on the diagram in Fig. 8(b), and this 
variation can best be modeled by a simple expression as follows: 
0.1 ..._ _ __._ _ ....._ _ _..L_--J 0.._ ___ ....._ __ ....._ _ --J 
0.3 3 10 30 o 10 15 
(u3IP1 I 
F"tg. 8. (a) Variation of w,. ... witb confirung pressure u, and (b) variation of q with confining pressure u1 for loose Sacrameoto River Sand. 
(29) 
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where a and {J are. respectively, the intercept and the slope of the straight lineshownon Fig. 
8(b). 
The solid lines on Fig. 7 have been drawn on the basis of the relationship in eqn (24) and the 
values of a, b, and q determined from eqns (26H29). lt may be seen that the expression in eqn 
(24) models all aspects of the observed soil behavior with good accuracy for all values of the 
confining pressure O'J. 
Based on the expression in eqn (24) the increment in plastic work can bc expressed as 
follows: 
d W. = dfp. ----
p t. (-~--b) 
q · w. 
(30) 
where q is given by eqn (29), b is given by eqns (27) and (28), J. is the current value of the 
stress level, and df. is the difference in J. between two successive stress states. 
1t should be noted that it is important to distinguish between the work-hardening and the 
work-softening parts of the w. - t. relationship, because two values of w. corresponds to the 
same value of f •. This is best done by comparing the current value of w. with w ...... calculated 
from eqn (28). Thus. for w. < Wpp<Gk the soil is work-hardening and for w. > w ...... the soil is 
work-softening. For w. = w ...... the value of d W. in eqn (30) is infinite. For all other conditions 
the value o f d W. is positive and definite. The calculations presented in Section 7 were made o n the 
basis o f total stresses rather than stress increments. and the condition w. = W••••• could therefore 
easily be avoided with no loss in accuracy. 
6. SUMMARY OF STRESS·STRAIN PARAMETERS 
The values of the parameters inelurled in the elasto-plastic stress-strain theory presented 
above can be evaluated using only the results of isotropie compression and conventional 
drained triaxial compression tests. The values of the parameters were determined from the 
results of tests on Sacramento River Sand. Crushed Napa Basalt, and Painted Rock Material. 
each tested at two different relative densities. The parameters are Iisted in Tabte l. lt should be 
noted that none of these parameters have dimensions. All dimensions are controlled. where 
appropriate, by the dimension of the atmospheric pressure, p., as e.g. in eqn (28). The 
parameters in Tabte l may be used to calculate strains in the respective soils for any 
combination of stresses and changes in stress during primary loading, neutral loading. unload-
ing, and reloading. 
Table l. Summary of soil parameters for Sacramento River Sand. crushed Napa basalt, and painted rock material 
~ Sacramento River Sand C rushed Nap a Basal t Painted Rock Matertal Strain Compenene r 
Relative Density, D r(%) 100 38 100 70 100 70 
Voi d Ratio, • 0 .61 0. 87 0.53 0.66 0.40 0.48 
Hodulua No. , K 1680 1520 900 1580 730 
l 
Elastic 960 
E.xponent , n ur 0.57 0.57 o. 34 0.38 0.49 0.66 
Pot saon's Ratio, v 0.20 0.20 0.20 0.20 0.20 o. 20 
Callapse Modulus, C 0 . 00023 0.00028 0.00075 0.00120 O.OOlOO 0.00140 Plastic 
Callapse Exponent, p 0.86 0.94 o. 74 o. 775 0.63 0.644 Collapae. 
Yield Const., Flt 80 28 280 130 101 67 
Yi eld Exponent, m o. 23 0.093 0.423 o. 30 0.21 0. 16 
Pl. Potent . Const., R -2. 95 
-1.00 - 5.90 -3.03 -2.34 -2.21 
Pl. Potent. Conat., s 0 .44 0.43 0.41 0.40 0.44 0.44 Plasti c 
Pl. Potent . Const. , t 8 .45 o.oo o.oo o.oo 2.80 3.10 Expansive 
Work-Hard. Cons t ., Q 3.00 3.00 2. 22 2. 35 J . 45 3.28 
Work-Hard . Conet .. t s 0.060 -0.076 -0. 023 -0.046 - 0.033 -0 . 029 
\lork-Hard. Conet. t P 0.12 0 .24 0.50 0.35 0.12 0.080 
Work-Hard. Exponent, t 1.16 1.25 1.09 1.23 1.38 1.61 
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7. PREDICTION OF SOIL BEHAVIOR FOR VA RlOUS LOADING CONDITIONS 
To test the abilities of the elasto-plastic stress-strain theory developed in the previous 
sections, predictions of this theory are compared to measured soil behavior for a variety of 
loading conditions. In addition to results of drained triaxial compression tests, experimental 
data are available for proportional loading and undcained compression on Sacramento River 
Sand and for "at rest" loading conditions on Crushed Napa Basalt and Painted Rock Material. 
These types of loading conditions are of special interest because they were either predicted 
with only moderate accuracy or they were not compared to the predictions of the previous 
theory. Appropriate computer programs were developed to perform the necessary calculations 
involved in using the theory for prediction of the various loading conditions. Only the soil 
parameters Iisted in Tabte l are used for all predictions. 
7 . l Drained triaxial compression tests 
The relation between stress difference, volumetric strain, and axial strain for drained 
triaxial compression tests were delecmined by specifying discrete stress points for such tests 
and calculating the strain inecements from the theory. The comparison between measured and 
calculated stress-strain and volume change behavior for loose and dense Sacramento River 
Sand is shown in Fig. 9. The points in these tigures represent the measured soil behavior and the 
solid lines represent the calculations from the theory. 
Most aspects of the soil behavior are calculated with good accuracy using the stress-strain 
theory. Notably, the decrease in maximuro stress ratio, udu3, with increasing confining pressure 
is well accounted for, and the gradual variation of the volumetric strain behavior, from being 
expansive at small confining pressures to being compressive at high confining pressures , is also 
modeled correctly by the theory. The predicted post-peak stress-strain curves are in good 
agreement with those measured within the range of strains considered. 
7.2 Proportional loading 
Proportional loading is defined as a loading condition where the ratio between the principal 
stresses is held conslant while the stress magnitudes are increased or decreased. Tests with 
proportionalloading and decreasing stresses result in only elastic strains[4, 22, 23]. Proportional 
loading with increasing stresses results in both e lastic and plastic strains. and the measured 
(el 
M 3 
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·6 
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~ ·2 
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' 1'"' '1'"' 
Fig. 9. Comparison between measured and predicted stress-strain and volume change behavior for (a) loose 
and (b) dense Sacramento River Sand in drained triaxial compression tests. 
., 
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axial and volumetric strains generall y become large r with increasing stress ratio [ 4, 9, 22, 23]. 
Curved yield surfaces are used for the plastic expansive strains, and both yield surfaces, the 
cone and the cap, are therefore pushed out when the stresses are increased proportionally. 
Thus, both elastic and plastic strains will occur for proportional loading with increasing 
stresses. Only elastic strains are predicted by the theory for conditions of constant stress ratio 
and decreasing stresses, which is in accordance with observed soil behavior[4]. 
Prediction of stress-strain relations for proportional loading were performed by specifying 
discrete stress points and calculating the strain inecements from the theory. Figure IO shows 
observed and predicted strains for proportional loading conditions with increasing stresses on 
loose and dense Sacramento River Sand. Stress ratios of UlO, I.TI, 2.20 and 2.80 were used in 
the tests. Figure IO(a) shows that the axial strains for the loose sand are calculated to be 
somewhat higher (solid lines) than those measured (points). However, the volumetric strains are 
fairly accurately predicted for all values of the stress ratio. Figure IO(b) shows that both axial 
and volumetric strains for the dense sand are predicted with good accuracy for all stress ratios. 
The volumetric compression of the dense sand is quite similar in magnitude for all stress ratios 
used, whereas the loose sand shows increasing volumetric compression with increasing stress 
ratio. This difference in behavior is predicted by the theory. 
7.3 "At rest " loading conditions 
Tests performed on specimens under conditions of zero lateral strain are referred to as "at 
rest" tests or Ko-tests, where Ko is the coefficient of earth pressure at rest which may be 
defined as[24]: 
K - {~D'l) 
0 
- \Aa1 ,,. -o (31) 
where Au3 and Au1 are the inecements in the principal stresses such that no lateral strain 
occurs. For the case of increasing stresses both plastic and elastic strains are produced, 
whereas mainly elastic strains occur in the specimen for the case of decreasing stresses [24]. 
For increasing stresses the plastic and the elastic strains cancel each other out such that the 
total lateral strain is zero: · 
(32) 
where AEh•, AEh<, and AEhP refer to lateral inecements in elastic, plastic collapse, and plastic 
expansive strains. 
The soil behavior during Ko-tests was calculated by specifying the vertical stresses and 
using a simple iteration procedure to find the· horizontal stresses that would result in lateral 
strains fulfilling eqn (32) within specified narrow limits. The results of a Ko-test on dense 
Crushed Napa Basalt (relative density= 100%) are shown on Fig. Il. The predicted behavior 
(b) 
O -o11o3 • 1.00 
b. -o1io3 • 1.n 
Fig. IO. Comparison of measureel and predicted strains for proponionalloading with increasing stresseson 
(a) loose and (b) dense Sacramento River Sand. 
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Fig. Il. Comparison of measured and predicted (a) stresses and (b) stress-strain relationship in K. ·test on 
dense crushed Napa basalt. 
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(solid lines) is seen to cerrespond very well to the measured behavior (points) for increasing 
stresses. The value of Ko calculated from eqn (3) is not constant as is often assumed. Ko 
increases with increasing stresses, and this aspect of the soil behavior is accurately predicted by 
the theory. No test results were available for decreasing stresses, but tests by others [25-27) 
indicate that they follow a pattern show n by the lines denoted "Decreasing Stresses." The 
states of stress and the axial strains indicated by these lines are actually the ones predicted by 
the theory. The value of Ko for decreasing stresses may be calculated from elasticity theory 
and corresponds to Ko= JJ{(l - v), where v = 0.2 is Poisson's ratio. 
7.4 Undrained triaxial compression tests 
The prediction of pore pressures and soil behavior in undrained tests on saturated speci-
mens is based on the condition that no volume change occurs in the soil for an y load increment: 
!!l. t.: + !!l.t..C + !!l.t./ = o (33) 
where !!l.t.:, !!l.t..C and l:J.t./ are the volumetric strain components corresponding to the three 
types of strain occurring in the soil. The calculation of pore pressures was performed by 
specifying the chamber pressure and discrete values of effective stress ratio, ui/u], or stress 
difference, (U t- U)). The effective confining pressure producing volumetric strains which would 
satisfy eqn (33) within specifled limits was found by iteration. The pore pressure was then 
calculated as the difference between the chamber pressure and the required effective confining 
pressure. It should be noted that calculation of pore pressures and soil behavior using the 
restraint in eqn (33) is based on the faet that a balance can be found between the compressive 
volumetric strains, !!l.t.: and !:J.t./, and the expansive volumetric strains, !:J.t./, such that their sum 
is zero at each stress level. 
The results of isotropically consolidated undrained triaxial compression tests were available 
for loose and dense Sacramento River Sand[28], and these results were used for comparison 
with the predictions of the theory. Two examples which illustrate the capabilities of the theory 
are shown in Fig. 12. The test on loose sand was performed with an initial effective confining 
pressure of 12.65 kg/cm2• Figure 12(a) shows that the variation of both the effective stress ratio, 
ui/u], and the pore pressure, u, with axial strain is correctly predicted. The initial effective 
confirung pressure for the teston dense sand was 10.50 kg/cm2 as shown in Fig. 12(b). After the 
initial increase, the pore pressure decreased to -0.9 kg/cm2 at which cavitation of the pore 
water was observed. After cavitation was initiated, the specimen expanded as in a conventional 
drained test. The faet that cavitation occurred at - 0.9 kg/cm2 was included in the calculations. 
1034 
4 
. M J 
~ 
·-" 2 
P. V. LADE 
(b) 
oceu • 10.50 kg/cm2 
f: c= j ;.:[:~~L..___~~! 
o 10 20 30 25 10 20 30 
'1(%1 
Fig. 12. Comparison of measured and predicted stress-strain. pore pressure. and volume change behavior 
for undrained tests on (a) loose and (b) dense Sacramento River Sand. 
The observed stress-strain, pore pressure, and volume change behavior in the undrained test on 
dense sand is also predicted accurately by the theory presented herein. 
8. SUMMARY AND CONCLUSIONS . -
An elasto-plastic stress-strain theory for cohesionless soil wfth curved yield surfaces has 
been developed on the basis of the soil behavior observed ·in isotropie compression and triaxial 
compression tests performed on three different cohesionless soils, each tested at two different 
relative densities. This development constitutes an expansion of a· previously presented 
stress-strain model such that additional aspects of soil behavior could ·be incorporated in .the 
theoretical framework. The yield criterion, the plastic potential, and the work-hardening Jaw 
included in the constitutive Jaw presented here have all been modilied relative to those used in 
the previous theory. In addition, work-softening is included in the new theory, and the 
irrecoverable strains which occur during isotropie compression are modeled by a separate 
piasticity theory which involves a cap-type yield surface. 
The accuracy of the modilied theory has been evaluated by comparing predicted and 
measured strains for several types of Jaboratory tests performed on loose and dense sand. 
Thus, it is demonstrated that the modified theory can accurately predict soil behavior in triaxial 
tests over a range of confining pressures in which the maximum stress ratio decreases (curved 
failure envelope) and the volumetric strain behavior gradually changes from expansive to 
compressive with increasing confirung pressure. The post-peak behavior is also correctly 
modeled in the range of confining pressures employed in the tests. The predicted behavior for 
proportional Joading with increasing stresses is compared with the measured behavior for one 
of the cohesionless soils in Joose and dense states, and stresses as well as strains occurring 
under Ko·conditions can be calculated with good accuracy. Finally, the stress-strain and pore 
pressure behavior observed in undrained tests on both loose and dense sand are accurately 
predicted. 
None of the aspeels of soil behavior inelurled in the previous theory have been sacrificed in 
the elasto-plastic theory presented here. The previous theory is merely a special case included 
in the modilied theory, i.e. for straight Cailure envelopes the modilied theory without the cap is 
similar to the previous theory. Therefore, the modified theory is applicable to general three-
dimensional stress conditions, but the tourteen soil parameters required to characterize the soil 
behavior can be derived entirely from the results of isotropie compression and conventional 
drained triaxial compression tests. 
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INTRODUCTION 
Prediction of soil and pore pressure behavior under undcained loading conditions 
is often important for analyses of movements and failure of soil masses and 
soil-structure interaction problems. Detailed analyses of deformation and pore 
pressure distribution for problems involving simple as well as complex boundaries 
may be performed using the finite element method. This method of analysis 
requires a constitutive model for the soil behavior that accurately accounts 
for various aspeels of stress-strain and strength characteristics as may be observed 
in labaratory tests. 
An elasto-plastic stress-strain theory for cohesionless soil with curved yield 
surfaces has been presented previously (13). The principles involved in this 
theory and its ability to model various aspeels of observed soil behavior are 
briefly described. It is demonstrated herein that this theory is applicable to 
prediction of soil and pore pressure behavior in undcained tests on loose and 
dense sand over a range of confining pressures. Based on the behavior observed 
in drained and undtained tests on cohesionless soil as well as the analysis of 
such tests, the condition of faiture and its importance for prediction of undtained 
behavior is examined. 
5TRESS-5TRAIN T HEORY 
The details regarding development and determination of appropriate soil 
parameters for the stress-strain theory employed here have been presented by 
the writer (13). The basic principles of the theory are outlined herein. 
For the purpose of modeting the stress-strain behavior of soils by an elasto-
plastic theory, the total strain increments, d~lj ' are divided into an elastic 
Note.-Discussion open until November l, 1978. To extend the closing date one month. 
a written request must be filed with the Editor of Technical Publications, ASCE. This 
paper is part of the copyrighted Journal of the Geotechnical Engineering Divisioo, 
Proceedings of the American Society of Civil Engineers, Vol. 104, No. GT6, June, 1978. 
Manuscripl was submitted for review for possible publicalianon October 2t, 1978. 
1 Asst. Prof. of Engrg. and Applied Sci., Univ. of Califomia, Los Angeles, Calif. 
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component, dE~, a plastic collapse component, d~. and a plastic expansive 
component, dE~, such that 
dE l}= (dE~) + (dE~)+ (dE~) ... ........ .. .. .. ....... . (l) 
These strain components are calculated separately, the elastic strains by Hooke's 
law, the plastic collapse strains and plastic expansive strains by a plastic 
stress-strain theory that involves, respectively, a cap-type yield surface and 
a conical yield surface with apex at the origin of the stress space. 
Fig. l(a) shows the parts of the total strain that are considered to be elastic, 
plastic collapse, and plastic expansive components of strain in a drained triaxial 
(b) 
FIG. 1.-Schematic Illustration: (al Elaatic, Plastic Collapse and Plastic Expansive 
Strain Components in Oralned Trinlal Compression Tests; (b 1 Conicaiand Spherlcal 
Cap Yield Surfaces in Triaxial Plane 
,,, ... 
.• ~UIUII'CIUJIJ.CI ~ ::.:.·.:... . / ., ØOUIIUC 4•tS 
• '''J • .,~~ .. , 
FIG. 2.-Characteristica of Conical Failure and Yield Surfeces Shown in Principal 
Stress Space: (al Tracaa of Faiture and Yield Surfacesin Triaxial Plane; (bl Traces 
of Fa il ure and Yield Surfaces. in Octahedral Plane 
compression test. Typical observed variations of stress difference er 1 - er 3 and 
volumetric strain E,, with axial strain E,. are shown in thi s figure for a test 
performed with conslant value of confining pressure er 3 . Both elastic (recoverable) 
and plastic (irrecoverable) deformations occur from the beginning of loading 
of a cohesionless soil, the stress-strain relationship is nonlinear, and a decrease 
in strengt h may follow pealc failure. The volumetric strain is initially compressive 
and this behavior may be followed by expansion [as shown in Fig. l(a)) or 
by continued compression. The plastic strains are initiallysmaller than the clastic 
strains, but at higher vahies of stress difference the plastic strains dominate 
the elastic strains. 
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The yield surfaces for the plastic strain components are indicated on the 
triaxial plane in Fig. l(b). The conical yield surface, which is curved in tbis 
plane, is deseribed in terms of the first and the third stress in variants, I 1 and 
I ,: 
f, = e~ -27) c~ r (2a) 
/,=TJI at faiture ... (2b) 
in which TJ 1 and m are conslants to be determined for specific soils at the 
desired density. In principal stress space the yield and faiture surfaces defined 
by Eq. 2 are shaped lilce asymmetric hullets with their pointed apices at the 
origin of the stress space as shown in Fig. 2(a). For faiture conditions the 
Toti l Pl1st1c Strain fncrement 
·. 
~ 
f2·11J o ff·r'l 
FIG. 3.-Schamatic Diagram of Yielding Proceas with Plastic Strain Componønts 
Superimposed In Trinlal Plane 
apex angle increases with the valile of TJ 1, and the curvature of the failure 
surface increases with the value of m. For m = O the faiture surface is straight 
and the ex pression becomes identical to thai used in a previous theory (12, 14). 
Fig. 2(b) shows typical cross sections for given values of I~ l I 3 and conslant 
value of I 1• These cross sections are exactly the same as for the previous 
tbeory, and it has been shown that tbey model the experimentally detennined 
three dimensional strengths of sands with good accuracy (12, 14). 
The yield surface corresponding to the plastic callapse strains forms a cap 
on the open end of the conical yield surface as shown in Fig. l(b ). The collapse 
yield surface is shaped as a spbere with center in the origin of the principal 
stress space. It should be noted that yielding resulting from outward mavement 
of the cap does not result in eventual failure. Faiture is controlled entirely 
by the conical yield surface. 
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Tbe plastic expansive strains are calculated from a nonassociated flow rute, 
whereas tbe plastic collapse strains are calculated from an associated flow rute. 
The result o f a cbange in stress is sbown in the triaxial plane in Fig. 3. The 
plastic strain increment vectors are superimposed on tbe stress space in this 
diagram. 8oth plastic callapse and plastic expansive s trains are caused by tbe 
cbange in stress from point A to point B, because botb yield surfaces are 
pusbed out: Tbe magnitudes of the strain increments are indicated by tbe lengths 
of the vectors, and tbe total plastic strain increment is calculated according 
to Eq. l as tbe vector sum of the two components. The elastic strain components 
are further added (not shown in Fig. 3) to obtain the total strain increment 
for the stress cbange from A to B. 
The elasto-plastic stress-strain theory employed here represents an expansion 
of a previously presented stress-strain model (12, 14). None of the aspeels of 
soil behavior included in the previous theory has been sacriflced in tbe new 
stress-strain tbeory. Therefore, the theory is applicable to general tbree-dimen-
sional stress conditions, but tbe 14 soil parameters required to characterize 
the soil bebavior can bederived entirely from the results of isotropie compression 
and conventional drained triaxial compression tests. The accuracy of tbe tbeory 
bas been evaluated by comparing predicted and measured strains for several 
types of labaratory tests performed on cohesionless soils. Thus, it has been 
demonstrated that tbe foliowing important aspeels of observed stress-strain and 
strengtb bebavior are modeled by the tbeory : (l) Nonlinearity; (2) effects of 
a 2 and a l i nduding curved yield and faiture surfaces; (3) decrease in strengtb 
after peak has been reached (strain softening); (4) stress-path dependency 
i nduding proportional loading and K 0-loading; (5) sbear-dilatancy effect and 
its variation over a range of conrining pressures; and (6) coincidence of strain 
increment and stress increment axes at low stress levels with transition to 
coincidence of strain increment and stress axes at high stress levels (12,13, 14,15). 
PREVIOUS APPROACHES TO PORE PRESSURE PREDICTION 
Several different approacbes have been employed for prediction of pore 
pressures in soils under undrained conditions. Tbe simplest and most often 
used metbod was suggesled by Skempton (27), who introduced tbe concept 
of pore pressure parameters. For a saturated soil tbe cbange in pore pressure, 
~u. is expressed as 
~u = ~al + A (~a, - ~al) . .. .... .. .... .... . . . ..... (3) 
in whicb ~a 1 and ~a l are the changes in the principal total stresses; and A 
is a pore pressure parameter to be determined from experiments. Wbereas tbis 
approach is simple in concept, it has some shortcomings: The value of A varies 
with conflning pressure and "stress level" (as used herein, "stress level" means 
the fraction of the soil strength tbat is mobilized) and does not inelude the 
effect of the intermediate principal stress 
Henkel (8) devised an expression [modified by Henkel and Wade (IO)) for 
the change in pore pressure in terms of the changes in the octahedral normal 
and shear stresses: 
l - l l l l ~u =- (~a 1 +Åa 1 +~al)+aÅV(a 1 - a 1 ) +(a 1 -al) +(al - 0' 1) (4) 3 
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in which Åa1, Åa 1, and Åal are tbe cbanges in tbe total stresses a ,, <1 2, and 
al; and a is a pore pressure parameter. Henkel (8) pointed out that the value 
of a was the same at failure for triaxial compression and extension tests on 
normally consolidaled Weald Clay. Shibata and Karube (26) showed that the 
pore pressures developed in cubical triaxial tests on remolded Osaka Alluvial 
Clay followed the general trend indicated by the expression in Eq. 4 for all 
values of th.e intermediate principal stress. Whereas this empirical expression 
may provide an estimate of the changes in pore pressures in soils when the 
changes in total stresses are known, the corresponding strains occurring in the 
soil have not been considered. 
Tbe Cam Clay Model was originally developed by Roscoe and his colleagues 
(22,23,24) on the basis of experimental evidence from axisymmetric tests 
(consolidation, triaxial compression) on remolded clay. Simple curve fitt ing 
procedures were used to flt relationsbips considered important for modeting 
of the soil behavior. Using the Cam Clay Model, the change in pore pressure 
may be calculated on the basis of idealized effective stress paths for undcained 
tests. Simultaneous consideration of the soil deformation is incorporated in this 
approach to pore pressure prediction. 
P ORE PRESSURE PREDICTION IlY ELASTO-PLASTIC T HEORY 
The prediction of pore pressures in undrained tests on saturated specimens 
is based on the condition that no volume change occurs in the soil for any 
load increment: 
Å~:+Å< + ~t~=O . .... ... . ..... . ..... . . . .... .. (5) 
in which ~E:, ~E:, and Å E~ a re the volumetric strain components corresponding 
to the three types of strain occurring in the soil. The calculation of pore pressures 
w as performed by specifying the chamber pressure and discrete values o f effecti ve 
stress ratio, a; l a;, or stress difference, a 1 - a l. The effective confming pressure 
producing volumetric strains that would satisfy Eq. 5 within specifled limits 
was found by iteration. The limits used for the total volumetric strain (not 
the volumetric strain increment for each load step) was ±0.020%, but narrower 
limits could have been used. However, a few calculations with different limits 
showed that the predicted pore pressures were not signiflcantly affected by 
these limits as long as they were reasonably narrow. After having satisfied 
Eq. 5, the pore pressure was calculated as the difference between the cell 
pressure and the effective conflning pressure found by iteration. It should be 
noted that calculation of pore pressures using the restraint in Eq. 5 is based 
on the faet that a balance can be found between the compressive and the expansive 
volumetric strain components such that their sum is zero for each value of 
a; ;a; or (a, - al). 
Because stress-path dependent behavior can be calculated by the elasto-plastic 
theory (15), the stress-strain relations for the undrained tests can be determined 
from the effective stress-path calculated as explained previously. 
PREDICTED S OIL AND PORE PRESSURE 8EHAVIOR 
The results o f isotropie compression tests and isotropically consolidated-drained 
and consolidated-undrained triaxial compression tests were available for loose 
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and dense Sacramento River sand (initial void ratios = 0.87 and 0.61, relative 
densities = 38% and 100%, respectively). The necessary soil parameters were 
derived from the isotropie compression and drained triaxial compression tests, 
and the values of these parameters are given by the writer (13). The results 
of the undcained triaxial compression tests are used for comparison with the 
predictions of the elasto-plastic stress-strain theory. 
The measured and predicted pore pressure and stress-strain behavior for loose 
Sacramento River sand is shown in Fig. 4 for tests with initial consolidation 
pressures of 1.00 kg/cm ', 3.00 kg/cm 1, 5.00 kg/cm 1, 8.44 kg/cm 1, 12.65 
kg/ cm 1 , and 20.00 kg/ cm 2 (98 kN/ m 1, 290 kN / m 2, 490 kN / m 2, 828 kN/m 1 , 
1,241 kN/m1, and 2,000 kN / m2) . Similar diagrams are shown in Fig. 5 for 
undcained tests on dense Sacramento River sand with initial effective conrining 
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Sacramento River Sand (1 kg/cm 2 = 98.1 kN / m 2 ) 
pressures of 1.0 kg/ cm', 10.50 kg/ cm 2, 15.10 lcg/ cm1 , 20.20 lcg / cm 1 , 29.90 
kg/cm 2, and 40.10 kg/cm1 (98 kN/m1 , 1,030 kN/m 1, 1,480 kN/m1 , 1,981 
kN / m 1, 2,932 kN / m 2, and 3,932 leN / m1 ) . The pointson these figures represent 
the measured solid behavior and the solid lines represent the predictions from 
the theory. 
Back pressures were not used except in the test on loose Sacramento River 
sand shown in Fig. 4(a). This was taken into account in the calculations using 
the elast~plastic stress-strain theory. It was observed that the pore water cavitated 
at about -0.9 kg/ cm 1 ( -88 k N /m 2 ) in tests performed with low initial effective 
conrining pressures (17). After cavitation was initiated, the specimens expanded 
as in conventional drained tests. The faet t hat cavitation occurred at -0.9 leg/ cm 1 
(-88 kN / m 2 ) was included in the computer program used for the predictions. 
~ 
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A term accounting for th.e flexibility of the pore pressure measuring system 
was also included in the calculations. The effect of this flexibility was negligible 
for most of the tests, and it had only minor effects in tests with large changes 
in pore pressure. 
Fig. 4 shows that the stress-strain and pore pressure predictions compare 
favorably with the behavior measuredin the undcained testson loose Sacramento 
River sand. Fig. 4(a) indicates that cavitation of the pore water is predicted 
towards the end in the test with low initial effective conrining pressure. However, 
the resulting rate of expansion is very low, and expansion was not observed 
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Sacramento River Sand 
in the test although the magnitude of the final pore-water pressure was the 
same as that predicted. Fig. 4(d) shows that the predicted decrease in pore 
pressure foliowing its pealc value does not agree with the observed behavior. 
However, because the pore pressure behavior predicted from the theory forms 
a consistent pattern within the tests shown in Fig. 4, and because the other 
test results are predicted with good accuracy, i t is reasonable to believe t hat 
the solid line in Fig. 4(d) reflects the correct variation in pore pressure. 
The results of the undcained tests on dense Sacramento River sand are also 
predicted with good accuracy as shown in Fig. 5. Cavitation of the pore water 
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occurred in the tests with low initial effective confining pressures and the 
consequent expansion of the specimens is correctly predicted by the elasto-plastic 
theory. The predicted pore pressures for the tests performed with high initial 
effective confming pressures deviate from the measured pore pressures at large 
axial strains. This is most likely an effect of nonuniform strains that tend to 
develop in tests on dense specimens with regular ends on which frietion can 
develop. Thus, it was observed (17) that the dense specimens would develop 
a shear plane resulting in grossly nonuniform strain patterns and a decreasing 
tendency for dilation at medium to large axial strains (the loose specimens 
bulged and shear planes were not observed). The corresponding decrease in 
pore pressure is smaller than that observed in tests with more uniform strains . 
This may be seen from Fig. 6 which shows a comparison of undrained triaxial 
compression tests performed with regular ends and with lubricated ends on 
medium dense Sacramento River sand (initial void ratio = O. 71 , relative density 
= 78%). The test with lubricated endsand relatively uniform strains produced 
pore pressures lower than those measured in the test with regular ends and 
nonuniform strains. Thus, it is considered that the predicted pore-water pressures 
shown in Fig. 5 represent the real behavior better than those measured in the 
tests. 
CRITICAL CONFINING PRESSURE 
The critical confining pressure has been defined (18) as the confining pressure 
at which the total volume change in a drained test is zero at failure for a 
sand at given void ratio. This void ratio is by definition the critical void ratio . 
The unique relationship between critical confining pressure and critical void 
ratio may be determined from drained as well as undcained tests (25). 
On the basis of the predicted soil behavior the critical confining pressure 
can be determined for each of the two void ratiosusedin the tests on Sacramento 
River sand. Fig. 7 shows a comparison between the critical confining pressure-
critical void ratio relation determined from the undcained tests (solid line) and 
the two points determined from the predictions of the elasto-plastic theory. 
The third point shown in Fig. 7 was obtained from measurements on specimens 
with lubricated ends. The strains produced in these specimens were more uniform 
than those occurring in specimens with regular ends, and the pore pressures 
associated with fairly uniform strains are believed to represent the behavior 
better than those from tests with nonuniform strains. A perfectly reasonable 
curve could be drawn through the tbree points sbown in Fig. 7, tbus indicating 
tbat the two predicted points are in good agreement with results measured in 
tests witb relatively uniform strains. This lends support to tbe ability of tbe 
elasto-plastic theory to predict pore pressure s at large strains with good accuracy. 
EFFECTIVE STRESS-PATHS 
Some of the predicted and measured test results are compared on the p ' 
- q diagram in Figs. 8 and 9 for loose and dense Sacramento River sand. 
In this type of diagram the pore pressure is measured by the horizontal distance 
from a line at 45° to the stress point as indicated on the inserted diagrams 
in both figures. The p' - q diagram is very sensitive to differences between 
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predicted and measured pore pressures, especially at small straios. The diagrams 
in Figs. 8 and 9 show that some differences between measured and predicted 
behavior are present, but the stress paths predicted for the undrained tests 
generally compare favorably with those observed. The differences may be due 
to scatter in the test results as is indicated by the two effective stress paths 
shown in Fig. 9 for the tests on dense sand with high initial conrining pressures. 
Results of undrained tests on Ham River sand presented by Bishop (4) show 
effective stress paths very similar to !hose predicted and shown in Fig. 8 for 
L 
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FIG. 9.-Compariaon ol Me .. ured and Predicted Effective Stress-Paths on p ' - q 
Diagram for Dense Sacramento River Sand 
loose Sacramento River sand. According to Bishop's results and as argued by 
Seed and Lee (25) failure occurs within a fairly narrow range of deviator stresses 
for undrained tests in which the pore water does not cavitate. This behavior 
is predicted by the elasto-plastic theory for the Sacramento River sand as shown 
in Figs. 8 and 9. It should be noted that the predicted stress paths reflect 
the observed faet that the sand increasingly behaves as a loose sand as the 
initial effective confming pressure increases. This pattern in soil bebavior is 
independent of the initial density as shown by Seed and Lee (25). 
1 
l 
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f AlLURE CRITERIA FOR SOILS 
The failure criteria generally adopted for interpretation of test results and 
for use in Stabilily analyses are the maximum deviator stress, (a 1 - a 3)m .. , 
and the maximum principal effective stress ratio, (a:;a;)m .. (see, e.g., Ref. 
6). The two criteria coincide for drained loading conditions. 
Two types of effective stress-paths encountered in undrained tests on soils 
are shown on the p' - q diagram in Fig. IO. lo the Type Il stress pat h the 
maximum deviator stress is reached before the maximum effective stress ratio, 
~ 
·-~ 
FIG. 1 0.-Schematic Illustration ol Two Types ol Effective Stress-Patha Encountered 
in Undralned Tests 
~ 
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• • l 
FIG. t 1.-Schamatic Illustration ol Occurranca ol Failura in Undralned Tast on Soil 
with Curved Failure Surface 
whereas the opposite is the case for the Type l stress path. Using these two 
failure criteria often results in different values of the effective frietion angle. 
An extreme stress path of Type Il was illustrated by Bishop (4) based on data 
obtained by Castro (7) for a saturated loose sand. From these data an effective 
frietion angle of 16. 1° was calculated on the basis of (a 1 - a 3 )m .. , whereas 
the effective frietion angle was 300 according to (a:/ a ;>m .. . Thus, the condition 
of failure is not consistently defined from these criteria. In addition, the 
strain-to-failure according to these two criteria can be substantially different. 
Failure may be defined consistently as the limiling states of stress forming 
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TABLE 1.-Values of Ti, and m Determined from Published Test Data for Cohesionløss 
So il s 
D,. 
as a 
per-
So il e centage Ti o m Reference 
(1) (2) (3) (4) (5) (6) 
Sacramento River Sand 0.61 100 80 0.23 Lee and Seed { 18) 
0.71 78 53 0.188 Lee {17) 
0.78 60 34 0.110 
0.87 38 28 0.093 
Crushed Napa Basalt 0.53 100 280 0.423 AI-Hussaini {l) 
0.66 70 130 0.30 
Painted Rock Materia1 0.40 100 101 0.21 A1-Hussaini (2) 
0.48 70 67 0.16 
Ottawa Sand, No. 20-30 0.49 100 130 0.335 Lee and Seed ( 18) 
Antioch Sand, Saturated 0.75 100 110 0.361 Lee, et al. (19) 
Oven Dry 0.75 100 250 0.424 
Chattahoochee River Sand 0.70 82 40 0. 10 V es i c and Clough (28) 
1.00 20 18 0.00 
Ham River Sand 35 0.149 Bishop, et al. (5) 
Coal Waste Embankment 
Material, 'Y = 85 pcf 28 0.435 Holubec (Il) 
Monterey No. 20 Sand 0.55 93 95 0.272 Marachi, et al. (20) 
0.65 60 53 0.191 
0.75 27 31 0. 105 
Pyramid Dam Material, in 
inches Marachi, et al. (20) 
D",.,. = 6 0.45 203 0.408 
Dmu = 2 0.45 215 0.385 
D..,,. = 0.47 0.45 310 0.419 
Crushed Basalt Material, in 
inches Marachi, et al. (20) 
D.., .. = 6 0.43 234 0.411 
Dmu = 2 0.43 220 0.372 
D.., .. = 0.47 0.43 275 0.386 
Oroville Dam Material, in 
inches Marachi, et al. (20) 
Dm•• = 6 0.22 149 0.280 
D.., .. = 2 0.22 149 0.257 
D..,., = 0.47 0.22 285 0.335 
Oroville Dam Material, in 
inches Deeker, et al. (3) 
D mu = 2 0.41 53 0. 105 
Venato Sandstone Material. 
in inches Deeker, et al. (3) 
Dmn ~::~~: 6 0.45 51 0. 152 
Dm .. = 2 0.45 65 0. 168 
D ..,,. = 0.47 0.45 60 0.144 
D.., •• = 0.47 0.72 29 0.029 
Monterey No. O Sand 0.57 98 104 0. 16 Lade ( 12) 
0.78 27 36 0. 12 
l 
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a surface in stress space that separates stress conditions that can be reached 
from stress conditions that eannot be reached for a given soil. If this definition 
is adopted, the failure surface is curved for most soils. A curved failure surface 
is included in the elasto-plastic theory used here and it may be expressed by 
Eq. 2. Faiture occurs according to this theory at the points indicated on Figs. 
8 and 9. At these points do the values of /P reach TJ 1 (see Eq. 2), whereas 
/P is smaller than TJ1 for any previous point on the stress-paths, i.e., the stress 
paths do not follow the faiture surfaces, but approach them gradually until 
the indicated faiture points are reached . Since the failure surfaces are curved 
and the stress paths lead away from the origin, the maximum effective stress 
ratio can occur before failure. This eannot be seen from Figs. 8 and 9, but 
it is shown with exaggerated curvatures in Fig. Il. This behavior is most 
pronounced for soits whose failure surfaces are higbly curved. 
Note that stress paths of Type Il can also be predicted by the elasto-plastic 
stress-strain theory. According to this theory, neither of the two previously 
adopted criteria for faiture necessarily corresponds to failure in the sense that 
the states of stress are located on the limiling faiture surface. However, both 
stress states given by these criteria are included and can be predicted by the 
elasto-plastic theory. 
CURVED fAtLURE SURFACES 
Published test data for different cohesionless soils have been analyzed with 
respect to the shapes of their faiture envelopes. The test data could in all cases 
be deseribed with good accuracy by the eriterion given in Eq. 2. The values 
of TJ 1 and m determined from the published data are Iisted in Table l together 
with void ratios and relative densities. From the cases where comparative data 
are available it may be seen thai both the apex angle and the curvature, measured 
by TJ 1 and m, respectively, increase with increasing density of the soil. Only 
the results of tests on loose Chattahoochee River sand indicate a straight failure 
surface corresponding to m = O. AU other test data in this table show curved 
failure envelopes and the maximum value of m = 0.435. The test data available 
for soits with different maximum partide sizes D.., ••• parallel gradation curves, 
and simitar grain shapes do not appear to indicate any trend regarding apex 
angle or curvature. 
Recent data from cubical triaxial tests on normaUy consolidated, remolded 
clay (16) and tests on clay by others (9,21) indicate that the failure surfaces 
for clays are also curved. 
SuMMARY AND CoNcLustoNs 
A recently developed elasto-plastic stress-strain theory for cohesionless soil 
with curved yield surfaces is used for prediction of soil and pore pressure 
behavior in undrained triaxial compression tests on saturated sand specimens. 
The basic principles of the theory and its ability to model various aspeels of 
observed soil behavior are briefly reviewed. Prediction of pore pressures is 
performed using the condition that no volume change occurs in undrained shear 
tests for any increment in load. The soil stress-strain relations are calculated 
from the effective stress paths deduced from the applied deviator s1ress, the 
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cell pressure, and the predicted pore pressure. lnfluence of back pressure and 
of cavitation of pore water resulting in expansion of the sand can be calculated 
from tbe theory. 
Predictions of stress-strain relations, pore pressure variation, expansion after 
cavitation, and effective stress patbs compare favorably with ex perlmental results 
for loose and dense Sacramento River sand. Tbe theory correctly predicts the 
observed faet that sand witb a given density increasingly behaves as loose sand 
as the initial effective confining pressure increases. This pattern in soil behavior 
is independen t of the initial density, and i t is demonstrated that the tbeory 
reflects t his pattern for both loose and dense sand. The critical confining pressures 
for both the loose and the dense sand specimens are calculated and shown 
to be in agreement with results measured in tests with relatively uniform strains. 
Analyses of test results and predictions indicate the importance of employing 
curved failure surfaces when realistic predictions of undrained behavior of 
cohesionless soils are desired. It is shown that most soils exhibit curved failure 
surfaces, and the curvature increases with increasing density for a given soil. 
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Stress-strain theory for normally consolidated clay 
POUL V. LADE 
Univers !ty of California. Los Angeles, Calif., USA 
l INTRODUCTION 
The behavior of normally consolidated, re-
molded cohesive soil observed in labaratory 
tests is very similar to chat of cohesion-
less soil when the test results are inter-
preted in terms of effective st resses. 
Thus, the effective cohesion is zero for 
both soil types, t hey exhibit increasin~ 
moduli and decreas ing effective frietion 
angles (curved faiture s urfaces (1,2,5,12, 
15)) with increasing confining pressure, 
the three-dimentional variation in strengths 
can be expressed by the same fatlure cri-
terion (12), and the moduli increase and the 
atrains-to-failure decrease with increasing 
value ·of b • (a2-a3)/(a1-o3) (10,13). In 
addition, test data for both normally con-
solidated clay and sand indicate chat the 
directions of the strain ineremene vectors 
at fatlure form acute angles with the fatl-
ure surfaces in the principal stress space 
vhereas the projections of these vectors on 
the octahedral plane are perpendicular to 
the traces of the fatlure surfaces in chat 
plane (10,12,13). Two aspeces of the be-
havtor are different for normally consoli-
dated clay and sand: [l] The compressibil-
ity of normally consolidated clay follovs 
a pattern different from that of sand; and (~ only one fai1ure surface is possible 
for normally consolidated clay (12), where-
as a sand can have many different fatlure 
surfaces, mainly depending on its initial 
density . Time related properties such as 
creep and permeability may also be differ-
ent for clay and sand, but these properties 
are not included in the present considera-
tionø. 
Previous stress-strain theories developed 
for clay (4,16,17,18,19,20,22) have not 
taken into account all of the aspeces of 
obøerved soil behavior deseribed above. 
The extended Von Mises fatlure eriterion is 
1325 
employed in some of these theories (16,17, 
18,19,20) whereas the Mohr-Coulomb eriter-
ion is used in others (4,22). Experimental 
evidence from cubical triaxial tests on 
clay does not support the use of these 
criteria for clay (12,13}. In addition, 
some of the models (4,17) are developed in 
terms of total stresses whereas effective 
stresses control the s trains in so ils. 
Because of the similarities in behavior 
of normally consolidated, remolded clay 
and ~and, it can be expected that the same 
basic framework for stress-strain models 
applies to these two soil types. An elasto-
plastic stress-strain theory developed in 
terms of effective stresses for cohesionless 
soil with curved yield surfaces (8 ) was 
shown to be applicable to prediction of 
pore pressures in undratned triaxial com-
pression tests (9). I t is shown herein 
that this theory, with one minor modifica-
tion relating to the compressibility pat-
tern, i s also applicable to normally 
cons olidated, remolded clay. The main 
components of the elasto-plastic theory are 
recapitulated (see (8) regarding details of 
the development}, the modification and the 
derivation of soil parameters are explained 
in detail, and the ability of this model to 
predict soi l and pore pressure behavior for 
normally consolidated, remolded clay under 
three-dimensional undratned loading condi-
tions and for K0 -consolidation is demon-
strated. 
2 RECAPITULATION OF ELASTO-PLASTIC THEORY 
In the elasto-plastic stress-strain theory 
fo r cohesionless soil with curved y ield 
surfaces the total strain is considered to 
consist of three components: Elastic, 
plastic collapse , and plastic expansive 
strains. The equations used for calcula-
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Strain Components in Dratned Triaxial Compression Test, and (b) Conical and Spherical Cap 
Yield Surfaces in Triaxial Plane. 
tion of these strains are given below 
without proof or discussion. Fig. la il-
lustrates schematically the parts of the 
total strain which are considered to be 
elastic, plastic collapse, and plastic 
expansive components in a drained triaxial 
compression test on sand . The yield sur-
faces for the two plastic strain components 
are indicated on the triaxial plane in 
Fig. lb. Schematic d.iagrams illustrating 
the derivation of the necessary soil para-
meters from the results of isotropie com-
pression and conventtonal triaxial compres-
s ion tests are shown in Figs. 2 and J. 
2.1 Elastic Strains 
The elastic strain increments, which are 
recoverable upon unlosding, are calculated 
from Hooke's law using the unloading-
reloading modulus defined as (4,6): 
E • K 
ur ur (l) 
The dimensionless, constant values of the 
modulus number Kur and the exponent n are 
determined from triaxial compression tests 
performed with various values of the con-
fining press ure o3. In Eq. l Pa is atmos-
pheric pressure expressed in the same units 
as Eur and 03. Fig. 2a illustrates the 
determination of the constants ~•r and n. 
A value of Poisson's ratio of 0.2 was used 
for calculation of the elastic strains in 
s and. 
2.2 Plastic Callapse Strains 
The plastic callapse strains are calculated 
from a simple plastic stress-strain theory 
which incorporates (l) a cap-type s pherical 
yield s urface with center at the arigin of 
the principal s tress s pace, (2) an asso-
ciated flow rule, and (3) a work-hardening 
relationship which can be determined from 
an isotropie compression test. The yield 
criterion, fe• and the plastic potential 
function, &c • have the form: 
where I1 and I2 are the first and the 
second stress invariants: 
(2) 
(3) 
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Figure 2 . Determination of Soil Parameters 
for Elastic and Plastic Callapse Stress-
Strain Retationships. 
• T •r + T •r + T •T 
xy yx yz zy zx xz (4 ) 
- (a ·a + a ·a + a •a ) 
x y y z z x 
Performing all the necessary derivations, 
the final form of the plastic callapse 
stress-strain relations hips become: 
Ae c a 
x x 
Ae c a y d W y 
(S a-f) Ae c c • -f- J 
z z 
Ile c 
c 
T y z y z 
Ae c T 
z x z x 
Ae c T 
x y x y 
vhere dWc i s an ineremene in work per unit 
volume for a given value of fe and a given 
ineremene of the yield function, dfc· The 
plastic callapse work is calculated from 
w 
c 
(6 ) 
vhich for an isotropie compression test 
reduces to 
w 
c 
(7) 
Wc is plotted as a tunetion of fe which 
for isotropie compression can be calculated 
from: 
(!l) 
Piø. 2b shows a schematic diagram of the 
relationship between Wc and fe plotted in 
dimensionless form on log-log scales for 
cohesionless aoil. This r e lationship can 
be modeled by ~h~ &~ llowing express ion : 
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wc • C • Pa • ( P
fac2 )p (9) 
where the callapse modulus C and the cal-
lapse exponent p are determined as shown 
in Fig . 2b. On this2diagram C is the intercept with (fci Pa> • l and p is the 
slope of the straight line. The ineremene 
in plas tic callapse work i s then determined 
from: 
(lO) 
and us ed in connection with Eqs. Sa-f for 
ca lculation of plastic callapse strains. 
2.3 Plastic Expansive Strains 
The curved yield surfaces whi ch bes t de-
scribe the behavior of cohesionless soils 
is expressed in terms of the first and the 
third s tress invariants: 
(lla) 
fp • n1 at failure 
(llb) 
where r 1 is given by Eq. 3 and r 3 is given by 
• a •a •a +'t •T •T +T •T •T 
x y z xy yz zx yx zy xz 
- (o 'T 'T +a 'T ' T +a 'T 'T ) (12) 
x yz zy y zx x z z xy yx 
The values of n1 and m in Eq. 11 can be 
determined by plotting (If/IJ - 27) versus 
(pa/I 1) at failure in a log-log diagram as 
shown schematically in Fig. Ja. On this 
diagram n1 is the intercept with (pa/Il)•l 
and m is the slope of the straight line. 
The non-associated flow rule employed 
fo r the plastic expans ive strains is char-
acterized by a plastic potential function, 
lp• of a fo rm similar to the yield 
eriter ion: 
g • I 3 - (27 + n ·(pa)m) • I (13) 
p l 2 Il J 
where n2 is constant for given values of fp and o 3• The values of n2 can be deter-mlned from che results of triaxial com-
~ 
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Figure ). Determination of Soil Parameters for Plastic Expansive Stress-Strain 
Relationship. 
pression tests using the fa llewing expres-
sion: 
where vp is a tunetion of the plastic 
s train increments: 
(14) 
(15) 
The variation of nz with f and o3 i s 
shown schematically in Figg. 3b and )c . 
This variation can be expressed by a sim-
ple equation: 
nz • s • fP + R ·/? + t 
a 
(16) 
The plastic expansive work is calculated 
from 
w -p (" 1j (17) 
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and the variation of Wp with fg (calculated 
from Equation lla) can be appr ximated by 
exponential tunetions for which the fallew-
ing expression is used: 
where the parameters a, b, and q are con-
s tants for a given value of 03. The para-
meter q can be determined for a constant 
va lue of the confining pressure according 
to: 
log(~ppeak \_{1 _ ~p60 )· 
q • _ ___.:~p~60~~~-~\.-_...tP~P:.::e:!:!a~k!.-____ ( 191 
log (-/L) 
log e 
p60 
where e i s the base for natural logarithms, 
and (W eak , n1) and (W 60 , f 60) are two se~g of correspondin~ value~ from the 
relation between work input and stress 
level fp• These two points cerrespond to 
the peak point and the point at 60% of n1 
on the work-hardening part of the Wp-f 
relation. The variation of q with con~in­
ing pressure 03 can best be modeled by the 
fallewing simple expression: 
(20) 
where the values of a and B represene the 
intercept and the slope of the straight 
line shown in Fig. 3d. 
The parameters a and b in Eq. 18 are 
calculated from: 
and 
(
e • P ) l/q 
• wppea: 
b. __ .,:l;_ __ 
q • wppeak 
(21) 
(22) 
where q is determined from Eq. 20 and e is 
the base for natural logarithms. The vari-
ation of Wppeak with the confining pressure 
03 can be approximated by the following 
expression: 
wppeak • p • pa . (opa3) t (23) 
where P and t are constancs to be deeer-
mined as shown schematically on Fig. 3e. 
On this diagram P is the intercept with 
(o3/pa) • l and t is the slope of the 
straight line. 
The form of the stress-scrain relation-
ships which account for the plastic expan-
sive behavior of the cohesionless soil can 
be expressed as: 
(24) 
The derivatives of &p with regard to che 
normal stresses become: 
6g 
~-6a 
x 
(25a) 
and similar expressions are obtained for 
the other normal stresses by interchanging 
the indices on the stresses. The deriva-
tives of &p with respect to the shear 
stresses become: 
6g 
...:.E_-
h y z (
27+1"1 ·(pa)m)· (a 'T -T ' T ) 2 11 x yz xy zx (25b) 
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and similar expressions can be obtained for 
the other shear stresses by interchanging 
the indices on the stresses. 
The value of the proportionality constant 
6Ap in Eq. 24 can be written as 
6A 
p 
d W p 
3 • gp + m • 11 2 
(26) 
where gp is the plastic potential function 
and dWP is the ineremene in plastic work 
due to an increase in the stress level dfc: 
d W 
p 
d f 
- _.2. f p 
l (27) (_l -b) q • wP 
where fp is the current value of the stress 
level. 
Fourteen soil parameters are incorporated 
in the stress-strain theory for cohesion-
less soil. The determination of thirteen 
of these parameters is illustrated in 
Figs. 2 and 3, and Poisson's ratio is 0.2. 
The governing equations are staced above, 
but without derivat i ons and discussions. 
Tbe development and che capabilities of 
this theory are discussed in detail else-
where (8,9). The necessary modifications 
and the application of this theory to nor-
mally consolidated cohesive soil under 
three-dimensional loading conditions are 
considered in detail below. 
3 DETERMINATION OF SOIL PARAMETERS FOR 
GRUND ITE CLAY 
Cubical triaxial tests have been performed 
to investigate the influence of the inter-
mediate principal stress on the stress-
strain, pore pressure, and strengch charac-
teristics of normally consolidated, remolded 
Grundite Clay under undralned conditions. 
The results of these teses have been ana-
lyzed and presented (12,13), and they form 
the basis for the developments presented 
below. The modifications to the stress-
strain theory are discussed, procedures are 
developed to determine the necessary soil 
parameters from undralned tests on clay, 
and the soil parameter values which charac-
terize the behavior of normally consoli-
dated, remolded Grundlee Clay are determined 
using effective stresses. 
3.1 Elastic Strains 
The elastic strains are calculated from 
Hooke's law which requires values of the 
300 
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Figure 4. Determination of (a) Parameters for Elastic Modulus Variation, and 
(b) Poisson's Ratio for Grundite Clay. 
modulus and Poisson's ratio for the clay. 
Elastic Modulus . - The variation of the 
elastic modulus with effective confining 
pressure is given in Eq . 1. Since the 
strains observed in unloading-reloading 
cycles in triaxial compression tests on 
clay are excessively influenced by creep 
effects, the elastic modul! were calculated 
from the initial slopes of the primary 
loading stress-strain curves. These modul! 
were plotted versus the average effective 
confining pressure acting on the clay over 
the ineremene from which the moduli were 
determined. Fig. 4a shows the relation 
between the elastic modulus and the effec-
tive confining pressure. The values of the 
modulus number, Kur• and the exponent, n, 
for use in Eq. l are 370 and 0.72, respec-
tively. 
Poi sson's Ratio. - Poi sson's ratio was de-
termined on the basis of the plasticity 
index for Grundite Clay. A relation be-
tween Poisson's ratio and plasticity index 
was established from the results of ane-
dimensional consolidation tests performed 
by Brooker and Ireland (3) and Henkel and 
Sowa (5). 8oth vertical and horizontal 
effective stresses were measured, and both 
loading and unloading branches were estab-
lished in these tests. Values of the coef-
ficient of earth pressure at rest, K0 , can 
be calculated from these tes ts. A r elation 
between Poisson's ratio and K0 exists for 
an elastic materisl such that: 
K 
o (28) 
where K0 roay be defined in terms of effec-
t ive stress increments: 
(Aah). K • ---o Aa~ c •O 
h 
(29) 
Values of K0 were determined from the ini-
tial parts of the unloading branches, be-
cause only elastic strains occur for these 
parts of the curves. Poisson's ratio was 
then calculated from Eq. 28 and plotted 
versus plasticity index as shown in Fig. 4b. 
According to this figure, Poisson's ratio 
ineresses from about 0.2 for clays with lov 
plasticity to values slightly higher thao 
0.3 for highly plastic clays. Grundite 
Clay has a plasticity index of 30 corre-
sponding to a Poisson's ratio of 0.27 as 
shown on Fig. 4b. 
3.2 Plastic Collapse Strains 
The plastic callapse strains for normally 
Consolidated clay are calculated from the 
same stress-strain relations as those used 
for sand. However, the empirical work-
hardening law, which i s determined from the 
results of isotropie consolidation tests, 
takes snother form for clay than for sand. 
This is because the compression curve ob-
tained from normally consolidsted clay has 
quite different characteristics than that 
obtained from sand. Fig. Sa shows a com-
parison of results from isotropie compres-
sion tests on normally consolidated, 
remolded Grundite Clay and on normally con-
solidat ed loose Sacramc1at u l\ .l. .re r ~.1no! {frOII 
(14)). The diagram in Fig. Sa i s a conv~ 
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tional e- log p' diagram with the isotropie 
consolidation pressure on the horizontal 
scale. It may be seen chat the patterns 
of consolidation for the two t ypes of soil 
are different. The consolidation curve for 
the normally consolidated sand never 
reaches a constant slope on this diagram. 
The work-hardening law for the plastic cal-
lapse strains in the clay therefore must 
take a form different from chat used for 
sand. 
The straight line shown in Fig . Sa for 
remolded Grundite Clay was obtained from 
the isotropie consolidation of the cubical 
triaxial specimens. The elastic compres-
sion was subtracted from the volumetric 
scrain ineremenes using Hooke's law and the 
plastic collapse work, Wc, was calculated 
from Eq. 7. The correspondin~ values of 
fe were calculated from Eq. 8. Fig. Sb 
shows a diagram of the relationship between 
Wc and fe plotted in dimensionless form on 
arithmetic scales for Grundite Clay . This 
relationship can be modeled by a straight 
line with the foliowing expression: 
c + p (30) 
where C is the intercept with the horizan-
tal axis and p is the slope of the line . 
The ineremene in plastic collapse work per 
unit volume then becomes : 
dW • P. 
c 2 (J l) 
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Note that only one parameter, the slope p 
of the straight line in Fig. Sb, is re-
quired to characterize the plastic callapse 
behavior of normally consolidared clay. It 
is therefore not necessary to determine the 
value of the intercept C. The expression 
in Eq. 31 is used with the stress-strain 
relations given in Eqs. Sa-f to determine 
the plastic callapse strains . 
3.3 Plastic Expansive Strains 
The plastic expansive strains for normally 
consolidated clays are calculated from the 
same stress-strain relations as those used 
for sand. However, because normally con-
solidsted clay exhibits a relatively more 
simple behavior pattern than that for sand , 
same of the soil parameters which charac-
terize the plastic expansive behavior of 
normally consolidated clay become zero or 
unity. 
Fatlure Criterion. - The soil parameters 
required in the fatlure eriterion given by 
Eq. 11 were determined as shown in Fig. 6. 
The straight line on this diagram corre-
sponds to n1 • 22 and m • 0.40. Note that 
only the data from triaxial compression 
tests on cubical specimens were used for 
the determination of these parameters. 
The results of triaxial compression tests 
performed on short cylindrical specimens 
and the results of the cubical triaxial 
tests are shown on Fig. 6 for comparison. 
lt may be aeen chat some scatter of the data 
around the solid line does exist, but the 
fatlure eriterion selected on the basis of 
the triaxial compression tests on cubical 
specimens appears to represene the data 
h 
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Figure 6. Determination of the Values of n1 
and m Involved in Fatlure Crtterion for 
Grundite Clay. 
quite well. 
The fatlure surface defined by Eq. 11 
with the values of n1 and m from Fig. 6 has 
been compared to the actual test data by 
Lade and Musante (13). 
Plastic Potential Function. - The plastic 
potential function given in Eq. 13 requires 
determination of n2· Values of n2 were de-
termined using Eq. 14 and the r esults of 
the triaxial compression tests on cubical 
specimens. These values were plotted ver-
sus the corresponding values of fp given by 
Eq. lla, and the diagram in Fig. 7 shows 
the relation between n2 and fp· 
It may be seen from Fig. 7 that all 
points for practical purposes fal l on one 
straight line in this diagram. This re-
flects the faet that essentially one t ype 
of stress-strain behavior is observed for 
a given normally consolidsted clay. This 
behavior is not influenced much by the mag-
nitude ~f the consolidation pressure. In 
comparison, the stress-strain behavior of 
sand at a given void ratio changes from 
that of a dense sand to that of a loose 
sand with increasing consolidation pressure. 
!his change in stress-strain behavior with 
effective confining pressure is reflected 
in the critical void ratio-critical con-
fining pressure concept (14,21). A similar 
concept is not relevant to normally consoli-
dated clay, because the stress-strain be-
havior does not change much with ~~r.=cli­
dation pressure. The success of the concept 
of normalized behavior for normally 
consolidsted clay (see (7)) is based on 
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Figure 7. Variation of n2 with fp for 
Grundite Clay • 
this faet. The concept of normalized 
behavior is not applicable to sand. 
The effective frietion angle for Grundite 
Clay deeresses with increasing consolida-
tion pressure (12,13) and the fatlure sur-
face is therefore curved in the triaxial 
plane. The curvature of the fatlure sur-
face is measured by the value of m in 
Eq. 11. Calculation of the valuea of n2 
from Eq. 14 ineludes the effect of the 
curved fatlure surface, and only one 
s traight line is therefore obtained on the 
diagram in Fig. 7. The variation of n2 
with fp can be expressed by Eq. 16, but 
s ince n2 does not depend on the effective 
confining pressure, the value of R is zero 
for normally consolidsted clay . The valuea 
of the other two soil parameters, S and t, 
necessary to characterize the variation of 
n2 are 0.42 and - 0.35 , respectively. 
Work-Hardening Law. - The plastic expansive 
work was ca lculated from t he triaxial com-
pression tests on cubical specimens using 
the expression in Eq. 17. The elastic and 
plastic callapse strains were subtracted 
from the total strains measured in the tri-
axial compression tests befare the plastic 
expansive work was calculated. Taking 
advantage of the concept of normalized be-
havior for normally consolidsted clay, each 
increment in plastic expansive work waa 
normalized by dividing it by the current 
value of the effective confining pressure, 
a ~. Thus, the relations betveen normalized 
plastic expansive work, Wp/oj, and the value 
of fp calculated from Eq . lla for the three 
triaxial compression tests become the same, 
as shown on Fig. 8. This implies that the 
amount of work necessary to deform normally 
consolidated clay at a given s tress level, 
• 
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fp, is direct!y proportional to the current 
effective confining pressure. 
Due to the simple pattern of behavior 
indicated in Fig. 8, modeling of the work-
hardening relationship for normally consoli-
dated clay becomes relatively easy, because 
diagrams like those in Figs. 3d and 3e need 
not be drawn. Eq. 18 gives the basic ex-
pression for the work-hardening law. The 
value of q in this expression is calculated 
from Eq . 19, and only one value is obtained 
for all values of a). Thus, Eq. 20 which 
models the variation of q with aj becomes 
simple, such that q • a • 1.58 and 8 • 0.0 
for Grundite Clay. The variation of Wppeak 
is given by Eq. 23, and since WP is 
directly proportional to a), the value of 
t is equal to unity, and the value of P is 
determined from the peak point on the curve 
shown in Fig. 8. For Grundite Clay, P is 
equal to 0.15. The expression for Wppeak 
in Eq. 23 is then substituted in Eqs. 21 
and 22 for determination of the parameters 
a and b, and these parameters are used in 
!q. 18 for the relation between fp and WP. 
4 SUMMARY OF PARAMETER VALUES OF GRUNDITE 
CLAY 
The values of the parameters for Grundite 
Clay have been determined from isotropically 
consolidated, undratned triaxial compression 
tests only. In order to emphasize the si=i-
larity between the eiasto-plastic stress-
ltrain theories for sand and normslly con-
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solidated clay, the parameters for Grundite 
Clay are listed in Table l, which has t he 
same set-up as used for sand. Note that 
only 10 parameter values need be determined 
for normally Consolidated clay. The re-
malning soil parameters are zero or unity 
or not used as indicated in Table 1. None 
Table l. Summary of Parameter Values for 
Grundite Clay. 
Parameter 
Modulus No . , Kur 
Exponent, n 
Poisson's Ratio, 
lcollapse Modulus, 
Collapse Const., 
Yield Const., n1 
Yield Exponent, m 
v 
c 
p 
2Pl. Potent.Const., R 
Pl. Potent.Const., S 
Pl. Potent.Const., t 
Work-Hard.Const., a 
2work-Hard.Const., 8 
Work-Hard.Const., P 
2work-Hard.Exponent, t 
V a lue 
370 
0.72 
0.27 
0.047 
22 
0.40 
o.o 
0.42 
-0.35 
1.58 
o.o 
0.15 
1.00 
Strain 
Component 
Elastic 
Plastic 
Collapse 
Plastic 
Expansive 
1c is not used, see Equation (31). 
2For normally consolidated clay, this para-
meter value l~ ns !ndicated, and need not 
be determined (see explanation in text). 
of the parameters have dimensions. All 
dimensions are controlled, where appro-
priate, by the dimension of the atmospheric 
pressure, p8 , as e.g. in Eq . 23. The para-
meters in Table l may be used to calculate 
strains in Grundite Clay for any combina-
tion of effective stresses during primary 
loading, neutral loading, unloading and 
reloading. 
5 PREDICTION OF BEHAVIOR OF NORMALLY 
CONSOLIDATED CLAY 
To test the abilities of the elasto-plastic 
stress-atrain theory presented in the pre-
vious sections, predictions of this theory 
were compared to the behavior of Grundite 
Clay under conditions of undralned triaxial 
compression, undratned tests with three 
unequal principal stresses, and convention-
al K0 -consolidation. 
Appropriate computer programs were devel-
oped to perform the necessary calculations 
involved in using the elasto-plastic stress-
strain theory for prediction of the various 
loading conditions. Only the soil para-
meters derived from undrained triaxial 
compression tests on Grundite Clay and 
listed in Table l were used for all predic-
tions. 
5.1 Pore Pressure Prediction 
The prediction of pore pressures and soil 
behavior under undratned conditions is 
based on the condition that no volume 
change eecurs in the soil for any load in-
crement. This condition can be formulated 
as followa: 
(32) 
where 6ce, 6cc, and 6cp are the volumetric 
strain c~mpon~nts corr~sponding to the 
three types of strain occurring in the soil. 
The calculation of pore pressures was per-
formed by specifying the chamber pressure, 
the value of b • (o2-o3)/(o1-o 3), and dis-
crete values of effectlve stress ratio 
oi/oj, or stress difference, (ol-o3). The 
effective confining pressure producing 
volumetric strains which would satisfy 
Eq. 32 within specifled limits was found by 
iteration. The limits used for the total 
volumetric strain (not the volumetric strain 
ine remene for each load step) was ±0.020%, 
but narrower limits could have been used . 
However, a few calculations with different 
!im1ts showed that the predicted pore pres-
aures and soil behavior were not signifi-
cantly affected by these limits as long as 
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they were reasonably narrow. After having 
satis fied Eq. 32, the pore pressure waa 
calculated as the difference between the 
total confining pressure and the effective 
confining pressure found by iteration . It 
should be noted that this approach to pore 
pressure prediction is based on the faet 
that a balance can be found between the 
compressive and the expansive volumetric 
strains such that their sum is zero for 
each value of oi/o) or (ol-øJ)• 
Because stress-path dependent behavior 
can be calculated by the elasto-plastic 
theory (11), the stress-strain relations 
for the undralned tests can be determined 
from the effective stress-path calculated 
as explained above. 
5.2 Undrained Cubical Triaxial Tests 
The results of the undrained cubical tri-
axial tests on normally consolidated, 
remolded Grundite Clay previously presented 
( 13) are shown in Fig . 9 together with the 
predictions of the elasto-plastic stress-
strain theory . The normalized stress dif-
ference, (a 1-o3)/o~, the effective stress 
ratio, oi/oj, and the normalized pore 
pressure, 6u/o~, are plotted against the 
major principal strain, cl. The points in 
this figure represene the measured soil 
and pore pressure behavior and the solid 
lines represene the predictions of the 
elasto-plastic theory. 
The comparisens shown in Fig. 9a for the 
triaxial compression tests indicate that 
the soil and pore pressure behavior is 
calculated with good accuracy from the 
theory. The decrease in strength with 
increasing consolidation pressure (curved 
tailure surface) is correctly reflected by 
the theory, and the variation in modul! 
also compares well with the calculations. 
Because the parameter values were initially 
derived from the results of these tests, 
the good agreement was to be expected. 
The results of the cubical triaxial tests 
with three unequal principal stresses are 
compared with the predictions on Figs. 9b•f. 
The magnitude of the intermediate principal 
stress is i ndicated by the value of 
b • (o2-o3)/(a1-o3) : b is zero for triaxial 
compression in which o2 • 03, and it is 
unity for triaxial exeension in which 
o2 • ol; for intermediate values of o2 the 
value of b is between zero and unity. the 
predicted response agrees well with the 
measured behavior for all the cubical tests. 
The influence of the intermediate principal 
stress on the soil anrl oore pressure be-
havior and on the variation in strength is 
correctly reflected by the theory. The 
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Figure 9. Comparison of Heasured and Predicted Stress-Strain and Pore Pressure 
Character1sttes for Cubical Triaxial Tests on Grundite Clay. 
deviation in strength for the test with 
b • 0.21 shown in Fig. 9b was expected , 
because the measured effective frietion 
angle was lower than that assumed in the 
theory (see (13)). Note also that the 
overestimate of the maximum deviator stress 
in the test with b • 0.70 (Fig. 9d) corre-
aponds to the slightly lower predicted 
than measured values of pore pressure at 
large strains. However , ~h'!' 7·1crall com-
parison of the calculated and measured be-
havior indteates that the theory is capable 
of predicting soil and pore pressure be-
havior under three-dimensional stress 
conditions with reasonable accuracy. 
5.3 Conventtonal K0 -Consolidation 
A conventtonal uniaxial consolidation test 
was performed on remolded Grundite Clay. 
ThP P--log p' curve for this test was pre-
dicted using the parameters in Table l. 
Both plastic and elastic strains occur 
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in a K0 -consolidation test with increasing 
stresses. The plastic and elastic horizan-
tal strains cancel each other out such that 
the total horizontal strain is zero. This 
condition is expressed as follows: 
(33) 
6c~ are the horizon-
corresponding to the 
three types of strain occurring in the 
soil. The calculations of the K0 -consoli-
dation test was performed by specifying 
values of the stress difference, (o1-o3), 
and finding the value of the horizontal 
stress, o3, by iteration that would result 
in horizontal strains fulfilling Eq. 33 
within specified limits. The sum of the 
total horizontal strain was required to be 
within tO.OlO%, but employment of narrower 
limits would not have resulted in differ-
ent predictions. 
e c 
where 6c , 6ch , and 
tal strain components 
The diagram in Fig. 10 s hows the result 
of the consolidation test on remolded 
Grundite Clay. The void ratio is plotted 
versus the logarithm of the vertical effec-
tive stress, p', in this diagram. Since 
the soil parameters cerrespond to normally 
consolidsted Grundite Clay, only the virgin 
compression curve can be predicted, and 
Fig. 10 shows that this curve is predicted 
accurately by the theory. 
••r-----------,------------r-----------, 
" 0 MUSUUD 
Figure 10. Measured and Predicted Relation 
Between Void Ratio and Vertical Consolida-
tion Pressure in K0 - Test on Remolded 
Grund ite Clay •. 
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6 CONCLUSION 
A recently developed elasto-plastic stresa-
strain theory for cohesionless soil with 
curved yield surfaces was employed for pre-
diction of the behavior of normally consol-
idated, remolded Grundite Clay under 
three-dimensional loading conditions. One 
minor modification was required in the 
theoretical framework to accommodate the 
difference in behavior between normally 
consolidated sand and normally consolidsted 
clay. Only ten soil parameters need be · 
determined for normally Consolidated clay 
(relative to fourteen soil parameters for 
sand), and procedures were developed so 
that the values of these parameters can be 
derived entirely from the results of iso-
tropically consolidated, undrained triaxial 
compression tests. 
The accuracy of the elasto-plastic 
stress-strain theory for normally consoli-
dated cohesive soil was evaluated by com-
paring predicted and measured stress-strai~ 
pore pressure, and strength behavior for 
remolded Grundite Clay under three-dimen-
sional undratned loading conditions. All 
aspeces of the behavior of this clay were 
predicted with reasonable accuracy for all 
magnitudes of the intermediate principal 
stress. The virgin compression curve froa 
a conventional K0 -consolidation test on re-
molded Grundite Clay was also correctly 
predicted by the elasto-plastic theory. 
Thus, it seems likely that this theory will 
be useful for analyzing the behavior of 
normally consolidated clay under a wide 
variety of loading conditions. 
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ABSTRACT 
Based on review and evaluation of a large number of test data, a general three-
dimensional plastic potential function expressed in tenns of stress invariants is proposed. Three 
parameter values are required in this function, but one is redundant with one of the failure sur-
face parameters. The plastic potential surface resembles an asymmetric cigar in the principal 
stress space. It ineludes tensile behavior of materials with effective cohesion. Its capabilities are 
examined by comparisens with experimental data from two- and three-dimensional tests on 
different frictional materials. 
INTRODUCI10N 
One of the most imponant components of an elasto-plastic work-hardening constirudve 
model is the plastic potential function. This is the basis for derivation of the plastic flow rule 
which establishes the relationship between stresses and plastic strain increments for the materlal 
under consideration. 
Basedon experimental evidence, St. Venant (l) proposed that the principal stress axes 
coincide with the corresponding principal axes of ineremental plastic strain (not with those of 
total plastic strains) during rotation of stresses. This observation led to the suggestion that the 
plastic strain increments could be determined from a plastic potential function, gp (2): 
Øg ~f =~2f... (l) 1 agij 
In this plastic flow rule, ~ is a positive constant of proportionality. The value of cU" therefore 
determines the magnirude o f the ineremental plastic strain vector. 
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The plastic potential function is expressed in tenns of stresses, and it deseriiles a surface 
in sttess space to which the plastic strain increment vcctors are perpendicular, as expressed in 
Eq. (l). lt is usually assumed in classical piasticity theory that the plastic potential function 
taltes the same fonn as the yield function, Le. associated flow is employed. However, this 
assumption is not necessary, and there is clear evidence !hat the yield surface and the plastic 
potential surface are not identical for frictional marerials, i.e. nonassociated flow is obtained [3-
6]. The plastic potential function can bc detennined independently of any ether consideration 
relating to the constitutive model. A vcry imponant premise for Eq. (l) is that the plastic strain 
inerements can in faet bc determincd from a potential function. This requires that the plastic 
strain increment vectors are uniquely detennined from the state of sttess, and is independent of 
the sttess-path leading to this state of stress. This has bcen demonsttated to bc the case by 
Poorooshasb et al. [3] and by Lade and Duncan [5]. 
Prcscnted here is a srudy of the geometrical shape of the plastic potential surface for fric-
tianal matcrials in sttess spacc. The data from many expcrimcntal studies of frictional materiais 
have bcen examined, and the resulting pattern of bchavior is prescnted and discussed with illus-
trations to support the tindings. This study forms the basis for a proposed function to describc a 
single, isotropic, plastic potential surface and its variation with stress state. The function is 
expressed in terms of stress invariants, and it is sufficiently flexible to encompass a variety of 
obscrvcd bchavior pattcms, yet sufficiently sttuetured to allow pararneter determination from 
simple tests. 
OBSERVED BEHA VIOR IN THE TRIAXIAL PLANE 
To study the plastic potential surface, the plastic strain increments obscrved in experi-
ments are ploacd and superimposed on the stress spacc. The triaxial plane and the actahedral 
plane, both from the principal stress space, arc used to visualize the directions of the ineremental 
plastic sttain vectors. 
A strain inerement vector that is oriented perpendicular to the hydrostatic axis 
corresponds to the condition of zero volumetric strain. This is indicated on the inscrt in Fig. l. 
lf the volume increascs, corrcsponding to dilation, then the strain increment vector will point 
towards the origin. On the other hand, if the volume decreascs due to compression, then the vec-
tor will point in the outward direction of the hydrostatic axis. 
Fig. l(a) shows the directions of plastic sttain inerement vectors !l§!' along stress paths 
from triaxjal compression tests performed on Fine Silica Sand. ldealized directions of lE," dur-
ing isotropie compression are drawn along the hydrostatic axis corresponding to isotropie 
bchavior. Fig. l(b) shows the results of proportional loading tests on sand as reported by 
Poorooshasb et al. [3]. From Fig. l it can bc obscrvcd that the plastic volurnc change is high! y 
compressive at sttess states closc to the bydrostarie axis, and the rate of change decrcases as the 
stress level, i.e. the proximity to failurc, is inereased. At high stress levels near failure, the plas-
tic volume change becomes dilative. 
Similar observations can bc made for matcrials with elfective cohesion. Fig. 2(a) shows 
results of uniaxial compression (o1 > 02 .. 03 = 0}, biaxial compression (o1 =O, o 2 = 03 > 0), 
triaxial compression (o1 > 02 = 03 , a 1 + 02 + 03 = constant), and triaxial extension 
(a1 < a2 = o 3 , a 1 + a2 + a3 = constant} tests on plain conerete reported by Schickert and 
Winider (7]. The decreasing rate of compressive volume change with increasing sttess level is 
sirnilar tothat of cohesionless soil. l t should bc notcd that the results of triaxial compression and 
extension tests are not complete, because thesc tests were reponed up to sttess states 
309 
"•'P, \l 
dEr \ 
IH /~ E., =,\\E.,~ Strain lncn:ment Vector Directions E.,<O "\ l 
IO 
(a) 
\ ~ ~ 
'1\ // 
•\ / 
/ 
' 
Hydrosialie 
A x is 
o~ . --,-r• .. ...... 
o . 
IO 
\ 
\ 
' 
(b) 
a 11p, 
dE f \ l l 
\\ ~~ ~~/~~slatic ~~\> // / Axis 
/// 10// ,~,\ / / ' / 4 
"lol p, "ldtf 
4 12 
Fig. l. Directions of Ineremental Plastic Sttain Vectors in Triaxial Plane for (a) Triaxial 
Compression Tests on Ftne Silica Sand, and (b) Proportional Loading Tests on 
Sand (3]. 
1200r o11p1 Y 
dtf \( \ 
(a) l\ \ 800~ 'l\ \ \ l ~\ \ \ \ j j ~~~.'llstalic 
400~ \ l l _..-___ 
-- ........__ 
'\r ""-.."-~ / ~ ~ ~'- \ --'-:-, --"' "- --' O' .::;:- 400 \ \ 800 1200 
..f2 · 03lp,. ..f2 · dtf 
1500 
(b) a
1tp,l \ 
dtf \ 
"'"' \\ \ 
500 
\ \ \ \ 
\ \ 
Hydrostatic 
A x is 
~ ....__ '-.... ~'0-~ ~-\~'\~00 500 ~ 1000 -O' 
"2a11p, . ..ffdEf 
Fig. 2. Directions of Ineremental Plastic Sttain Vectors in Triaxial Plane for (a) Plain 
Conerete [7], and (b) Steel Fiber Reinforced Concrete (8]. 
310 
corresponding to minimum volumes of the specimens. However, if continuous behavior of the 
material beyond the minimum volume state is assumed, then similar behavior as for sand (i.e. 
dilation) is expected as indicated on the diagram by the uniaxial and biaxial compression tests. 
Fig. 2(b) shows the resulls of triaxial compression and extension tests on steel fibre reinforced 
concrete performed by Egging and Ko [8). Tilis set of data is also available up to the minimum 
volume state, and the type of behavior observed for the plain concrete is repeated for steel fibre 
reinforced concrete. 
The plastic potential surfaces, which are sought in thi s stud y, are perpendicular to the 
plastic strain inerement vectors as indicated by the shon line at the base of each vector. Based 
on these shon lines and the observations made above, a family of curves may be drawn through 
the base points in the directions of the shon lines. The resulting farnily of plastic potential sur-
faces would be shaped as distoned ellipses in the triaxial plane. Whereas the exact shapes of 
these surfaces seem to depend on the material, they do appear to be of similar type. 
OBSERVED BEHA VI OR IN THE OCT AHEDRAL PLANE 
Fig. 3 shows the directions of the ineremental plastic strain vectors projected on an 
octahedral plane for the results of cubical triaxial compression testson Fuji River Sand presented 
by Yamada and Ishihara [9) . The stress paths for these tests alltie in the same octahedral plane. 
The specimens were prepared with anisatropie fabric, and the anisetropie deformation of the 
specimens appears to be dominant at low stress levels (close to the hydrostatic axis). At higher 
stress levels near failure the effects of the initial anisatropie fabric are smal!. Similar observa-
tions were made by Ochiai and Lade [10] for anisotropically prepared Cambria Sand. They 
reponed that the directions o f \l_tP at failure resemble those of isotropically prepared specimens. 
In Fig. 3 some nonsymmetry in the directions of ~ may be noted atlow stress levels. This may 
be due panty to inherent anisotropy and panty to inaccurate elastic parameters used for calcula-
tion and subtraction of elastic strain increments. 
These observations may be supplernenled by those made by Yong and McKeys l 11). 
They observed that the ineremental strain vectors for Kaolinite Clay were almost normal to von 
Mises cireles up to about hal f of the shear strength on the octahedral plane. 
The foliowing condusions can be drawn regarding the shape of the plastic potential sur-
face o n the octahedraJ plane: (l) At low stress levels, the eross-seerions have al most circular 
shapes, and (2) as the stress level inereases towards failure, the plastic potential surfaces gradu-
ally change shapes from circular to rounded triangular. 
Funher inspection reveals that the angularity of the rounded triangle near faiture is less 
pronounced than that of the faiture envelope. In order to clarify this point, the Lode angles for 
stress vectors and for ineremental plastic strain vectors are calculated and compared. As indi-
cated on Fig. 4(a), the direction of the stress vector projected on the octahedral plane is meas-
ured from the <Jt ·axis and indicated by w0 • Similarly, wt indicates the angle between the dt:f-
axis and the direction of the ineremental plastic strain vector projected on the octahedral plane. 
These angles can be calculated from: 
-/f(<Jl - <JJ) 
~~ = m 
2at - <Jl - <JJ 
Fig. 3. 
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..J3(dE~ -dE~) 
tanoot = 
2dEf -dE~ - dE~ 
(3) 
Comparison of ro" and OOt is enhanced w hen plotled on a cos (3ro" )-cos (300[) diagram. Fig. 
4(b) shows such a diagram for faiture conditions for Fuji River Sand. The triaxial compression 
condition (ro" = Wt = 0 °) is located at the bottom lefl comer. and the triaxial extension condi-
tion (W0 = wt = 60°) corresponds to the top right comer in the figurc. Together with the data 
points, the analytical curves predicted by the normal directions to the von Mises circle and the 
normal directions to the failure envelopc given by Lade [ 121 are drawn. the ex perlmental data 
points are located bctween the analytical curves of these two criteria. Similar results have bcen 
obtaincd for other frictional materials. The plastic potential surface is therefore smoothly 
rounded but less angular than the faiture surface. 
PROPOSED PLASTIC POTENTIAL FUNCTION 
Bascd on the observations presentcd in the previous sections, a plastic potential may bc 
expresscd in the foliowing form: 
[ l~ Il J [ 11 )
11 
gp = 'l' t - - - - + '1'2 - -
!3 l2 Pa 
(4) 
in which the three stress invariants are give by 
l t = O t + 02 + OJ =O,+ Oy + 0 1 
(5a-b) 
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Substituting Eq. (4) into the Row equation (l l. the components of the palstic strain increments 
are calculated as: 
dE~ 
2 r3 
' · 2 l G- (o,+ o,)· - 2 - 'l't · ioy ·a,- t yz) · -12 
. ~ 3 
dE~ rr 2 Ir G - (o , + o ,)· 2 - 'l't -(o, · o,- t.,.) · 2 12 13 
dE~ 
d'frz 
[ '• ]Il =~ · P. 
2 13 l, 2 t 
G - (o, + o y) · 2 -'l' t · (o , · o y - t,yl · "jT 12 J 
lf lf 2 . - . 't - 2 - '" t . ('t . t - o . t ) . -lf yt T xy lX X yt rf 
(8a-O 
dy\'. 
12 Ir 
2 - _.!... . tv; - 2 . 'l't . (t,y . 'tyz - Oy . t u) - -(2 lf 3 
Ir Ir 2 . - - 't - 2 . 'l' t . ('t . 't -o . 't ) - -lf xy yz u z xy If dy~ y 
(6a) in which 
12= -(0t · 02+02 'OJ +OJ ·o1) 
(6b) 
='t x y · 'ty x + 'tyz · 'tzy + t u · 't u - (O, · O y + O y · O z + 0 1 · o, ) 
13 =O t • o2 · 0 3 
(7a) 
= o, · Oy · 0 1 + 'txy · 'tyr · 'tzx + ryx · 'tzy · 'tu 
(7b) 
- (o, · 'tyz · 'tzy + Oy · tu · 'txz + 0 1 · 'txy - t yx) 
The pararneter 'l' t in Eq. (4) acts as a weighting factor bctween the triangular shape (from the !3 
term) and the circular shapc (from the !2 term), the parameter '1'2 controls the intersection with 
the hydrosiatic axis, and the exponent 1.1 deterrnines the curvature of meridians. 
The corresponding plastic potential surface is shaped as an asymmetric cigar with a 
smoothly roundcd triangular cross-section, as shown in Fig. 5(a). The shape of the meridians are 
shown in the triaxial plane in Fig. 5(b) for Fine Silica Sand. This shape accounts for the rather 
abrupt change in volume change bchavior near the hydrostatic axis observed in experiments and 
discusscd funher bclow. The plastic potential surface is continuous throughout stress space 
except at the intersec tion with the hydrostatic axis bchind the origin of the space. 
if lt l 
G = IV t (l.l + 3) - - (l.l + 2) -1 + '1'2 · l.l · -1 l) 2 l 
(9) 
If only principal stresses are applied to an element, then the plastic strain increment vector is 
given by: 
dE f 
Il l~ 
G - - (02 + OJ ) - 'l' t . -0203 II l} 
[
l )Il l 12 (3 dE~ ~=dA-p · p~ 1 G - If (03 +at)- IVt - tf OJOt ( lOa-c ) 
dE~ rt Il G- -(O t + 02)- '1'1 · - O t 02 l~ l ~ 
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MATERIALS WlTH EFFECTlVE COHESION 
The pointed apex of the plastic potential surface shown in Fig. 5 is located behind the 
ongm of stress for materiais without cohesion. Based on observations for conerete, as 
exemplified in Fig. 2, it appears thai the plastic potential should have its apex at a transialed 
stress arigin O' f urther behind the real stress origin. lf the apex remains at the location for cohe-
sionless soils, then the directions of ineremental plastic strain vectors for uniaxial and biaxial 
compression eannot be derived from the proposed plastic potential. However, the function in 
Eq. (4) can be extended to materiais with effective cohesion by a translation of the principal 
stress space along the hydrostatic axis from O to O' in Fig. 5. Thus, a constant stress a · p. is 
added to the normal stresses before substitution in Eqs. (5), (6) and (7): 
a;; = a;; + O;; · a · Po 
(Il) 
in which O;; is Kronecker's delta (O;; = J for i =j. and O;; =O for i ~j). The parameter 'a' is 
dimension Jess and p. is atmospheric pressure in the same units as a;;. The value of a ·p. retleers 
the effect of the tensile strengthof the material, anditis determined as shown by lade (13,14) 
and by Kim and lade [15). 
The flow rule in Eq. (l ) still govems the ineremental plastic strains, but the derivanves 
should be expressed in terms of the transiared stresses to maintain mathematical consistency 
corresponding to a potential function formed in the transialed space. The transformed stresses 
should also be used in the constitutive Eqs. (8), (9) and (10). This is consisrent with the notion 
of cohesion explained in l 13-15). The plastic potential surface in this case has a shape similar to 
that for cohesionless soil shown in Fig. 5. However, the pointed apex Iies at the arigin O' of the 
transialed stress space. 
CONDITION OF IRREVERSIBILITY 
The condition of irreversibility requires that the plastic work is positive (or zero) when-
ever a change in plastic strain occurs [t 6): 
d W p = O;; · dE~ ~ 0 (12) 
This requires that the plastic potential surface is convex with regard to the stress origin. This 
condition may be satisfied when proper parameter values are emptoyed. Since the plastic poten-
tial in Eq. 4 is a homogeneous function of the ~th degree, Eq. t 2 teads to 
dWp = ~ · gp . dÅp (13) 
Since d)." > O, the condition of irreversibility requires that 
~. gp 2: o (14) 
Fig. 6 shows the possible combinations of 11 and gP and the normal directions to the plastic 
potential. Fig. 6(b) indicates that a negative gp is not suitable for a plastic potential function. 
Thus. the only possible combination that saristies Eq. ( 14) is that of positive~ and positive gP. 
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Since (l{ /13) <!: 27 and H r /12) <!: 3 (where the equal signs holdon the hydrostatic axis) 
and (1 1/p.) is always positive, the condition of irreversibility leads to the foliowing require-
ments: 
ll>O 
(15) 
'1'2 >- (27 . '1'1 + 3) (16) 
For materiais with effective cohesion, the above conditions hold for the ineremental plas-
tic work done by the translated stresses. The real plastic work increment encountered in the ten-
sile zone may be negative as indicated in Fig. 7. The ineremental plastic strain vector forms an 
obtuse angle with the real stress vector thus resulting in a negative plastic work increment, while 
it forms an acute angle with the translated stress vector. However, this form of the plastic poten-
tial in the tensile stress zone never occurs if translation is retained throughout the theory. As will 
be eltplained in a companion paper, the stress state in Fig. 7 is treated as unloading and only 
elastic strains are produced. Thus, the condition of irreversibility is retained for cohesive materi-
als. 
PARAMETER DETERMINATION 
Parametef'V 1 
As menticned above, the pararneter '1ft govems the shape of the plastic potential in 
octahedral planes. lf 'V t =O, then g describes a family of cireles on the octahedral plane. lf 'l' t 
approaches infinity, the effect of !2 vanishes and gp describes a farnily of curves like the failure 
surfaces [ 12-15]. 
The ineremental plastic strain angle Wt c an be derived by substitution o f Eqs. (l 0) in to 
Eq. {3): . 
{I? ti } {f (f(cr2- OJ) +IV t (f (al cr2- OJ01) 
(17) Wt = arctan 2 3 t, t, 
lf(2cr1 -cr2 - cr3)+'1ftlf (cr3cr1 +cr1cr2 +cr2 cr3 ) 
Note thatthe parameters Il and 'V2 are completely eliminated. Solvin g Eq. ( 17) for IV t produces: 
IJ -.ff(a2- C13)- (2Gt - C12 - O'J) lanWt 
'lft =---ltl~ -.ff(O tC12 - O'JO't)-(GJO't +GtC12 -2G2GJ) tanWt (18) 
Tabte l shows calculated values of 'V t at faiture for Fuji River Sand [9). The '1'1-values 
Iisted in the right hand column indicate a fair amount of scatter. However, a small variation in 
Wt results in a large change in '1ft· Conversely, a change in 'l' t does not affect the magnitude of 
wt very much. When the average value of 'l' t = 0.00472 is used, the calculated values of Wt are 
not much different from the measured values, as shown in Tabte l. This comparison is also 
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Tabte l. Determination of the Parameter 'V t for Fuji River Sand (Data from [9)). 
Ineremental Plastic ' 
Strain angle 
Stress angle W t (degrees) 'III 
w0 (degrees) 
Test data Calculated 
Value 
15 28.1 24.1 0.00834 
30 37.7 37.9 0.00451 
45 52.7 49.8 0.00109 
75 49.4 51.3 0.00269 
90 39.6 37.9 0.00636 
105 25.3 24.1 0.00561 
135 21.2 22.9 0.00326 
150 39.1 37.9 0.00583 
165 48.8 48.7 0.00480 
average 'Vt = 0.00472 
Tabte 2. Values of Pararneters m and 'Vt for Varlous Frictional Materials. 
Materia l m 'l' t Reference 
Monterey No. O Sand (17] 
Dr = 27% 0.12 0.01632 
Dr =98% 0.16 0.01984 
Cambria Sand 0.017 0.01697 [IO] 
Grundile Clay 0.4 0.00628 [18] 
Monar 0.969 0.00388 [71 
Sandstone 0.647 0 .00130 [19) 
Concrete 1.263 0.00122 [7] 
Concrete 1.105 0.00078 (20] 
Concrete 1.133 0.00250 !21] 
Steel Fiber 
Reinforced Concrete 1.251 0.00067 [8] 
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shown graphically in Fig. 8. The proposed plastic potential runerion is seen to be consistent with 
the observed trend of experimental data. 
Similar calculations of 1(11 wcre made for various frieticnat materiais for which thrcc-
dimcnsionaltest rcsults were available. For materiais with effective cohesion. calculation of 'l' t 
proceed afler stress translation according to Eq. (11). Table 2 shows that 'l't deeresses as the 
rigidity of the materiais increase. and the cross-section of the plastic potential surface changes 
from a triangular to a rounded shape. The effect of materlal rigidity was also observed in the 
characteristics of the faiture surfaces. Thus, the curvature of failure surface meridians iocrcases 
with increasing rigidity. This curvature is modeled by the parameter m in the failure eriterion 
( 12- 15). The values of m are Iisted for the various materiais in Tabte 2, and a diagram of \(l t 
versus m is shown in Fig. 9. The relation between '\(le and m can be expressed as a power func-
tion: 
\(l t = 0.00155 · m - 1.27 
(19) 
The solid line in Fig. 9 represenes the relation in Eq. (19). Recalling that the ineremental 
plastic strain angle W( is relative ly in sensitive to the value of 'l' t , Eq. (19) provides a reasonable 
approximation for the value of '1'1 · !t is therefore not necessary to require resuhs of three-
dimensionaltests to delermine the value of 1(11• 
Parameters '1'2 and Il 
Once the parameter '1(11 is evaluated, the other parameters, l(lz and 11. can be determined 
using triaxial compression test data. This is done by expressing the ineremental plastic strain 
ratio defined as 
dE~ 
V p=- dE f (20) 
Substitution of Eqs. (IO) for the plastic strain ineremems under triuial compression conditions 
(0 2 = 03) produces the foliowing equation: 
l ~Y= ;~• - 1(12 
where 
l {11 11 } If If ~. = -- 2 (Ot+<J3+2Vp03) + \(IJ • 2 (Ot03+Vp0~) - 3\(lt . -
1 
+ 2 -I 
l+ Vp Il 13 3 2 
and 
Il 1 ~y = l(lt · I;"- 1
2 
(21) 
(22) 
(23) 
Thus, 1/1! and · 'l(lz can be determined by linear regression between ~. and ~Y detennined from 
several data points. Fig. IO is a plot of ~. and ~Y for the triaxial compression tests on Fine Silica 
Sand. All data points are consisrent with Eq. (21). The value of -1(12 is the intercept value of ~Y 
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at~. = O, and the value of l/Il is the slope of the best litting straight line. 
Tabte 3 lists the parameter values for plastic potential functions for various matcriais. 
Only results o f triaxial compression tests (including uniaxial compression tests for materiais with 
effective cohesion) were employed in detennination of parameters. 
EV ALUATION OF PROPOSED PLASTIC POTENTIAL FUNCTION 
After the parameters are determined, the ineremental plastic strains can be caiculated 
from Eqs. (8), or from Eqs. (l 0) in the absence of shear stresses. In order to evaluate the plastic 
potential, the directions of ineremental plastic strain vectors have been calculated at the meas-
ured stress points for various setsoftest data. These calculated directions are compared with the 
measured directions on the triaxial planes, and the Lode angles on the actahedral plane are com-
pared for three-dimensional test data. 
Fig. Il (a) shows that the predicted directions o f the vectors are al most identical to the 
measured directions for Fine Sillea Sand. A rather abrupt change in volumetric strain r.11e near 
the hydrosiatic axis is also predicted by the proposed cigar-shaped plastic potential function 
shown in Fig. 5. 
Fig. ll(b) shows comparisens for uniaxial compression, biaxial compression, triaxial 
extension, and triaxial compression of concrete [7). Considering thai the parameters were 
derived from triaxial compression data, the good agreement between predicted and measured 
directions could be expected for these tests. In biaxiai compression tests the measured vectors 
indicate a rather dilative behavior, and the potential is slow in capturing this pattern. However, 
the prediction is considered to be within reasonable range of the experimental data in view of the 
faet that Schicken and Winkler employed different specimen preparation methods and different 
testing schemes for triaxial and biaxial tests. The observed pattern of vectors correlates well 
with the potential function for the extension tests shown in Fig. ll(b). 
Another comparison is shown for steel fiber reinforced concrete [8) in Fig. ll (c). Here 
the deviation between measured and predicted directions are significant in the initial loading 
range of some of the extension tests. lt should be noted that the directions of strain increment 
vectors in this range is governed mainly by the elastic behavior. The elastic modulus for this 
material, determined from the initial slopes of the stress-strain curves, seems to be too high for 
this case. However, the influence of plastic sttains on the stress-strain behavior in this initial 
loading region is negligible. Reasonable predictions within the scauer of the experimental data 
were obtained at higher stress levels. 
In order to evaluate the plastic potential under three-dimensional loading conditions. the 
Lode angles at failure are compared for loose and dense Monterey No. O Sand in Fig. 12. 
Although the values of the parameter '1(11 are based on the empirical Eq. (19), the predicted 
curves simulate the location of the ex perlmental data very well. The density dependent variation 
of the angles are captured, such that the eross-seerions of the plastic potential surfaces for dense 
sand are more triangular than those for loose sand. 
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Tabte 3. Plastic Potential Parameters 'l' t• 1j12, and !l for Various Frictional Materials. 
Material D,(%) 
'l' t 
Fine Silica Sand 30 0.0289 
Sacramento River Sand 100 0.0100 
38 0.0317 
Painted Rock Material 100 0.0113 
70 0.0159 
Crushed Napa Basalt 100 0.0046 
70 0.0072 
Monterey No. O Sand 98 0.0160 
27 0.0229 
Edgar Kaolinile Clay 0 .0034 
Plain Concrete 0 .00115 
0.00135 
0.00209 
0.00119 
Steel Fiber Reinforced Concretc 0.00117 
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CONCLUSION 
Based on classical concepts of ineremental piasticity and careful review and evaluation 
of available test data. a general three-dimensional plastic potential function expressed in terms 
of stress invariants has been proposed. With three parameters (one of which is redundant 
with one of the faiture surface parameters) to be determined, this cigar-shaped plastic potential 
is unique and continuous in stress space. This makes it applicable as an ingredient of a plasti-
city model without difficulty. In addition, it ineludes tensile behavior of cohesive materiais 
without discontinuity or venices except at the translated stress origin. Applied to general 
loading in three dimensions, it has the capability of predicting the behavior with good accu-
racy throughout the loading paths for many different types of frictional materials. 
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P.V. Lade 
Depanment of Civil Enginccring 
University of Califomia 
Los Angeles, Caiifomia 90024, U.S.A. 
and 
M.K. Kim 
Depanment of Civil Engincering 
Yonsei University 
Seoul 120, Korea 
ABSTRACT 
A review of numcrous experimental data sets for frictional materiais has led to a refor-
mulation of the condition for plastic yielding in such materiais. A yield function is proposed 
such that yield sunaces arc equivalent to plastic work contours. Two parameters are rcquircd in 
this function. The yield surface resemblcs an asymmctric tear drop in the principal stress space. 
It ineludes tensile behavior of materiais with effective cohesion. W ork hardcning and softcning 
behavior can be simulated through the formulation of piasticity proposed herein. The capabili· 
ties of this mathematically consisrent formulation are examined by comparisons with cxpcrimcn-
tai data from two- and three-dimcnsionaltests on dilJerent frictional materials. 
INTRODUCTION 
The development of elasto-plastic stress-strain theories for engineering materiais requires 
a eriterion to describe the conditions for which plastic yielding occurs. Varlous criteria express-
ing combinations of multiaxial stresses thai will cause yielding have been proposed in the litera-
ture, e.g. ( 1-12). These criteria have mostoften been based on experimental observations, somc-
times in combination with assumptions about the type of plastic behavior exhibited by thc 
material (associated or nonassociated flow). Identificarion of yield points from measured stress-
strain curves and combination of thcse points to form yield sunaces an: not always simple. 
There are two reasons why it may be difficult to identify suitablc yield sunaces: (l) Since yicld-
ing is a continuous process for frictional materials, there may not be a dislinet yield point on a 
stress-strain curve. (2) In the piasticity theory, yield surfaces must be associated with hardening 
(and softening) parameters such that the combination uniquely defincs the magnitude of inere-
mental plastic strains. 
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Two methods of idenrification of yield points and yield surfaces in stress space are 
reviewed. Plastic yield points for primary loading are then compared to a yield eriterion 
developed to describe contours of plastic work as detennined from results o f oiaxial tests. 
OBSERVED YIELD BEHAVIOR FOR SOILS 
The existence and shapes of yield surfaces in stress space have been studled often since 
piasticity theory has been found effective in modelin g deformation of frictional materials. Two 
imponant studies of yield behavior of soils are reviewed below. 
Tatsuoka and lshihara [ 13) presented results and analyses of oiaxial compression testson 
Fuji River Sand at three densities. The di trerent types of stress paths used in their study are sum· 
marized in Fig. l(d). A speelmen was first aiaxially compressed up to a certain stress level, 
unloaded at constant confining pressure, then loaded again at a different confining pressure. On 
a diagram of deviator stress (o1-ol) versus shear strain (E1-El) obtained for reloading, two 
approximately linear portions were extended near the sudden increase in strains, and a yield 
point was located at the intersection. Connecting this yield point with thc previous maximum 
stress point, a portion of a yield surface was established. Thcy analyzed an ex tensive set oftest 
data and found a series of curved yield surfaces as shown in the nondimensional p' -q diagrams 
in Fig. J for (a) loose, (b) medium dense, and (c) dense Fuji River Sand. In these diagrams, p, is 
atmospheric pressure in the same units as p' and q. Note that the yield surfaces exhibit varying 
curvarure with stress level, and they do not coincide with the Cailure envelope. lnstead they devi· 
ate from and cross the failure envelopc, and they arc more curved than the Cailure envelopc. 
Parry and Nadarajah [14) perfonned a series oftestson lightly overconsolidated speci· 
mens of kaolin. Each spccimen was subjected to a dilfcrent stress path. In a diagram of stress 
versus volumeoic strains. a yield point was located in the same manner as done by Tatsuoka and 
Ishihara [13). The resulting yield points were connected to fonn a cap shaped volumeoic yield 
surface in a aiaxial plane as shown in Fig. 2. This cap shaped yield surface is more curved than 
those shown in Fig. l, and it cuts across the hydrostatic axis. However, it should be noted thai 
plastic shear strains are not accounted for in this yield locus. Roscoe and Burland [2) perfonned 
similar tests examining the plastic shear strains. Their results Indleated that significant plastic 
shear deformation could occur inside the volumeoic yield locus. 
PLASTIC WORK CONTOURS 
As noted in the previous section, a yield eriterion in an elasto-plastic model should not 
only simulate yield surfaces derived under various types of assumptions. but it should also be 
uniquely related to the hardening and softening characteristics of the materials. An obstacle in 
achieving these dual goals is that it is not a simple task to investigate yield behavior of the 
materlal under various reloading conditions including three-dimensionalloading conditions. 
An alternative is to examine the contours of the hardening parameters and to compare 
them with experimental data for yield surfaces. Huang (IS) deseribed a study of this type 
involving contours. In the stud y presented here the plastic work is used as the hardening param-
eter. 
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Using plastic work contours in the study of yield behavior of a material has several 
advantages. lt does not involve tests with Camplicated stress·paths and i t also avoids difficulties 
in determination of yield points an stress-strain curves. In comparison, camputalion of plastic 
work is straight forward, and the plastic work contours appear to capture yielding in tenns of 
shear strains as well as volumetric strains. 
Befare further discussion of plastic work contours. it may be advantageous to study the 
plastic work d urin g isotropie compression tests. An isotropie compression test involves a simple 
stress path in which the nonnaJ stresses are equal in all directions, and the data from this test 
may serve as a guide in plotting the plastic work contours. Isotropie compression of soi l pro-
duces parti y elastic and panly plastic deformations. Thc plastic work done by the isotropie pres-
sure iocrcases monotonically as the pressure increases. This plastic work may be modeled by a 
power function of pressure (4] : 
[
le ]P 
w P = C · Pa. Pa (l) 
where 11 is thc first invariant o f stresses which is three times the isotropie pressure, p1 is atmos-
phene pressure expresscd in the same unit as W P and 11 , and C and pare dimensionless pararne-
ters to be detennined. The pararneters C and p can be detennincd by plotting the variation of 
W piP. and 11 l p1 in a log- log diagram and titting a straight line, as shown in Fig. 3. The mag-
nitude of C is the value of W piP. at 11 lp1 = l and the value of p is the slopc of the Iitted line. 
Fig. 4 shows the variatio n of plastic work during an isotropie compression test on Fine Silica 
Sand (e=0.76) together with themodelin g curve from Eq. (l). lt can be seen that Eq. (l) models 
the work-hardening behavior in isotropie compression reasonably well. Eq. (l) is used in the 
f o llawing to detcnnine valucs of W p1Pa whcnevcr the isotropie compression condition accurs. 
Fig. 5 shows the data for plastic work obtained from three trialdal compression tests on 
Fine Silica Sand with confining pressures of l, 2, and 5 kglcm2 , respectively. For stress states 
near isotropie compression, i.e. at low stress lcvcls, the plastic work increases slowly with 
increasing shear stress. As the shear stress iocrcases funher, however, the rate of plastic work 
increases rapidly until i t reaches the failure state denoted by shaded cireles in the figure. A Cam-
ily of contours can be drawn to connect stress points with the samevalues of Wplp1 • lt should 
be notcd that the failure surface is not ane of these contours. The valuc of W pi P. at Cailure 
increases as the confining pressure increases. Consequently, each plastic work contour crosses 
the failure envelope at a very shallow angle and gradually deviates fromit as 11 lp. increases. 
The results of four undrained tests on nannall y consolidated, remolded Edgar Kaolinile 
Clay are shown in Fig. 6. A pattern similar to that observed for sand is seen in t his figure. How-
ever, the plastic work contours endose areas which are shoner and more rounded. Thi s could be 
expectcd, because volume changes and therefore plastic work under isotropie compression are 
relative! y larger for clay than for sand. 
Fig. 7 shows the variation of plastic work on an actahedral plane for cubical triaxial tests 
on Fuji River Sand perfonned by Yamada and Ishihara (161. These tests were all perfonned in 
the same actahedral plane, i.e. with constant mean nonnaJ stress. The specimens were prepared 
anisotropically, hence, a slight anisotropy can be seen in the figure. The underiyin g isotropie 
behavior was discusscd by Lewin et al. [171. However, the data reported by Yamada and 
lshihara [ 161 are adopted without an y correction, because only the behavior pattern is of concem 
at this stage. Qualitatively, the contours have circular shapes atlow stress levels and they gradu-
all y change into rounded triangular shapes as the stress level increases up to failure. At the 
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Tabte l. Calculation of Yield Parameter h for Fine Silica Sand. 
Triaxial Compression (8) Isotropie 
Compression (A) 
h 
03/p1 a 1tp. li/p. 
1.00 3.55 244.2 0.348 
2.00 6.81 485.6 0.341 
2.00 6.74 401.2 0.356 
5.00 16.42 810.3 0.373 
-----
Average h= 0 .355 
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faiture states, the values of Wp/Pa ditfer from each other on the same actahedral plane. The 
plastic work contours have more rounded shapes than the faiture envelope. 
The shapes of the plastic work contours generall y agree with the shapes of the yield sur-
faces observed in unloading - re1oading tests as reviewed in the previous section. The plastic 
work contours also resemble the material-dependent shapes of the yield surfaces: Contours for 
clay are shorter and more curved than those for sand. 
lt is inieresting to check the normality of ineremental plastic s1rain vectors to the yield 
surfaces. or equivalently, to the plastic work contours. The directions of the ineremental plastic 
slrain vectors at faiture are drawn in Figs. 5 through 7 . In Fig. 7 the directions of these vectors 
appear to coincide with the normal directions to the plastic work contours. However, on the 
triaxial planes shown in Figs. 5 and 6, the vectors are not normal to the plastic work contours. 
The directions normal to the yield surfaces at faiture correspond to more dilation of the material 
than measured in experiments. 1ltis observation malces it necessary to employ a nonassaciated 
flow rule. 
PROPOSED YIELD CRITERION AND HARDENING LA W 
Fig. 7 shows that the plastic work contours near faiture have more rounded shapes than 
the faiture surface, and that the directions of ineremental plastic strain vectors are normal to the 
plastic work contours. Thus, a possible function to describe the plastic work contours, or a yield 
function in terms of stress is: 
f~= '111 ·....!..-....!.. · ....!.. ·eq [ 13 Il] [l )h l3 l2 Pa (2) 
in which IV t was determined in a campanion paper dealing with a plastic potential function for 
frictional material ( 18). This parameter controls the relative influence of the two terms within 
the parentheses, and it is used to model the normality condition on the actahedral plane. The 
second and third terms are introduced to model the meridional curvature of the yield surface. 
The value of h is conslant and q is variable. 
The yield surface is shaped as an asymmetric tear drop with a smoothly rounded triangu-
lar cross-section as shown in Fig. 8. The yield surface is continuous throughout stress space 
except at the origin (al = a2 = a3 = 0). 
A family of yield surfaces deseribed by Eq. (2) is drawn in Fig. 7 for a value of 
'III = 0.00472 for Fuji River Sand. The contours shown as yield surfaces were drawn forseveral 
conslant values of fp in Eq. (2) and they are not directly related to the values of plastic work. 
However, the yield function describes the panem of the plastic work contours reasonably well. 
The experimental points on Fig. 7 indicate anisatropie behavior as mentianed above, whereas 
Eq. (2) describes isotropically expanding yield surfaces. This yie1d function is suitable for an 
isotropie work-hardening stress-strain model. 
The parameter q in Eq. (2) is devised as a function of stress level such that 
q = O 
0<q<1 
q=1 
during isotropie compression 
during hardening 
at faiture stresses 
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The variation of q in the hardening regime will be investigaced later. Once q = l. a switch to a 
softening relation is effectuated. Thisis also discussed la ter. 
For an isocropic compression state the value of f~ in Eq. (2) is 
, [ 11 ]h fp=(27•'lft+3) · P. (3) 
Using this eltpression, the plastic work equation for isoD"Opic compression (Eq. (l)) can be gen-
eralized as: 
Wp=D· p1 ·q (4a) 
o r 
r; = [ ~ rp . [ :: rp (4b) 
in which 
D= C 
(27'lfl + 3)P (5) 
and 
p=p/h (6) 
Eq. (4) provides a unique relation between the yield criterion, r;. and the plastic work, WP, and 
serves as a work-hardening relacion for all stress staces. 
PARAMETER DETERMINATION FOR YIElD CRITERION 
Of che pararnelers chat enter into the yield eriterion only che constant value of h and the 
variacion of q remain to be delermined. 
Conslant Parameter h 
Consider two stress points A and B on the same plastic work contour. Since these points 
are al so locaced on the same yield surface, c hen (f~ A = f~o ): 
[ IlA ItA]. [IlA ]h. eq• _ [ l~o Ito J. [ltB ]h . eq1 (7) 'Vt·--- - - 'Vt · - -- -l3A l 2A Po J39 l29 Po 
where subscripcs A and B denote lhe scresses at points A and B, respectively. l f point A on the 
hydrostatic axis (where q = 0) and B on the failure envelope (where q = l) are two points on the 
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same plastic work con tour. then 
[
ltA ]h [ 1 ~8 t?8) [118 )h (27'lf1+3) - = 'Vt ·--- - · e 
Pa 138 l29 Pa 
(8) 
and therefore, 
[ t lo lis] . e 
'Vt . Ga - l2o . ~og ~ 
h= log 27'lft + 3 / '' l to (9) 
in which e is the base of natura! logarichms. Table l shows the calculation of h fo r Fine Silica 
Sand basedon four sets o f faiture stresses (poinc B) and four corresponding poincs on the hydros-
catic axis (point A). The stresses acche lauer points are decermined from Eq. (l) based on con-
slant amounts of plascic work along each concour. Thus, the cocal plascic work at failure (lisced 
in column l) from a niaxial compression cescis used in Eq. (l) co delermine the corresponding 
isotropie state of stress. Tabte l shows that an average value of h = 0.355 is reasonably 
representalive of the individual values determined from Eq. (9). 
Variation of q 
The value of q varies with stress level S defined as: 
1 (l ]m S= fn lllt = - · <ll/13- 27) ....!.._ 
llt Po 
( IO) 
in which f0 is the function used to eltpress failure for friccional materiais [4, 19-21) and ll t is the 
value of fn at failure. The stress level S varies from zero at the hydrosiatic axis to unity at the 
failure surface. 
The value of q can now be determined from the test data using Eqs. (2) and (4): 
q= In ' , (Il) 
Fig. 9 shows the variation of q with stress level S for Fine Silica Sand. Only the portion in the 
range O S q S l is of impo rtance. since a different relation between yielding and plastic work is 
employed in the softening range (discussed blow). In the hardening region the variation may be 
deseribed by a hyperbolic eltpression: 
s= ___g a+~·q 
(12) 
Since the curve passes through (1.1), the value of p= J- a. The besl determination of Cl is 
'" 
Fig. 9. 
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obraincd ar a stress level S = 0.80. Subsritution in Eq. (12) produces 
l- S q, l qgu 
a=-- · - -= - ·---
s l - q, 4 l -<J so 
(13) 
For Fine Si Iica Sand qgo = 0.67 producing a= 0.515. Finall y, q is expressed as: 
a·S ( 14) q = l - (l - Cl) . s 
With detenninarion of lhe parameters h and q, the yield function in Eq. (2) is detin.:d and 
the plastic work during the yielding process can be detennined from Eq. (4). 
EVALUATION OF PROPOSED YIELD FUNCTION 
Four parameters are required to detennine the yield-plastic work relarion : h and o; 10 
define the yield function, and C and p to define the plastic work equation for isotropie compres-
sion. The validity and flexibility of the proposed yield function and the plastic work relat ion can 
be examined in several independem ways as follows. 
The plastic work contours deseribed through the yield f u netion in Eq. (2) have been com-
pared with the experimental pointson the rriaxial planes in Figs. 5 and 6. The important aspects 
of the behavior of frieticna J materiais in tenns of the plastic work are well captured by the 
model, including the plastic work during isorropic compression, the slow increase in plastic 
work at low shear srress levels, and the pressure-dependent amount of plastic work at the peak 
stress state. 
In the development of this model. the basic assumplion is that, if yield surfaces nre 
defined properly, the amount of plastic work during yielding may be defined uniquely. This 
.assumprion is examined quantitatively in Fig. IO where the values of f~ and Wp iPa calculated 
from rriaxial compression data are compared with those modeled through an isotropie compres-
sion test. lt is seen that a unique, monotonic relation exists between yield and plastic work, and 
this relation is modeled through Eq. (4) with f~ and WP defined by Eqs. (2) and (l), respectively. 
Plastic work under three-dimensional stress srares is simulated through rhe pararneter lj/1 
which depends on the rigidity of the material. The three-dimensional behavior is e xamined in 
Fig. l l where experimental and predicted values of plastic work for the tests on Den se Montere y 
No. O Sand (D,= 98%) [221 are comparedon the actahedral plane. Because the stress points do 
not Iie on the same octahedral plane, the data points are projected onto a common octahedral 
plane (1, lp.= 15) foliowing the meridians of the proposed yield func tion (intersection of a yield 
surface and a constant b= (o2-o3 )/(o1-o3) plane). That is, a projected stress point possesses 
the same value of f~ as the original data point. A pattern similar to that in Fig. 7 for Fuji River 
Sand can be seen. Although relatively higher rest values of plastic work appear under triaxia l 
compression conditions, the observed and modeled values of plastic work cerrespond to each 
ether within a reasonable range. 1t is worth mentioning that the experimental stress points Iie on 
rhe octahedral planes whose l 1lp1 values vary from 1.8 to 13.3. Thus, discrepancies between 
observed and modeled values appear larger on the plane of 111p. = 15 than the real discrepan-
cies. 
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In order to check i f the plastic work contours are equivalent to yield surfaces, an indepen-
dent test was perfonned on Fine Silica Sand. A specimen was isotropically consolidated up to 
IO kglcm2 and unloaded isotropically to I kglcm2 . That is, the specimen was prepared with an 
overconsolidation ratio of IO. Then, triaxial compressive loading was applied up to failure while 
maintaining the cell pressure at l kglcm2• The resulting stress-strain curve is compare d with 
that from a nonnally consolidaled specimen in Fig. 12(a). The overconsolidated specimen exhi-
bits a stress range of smal l deformation which may be considered to be mainly elastic. A yield 
srress of Gy = 2.5 kglcm2 can be located using a technique similar to t hat reviewed in the begin-
ning of this paper. This srress state is shownon the triaxial plane in Fig. 12(b) together with the 
yield surface or plastic work contour corresponding to the initial preconsolidation of IO kglcm2 
and deseribed by Eq. (2). The yield stress Gy Iies exactly on the predicted yield surface. 
Finally, the yield surfaces reported by Tatsuoka and lshihara 1131 have been simulated 
using the proposed yield function. The experimental yield surfaces for loose Fuji River Sand are 
replotted as broken curves in Fig. 13 w h ile the family of curves deseribed by Eq. (2) are plotted 
as continuous curves. Some disagreement can be observed between experimental and analytical 
surfaces close to the hydrostatic axis. However. the stress paths adopted by Tatsuoka and 
lshihara [13) in this regionare sensitive to volumetric strains while more emphasis was placed 
on the shear strains in their investigation. lf yield points were located according to volumetric 
strains, the yield surfaces would have more curvature and be more perpendicular to the hydros-
latic axis. This argument agrees with the observation of Tatsuoka and lshihara [ 13) who noted 
that their yield surfaces are cerreet as Ion g as yielding is defined in terms of shear deformation. 
Except for the stress region near the hydrostatic axis, the proposed yield surfaces agree with their 
observed yield surfaces. Using the plastic work contours as yield surfaces takes into account 
elfects of shear as well as volumetric strains. 
SOFTENING BEHA VI OR 
The evaluation of the yield eriterion was perfonned in the hardening regime where the 
soil behavior has been studied experimentally and is reasonably well-known. Much less is 
known about the soil behavior in the softening regime. However, soils are known to exhibit 
peak failure and reduction in srrength while deforrning uniformly under certain conditions 
including triaxial compression stress states. The actual movement and shape of the yield surface 
after peak failure have not been studied experimentally in the past. 
The simplest possible behavior may bedeseribed as isotropie softening foliowing the pat-
tern indicated on Fig. 14. Softening may begin anywhere along the monotonically increasing 
hardening curve and is initiated when q = l, which in tum occurs when the stress level reaches 
unity (S= l) at the Cailure surface. The softening curve is deseribed by an exponential decay 
f u netion 
r; =A . e -B·(W,ip,) (15) 
in which A and B are positive constants. These are devised such that no additional materlal 
pararneters are required. This seems reasonable in view of the limited knowledge about the 
actual softening behavior. However, to capture the experimentally observed pattern of greater 
relative strength decay at lower confining pressures, the slope of the softening curve is set equal 
to the negative slope of the hardening curve at the point of failurc. Since the softening curve 
also intersects the hardening curve at the peak point, the foliowing expressions for A and B can 
be derived: 
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A= (f~)peu . eB·<W,tp,>,... (16) 
( df~ ] ·-B- . 
- d(Wp/p1 ) hud.pcalt (fplpcu 
(17) 
The transition from hardening to softening occurs abruptly at the peak failure point. 
Thus, there are no points with zero slope at the transition anywhere along the hardening cuiVe. 
The absence of points with zero slope allows greater computational efficiency near peak failure, 
while the pointed peak is hardly noticeable in actual comparisons with experimental data. 
MATERIALS WITH EFFECfiVE COHESION 
The proposed yield function and hardening equation may also be employed for materiais 
with effective cohesion. Thi s requires a translation of the principal stress space as demonstrated 
for the failure eriterion (19-21( and for the plastic potential function (181 . 
If the yield and plastic potential surfaces are treated in the same way as the Cailure sur-
face, then inconsistencies in the condition of irreversibility may arise. This was discussed in 
detail in the campanion paper [18). Further inconsistencies in the plastic behavior of materials 
with effective cohesion are overeorne by assuming that there exists an initial yield surface which 
goes through the origin of the real stress space as shown in Fig. 15. Thi s implies that only elastic 
strains occur during major ponions of tension type tests in which the main pans of the stress-
paths are located inside the yield surface. Fig. 16 shows the stress-strain cuiVes obtained from 
three types of biaxial tension testson concrete by Kupfer et al. [23). The strains obseiVed in 
these tests are al most linear elastic. Small deviations from linear elastic behavior occur prior to 
the abrupt tensile failure experienced in these tests. Thus, the stresses applied along the stress-
patlis indicated in Fig. 15 do not produce plastic strains until they are close to failure. The 
existence of an initial yield surface therefore appears to simulate experimental obselVarions of 
the type shown in Fig. 16 with good accuracy. 
It is therefore assumed that the translated stresses represent the stress components in the 
development of the constitutive model for frictional materiais with effective cohesion. Then, the 
transialed plastic work may be defined as the work done by the Iransiated stresses through the 
process of plastic deformation: 
w p= Ja;jdE6 (18) 
and substitution of the transiared stresses produces 
d W P = (CJ;i + a·p1 ·li;i) dE~ =d W p+ a·p1 ·dEe (19) 
Physically, it has not been shown that such work exists, butthis approach provides a convenient 
tool for mathematical treatment of cohesive materials. Eq. (19) implies that work is done by an 
imaginary preload 'a·p.' through the loading process. Since the plastic work is defined in terms 
of translat ed stresses, the yield function and the hardening equation can be generalized by substi-
tuting the translated stresses in place o f the real stresses. For cohesionless materiais for which 
'a' vani sh, all terms o f the theory return to hold conventional physical mea ni nl!. 
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CONCLUSION 
The yield behavior of frictional materials has been examined phenomenologicaUy as 
well as mathemarically. A yield function is proposed as a result of the consideration that 
yield surfaces are equivalent to plastic work contours. Work hardening and softening 
behavior can be simulated through the formulation of piasticity proposed herein. Varlous 
independent checks are made to examine the validity of the formularion. The formulation is 
also extended to cohesive materials using translation of stresses. Consistency with mathemati-
cal work-hardening piasticity is retained. 
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ABSTRACT 
A uni.fied constitutive model for the behavior of frictional materials is described. The 
model is basedon concepts from elasticity and piasticity theories. In addition to Hooke's law 
for the elastic behavior, the framework for the plastic behavior consists of a Cailure criterion, a 
nonassociated flow rute, a yield eriterion that describes contours of equal plastic work, and a 
work-hardening/softening law. The functions that describe these components are all expressed 
in terms of stress invariants. The model incorporates twelve parameters which can all be 
detennined from simple experiments such as isotropie compression and conventional triaxial 
compression tests. V alidation of themodel is achieved by comparison of predicted and meas-
ured stress-strain curves for various two- and three·dimensional stress-paths obtained for 
different types of frictional materials. 
INTRODUeTJON 
Development of constitutive models for the time-independent behavior of frictional 
materiais has most often been based on experimental observations of materlal behavior and on 
a framework of elasticity and piasticity theories. The combination of experiment and theory 
has been employed with varying emphasis depending on access to experimental results, 
interpretation of physical concepts, and inclination towards mathematical developments. A 
number of models have therefore resuhed with various capabilities relative to observed 
materlal behavior. The models contained in references ( 1-111 are representative of the types 
and capabilities presented in the literature. 
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The constitutive model presented here has been developed on the basis of a thorough 
review and evaluation of data from experiments on frictional materiais such as sand, clay, con-
crete and rock. The framework for the evaluation and subsequent development consists of con-
cepts contained in elasticity and work-hardening piasticity theories. 
An imponant feature of the new model is the application of a single isotopic, yield sur-
face shaped as an asymmetric tear-drop with the pointed apex at the origin of the principal stress 
space. Thi s yield surface, expressed in terms of stress invariants, describes the locus at which 
the total plastic work is constant. The total plastic work (due to shear strains as well as 
volumetric strains) serves as the hardening parameter, and it is used to define the location and 
shape of the yield surfaces. This concept results in mathematical consistency in the model, and 
application of a single yield surface produces computational efficiency when used in large com-
puter programs. The nonassociated flow rule is derived from a potential function which 
describes a three-dimensional surface shaped as a cigar with an asymmetric cross-section. 
Themodel is devised such that the transition from hardening to softening occurs abruptly 
at the peak failure point. Thus, the transition does not involve an y points at which the harden in g 
modulus is zc:ro. The absence of points with zero slope allows greater computational efficiency 
near peak failure, while the pointed peak is hardly noticeable in actual comparisens with experi-
memal data. 
Each componem of the model has already been developed, presented, and discussed in 
the literature (12-19]. Only the main principles and the goveming equations for each component 
will be given here. Values of materlal pararneters aregiven for di trerent frictional materials, and 
the stress-strain behavior of various types of laboratory tests is predicted by the constitutive 
model. 
COMPONENTS OF CONSTITUTIVE !\IO DEL 
The total strain ineremems observed in a materlal when loaded are divided into elastic 
and plastic components such t hat 
de;i = deij + de~ (l) 
These strains are then calculated separately, the elastic strains by Hooke's law, and the plastic 
strains by a plastic stress-strain la w. 8oth are expressed in terms of effective stresses. 
Below is a brief review of the framework and the components of the constitutive model. 
In order that the presentalion follows a Iogic developmental sequence, the components are 
presented in the foliowing order: Elastic behavior, Cailure criterion, flow ru le, yield eriterion and 
work-hardening!softening law. 
Elastic Behavior 
The elastic srrain increments, which are recoverable upon unloading, are calculated from 
Hooke's law, using a model for the unloading-reloading modulus defined as l 12): 
Eur = Kur . Pa . [ ;: r (2) 
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The dimensionless, constant values of the modulus number, Kur• and the exponent, n, are deter-
mined from triaxial compression tests perfonned with various values of the confining pressure, 
GJ. In Eq. (2) p. is atmospheric pressure expressed in the same units as Eur and GJ . 
The value of Poisson's ratio has often been found to be close to 0 .2 for the elastic parts of 
unloading-reloading stress-paths. This value is therefore used in the foliowing calculations. 
More recently a model for the nonlinear variation of Young's modulus with stress state 
has been developed (13, 14]. In this model, the value of Poisson's ratio, being Jimited between 
zero and one half for most materials, was assumed to be constant. The expression for Young's 
modulus was then derived from theoretical considerations based on the principle of conservation 
of energy. According tothis derivation, Young's modulus can be expressed in termsofa power 
function involving nondimensional rnaterial constants and stress invariants. Although thi s more 
recent model could just as well have been used here, the pararneters detennined for the piasticity 
functions presented below were derived on the basis of the elastic srrains being calculated using 
Eq. (2) for the elastic modulus. 
Failure Criterion 
A general, three-dimensional Cailure eriterion has been developed for soils, concrete, and 
rock (4, 15-17). The eriterion is expressed in terms of the firstand the third srress invariants of 
the srress tensor as follows: 
[:; -27J [~~r =~t (3) 
in which (4) 
lt =G, +Gy +Gz 
and 
IJ =a, · ay · a, + tay · ty• · tu + ty• · tzy · tu 
(5) 
-(a, · t yz · tzy +Gy · t,. · tu +a. · t,y · tyx) 
The parameters ~t andmare conslant dimensionless numbers. 
In principal stress space, the failure surface is shaped Jike an asymmetric bullet with the 
poimed apex at the origin of the stress axes, as shown in Fig. l. The apex angle iocrcases with 
the value oC l'\ t . The Cailure surface is always concave towards the hydrosiatic axis, and its cur-
vature iocrcases with the value of m. For m= O the failure surface is straight, and i f m > 1.979 
the Cailure surface betornes convex towards the hydrosiatic axis 1 17). Analysis of numerous sets 
oC data for concrete and rock inelicates !hat m-values rare ly exceed 1.5 ( 16). For constant v a lue 
o f m and increasing 111 -values, the cross-sectional shape in the octahedral plane changes from 
circular to triangular with smoothly rounded edges in a fashion that conforms to experimental 
evidence. The shape of these cross-sections do not change with the value oC 11 when m = O. for 
m > O, the cross-sectional shape oC the Cailure surface changes from triangular to become more 
circular with increasing value of 11• Similar changes in cross-sectional shape are observed from 
experimental studies on soil, concrete, and rock. 
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In order to inelude the effective cohesion and the tension which can be sustained by con-
crete and rock, a translation of the principal stress space along the hydrostatic axis is performed 
as shown in Fig. 2. Thus, a conslant stress. a · p1 , is added to the nonnaJ stresses before substitu· 
tion in Eq. (3): 
O;i = o;J + O;J · a ·p • 
(6) 
in which 'a' is a dimensionless parameter, and O;j is Kronecker's delta ( = l for i=j, and = O for 
i ~j). The value of a · p1 reflects the effect of the tensile strength of the material. Although the 
three materlal parameters describe separate characteristics of the Cailure surface, they do interact 
in calculation of, e. g., the uniaxial compressive strength. Thus, an infinite number of combina-
tions o f TIJ, m, and 'a' could results in the same value o f the uniaxial compressive strength. 
The three materlal parameters may be determined from results of simple tests such as 
triaxial compression tests. Funher details on development, de scription and parameter evaluation 
for the failure eriterion for frictional materiais aregiven in (4,15-17]. 
FlowRute 
The plastic strain increments are calculated from the flow rule: 
der; =dA,. . ~ 
COjj 
(7) 
in which &p is a plastic potential function and dA,. is a proponionality constant. A suitable plas-
tic potential funct ion for frieticnaJ materiais was developed in a campanion paper [18]. This 
function is different from the yield function and nonassociated flow is consequently obtained. 
The plastic potential function is wriuen in tenns of the three stress invariants of the stress tensor: 
&p = ['l' l .1_ .!l+ '1'2] . (.!!..)Il 
13 12 p. 
(8) 
in which 11 and l3 are given by Eqs. (4) and (5) and the second stress invariant is defined as: 
(9) 
l2 = t , 1 · t yx + t 11 • tey + t 11 • tu - (01 • ay + a1 · a 1 +a, · 0 1 ) 
The materlal parameters '1'2 and IL are dimensionless conslants that may be detennined from 
triaxial compression tests. The parameter 'l'l is related to the curvature pararneter m for the 
Cailure eriterion as indicated in (18], and it acts as a weighting factor between the triangular 
shape (from the l3 tenn) and the circular shape (from the l2 tenn). The parameter '1'2 contreils 
the intersection with the hydrostatic axis, and the exponent IL detennines the turvature of meridi-
ans. The corresponding plastic potential surfaces are shown in Fig. 3. They are shaped as asym-
metric cigars with smoothly rounded triangular cross-sections similar but not identical to t hose 
for the failure surfaces shown in Fig. l. 
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The derivatives of gP with regard to the stresses are 
2 13 Il l l G - (ay +a,) · 2 -'VI · (ay · a, - tyz) · (i ~ 3 
l I3 Il 2 l G- (a,+ a,)· 2- 'V t ·(a,· a,- tal · (i 
~ l 
~!: = [~:r 
2 13 Il 2 l G- (a,+ a.> · 2 -'VI ·(a,· ay- t,y) · (i 12 3 
lf . ,, 
2 · - · t - 2 · 'VI · (t · t -a · t ) · -(f Yl •Y a • yz l f 
(lOa-f) 
If Il 
2 · 2 · ta- 2 · '1'1 · (t1y · tyz- ay ·tal · (i ~ 3 
l? •l 
2 · - · t - 2 · 'Vt · (tyz · t - a · t ) · -If "'~ a z "'~ I/ 
where 
tf It J!_ 
G= '1'1 (11+3) ~ - (11+2) I;'+ I t '1'2 (11) 
These derivatives are used to obtain the plastic strain ineremems from equation (7). 
Yield Criterion and W ork Hardening/Softening La w 
The yield surfaces are intimately associated with and derived from surfaces of constant 
plastic work, as explained in a companion paper (19). The isotropie yield function is expressed 
as follows: 
fp =f~ (a) - r; <W p)= o (12) 
in which 
r' = p r"' l . .!l_ .!i) . (.!!..]h . e q l l3 l1 Pa (13) 
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and for hardenin~: 
f~ = [i rp · [ :: rp ti-l) 
The expressions for 11, 12, and 13 aregiven in Eqs. (4), (9), and (5), respec1ively. The par;m1c1er 
'VI acts as a weigh1ing factor be1ween the triangular shape (from the 13 term) and the circular 
shape (from the l2 term ), as in the expression for the plastic potential (Eq. (!!)). The parameter h 
is constant for a given mat.:rial and is determined on the basis that the plastic work is constant 
along a yield surface. The parameter q varies with stress level S from zero at the hydrosiatic 
axis to unity at the failure surface according to the foliowing expression: 
a·S 
q = 1 - < 1-a) · S ( 15) 
Determination of the constant parameters h and a is explained in the companion paper [ 191. 
In Eq. ( 14) the values of D andpare constants for a given material. Thus. f~ varies with 
the plastic work only. The value of a depends on p and h, and D is a function of C, 'V t, and p, as 
explained in [ 191. 
The yield surfaces are shaped as asymmetric tear drops with smoothly rounded triangular 
cross-sections and traces in the triaxial plane as shown in Fig. 4. As the plastic work increases, 
the isotropie yield surface inflates until the current stress point reaches the faiture surface. The 
relation between fp and W P is deseribed by a monotonicall y increasing function w hose slope 
decreases with incrcasing plastic work, as show n in Fig. 5. 
For softening the yield surface deflates isotropically according to an c:xponcntial dcc;ty 
function: 
r;= A. e- R·<W./p,) tl6) 
in which A and B are positive constants to be determined on the basis of the slope of the harden-
ing curve at the point of peak failure, as indicated in Fig. 5 and explained in the companion 
paper [ 191. 
Using the expression for the plastic potential in Eq. (t!), 1he relation bc:twec:n plastic 
work increment and the proportionality conslant dA" in Eq. (7) may be expn:ssed as IIIII: 
dWp 
dA" = 11 . gp ( 17) 
in which the incrc:mc:nt of plastic work can be detem1ined by ditl'aentiation of the h;trdcm ng and 
softening equations. For lzardening, Eq. ( 14) yields: 
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dWP =D · p1 · p · ~-t · dfp 
(18) 
and for soj1ening Eq. (16) produces: 
dW - - [.l]· p · f.: 1 · df p - B • P P (19) 
in which dfp is negative during softening. 
Combining Eqs. (18) and (19) with Eq. (17) and substituting thisand Eqs. (lOa-O into 
Eq. (7) produces the expression for the ineremental plastic sttain increments. 
MATERIALS WITH EFFECTIVE COIIESION 
As explained in conneelion with the faiture criterion, i t is possible to inelude the effective 
cohesion and the tension which can be sustained by concrete and rock. Thi s is done by translat· 
in g the principal stress space along the hydrostatic axis, as shown in Fig. 2. i. e. by adding a con-
slant stress to the normal stresses, as in Eq. (6), before substitution into the faiture eriterion in 
Eq. (3). 
A simitar technique has been shown to work for the elastic modulus variation (13], the 
plastic potential [18), the yield eriterion and the work-hardening/softening law (19). Themodel 
presented here is therefore fully applicable to materials with effective cohesion such as concrete 
and rock. 
PARAMETER VALUES FOR FRICTIONAL MATERIALS 
The required number of parameters to be determined for a given materlal is twelve: 
Elastic Moduli 
Faiture Criterion 
Plastic Potential 
Yield Criterion 
Hardening Function 
v, Kur, n 
11t• m, a 
'1'2· Il 
h, a 
C, p 
For cohesionless materials the value of a = O. All other parameters have values different from 
zero for most frierianal materials. Table l summarizes the parameter values detennined for vari-
ous types of sand, clay, and concrete. These parameters were employed in the predictions 
presented below. 
PREDICTIONS FOR SOILS AND CONCRETE 
In the process of developing the model, individual components of the observed behavior 
of some frictional materiais were compared to the model behavior, and it was shown that the 
components of the model were able to capture the observed behavior with good accuracy. Here 
the stress-sttain behavior observed in various types of labaratory tests on frictional materiais will 
be predicted. Thus. all model components must work in concert to produce reasonable predic-
tions. 
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Isotropie Compression 
Fig. 6 shows predictions of isotropie compression tests on sand and concrete. Loading 
and unloading is calculated for Fine Silica Sand in Fig. 6(a). Only elastic behavior is predicted 
for unloading. 8oth loading and unloading behavior (solid lines) is consistent with the observed 
behavior for thi s sand. 
The isotrOpie compression behavior for plane concrete tested by Aschl et al. (27) is 
shown in Fig. 6(b). Insufficient data was available for this materlal to determine the elastic 
modulus variation. A constant elastic modulus was therefore used for prediction of the loading 
curve. The nonlinear behavior is caused by the plastic compression. 
~-Compression 
An example of sand behavior during K"-compression is given in Fig. 7. In this test, the 
lateral strains are zero (E2 = E3 =O) while the axial stress is increased or decreased. Only results 
for increasing stresses were available for dense Crushed Napa Basalt tested by AI-Hussaini (22). 
The predicted behavior (solid lines) is seen to correspond very well with the measured behavior 
(points) for increasing stresses. The value of K" increases with increasing stresses and this 
aspect of the soil behavior is accurately predicted by the model. Tests results were not available 
for decreasing stresses, but tests by others (29-31) indicate that they follow a pauem shown by 
the lines denoted "Decreasing Stresses". The directions o f stress-path and stress-strain curve 
indicated by these lines are actually predicted by the model. 
Triaxial Compression 
Predictions for conventional drained triaxial compression tests on Fine silica Sand were 
calculated from the model and compared with experimental results in Fig. 8. In these tests, the 
confining pressure was held constant while the major principal stress was increased to peak 
faiture and beyond. The model predictions capture the observed stress-strain relations accu-
rately. The effects of confining pressure on the axial and the volumetric strains are also captured 
by the model. The breaks on the stress-strain curves at the peak are relative! y shallow and hardly 
noticeable within the range of scauer of experimental results. Allowing for this shallow break 
enhances the computational efficiency of the model near fa il ure. 
Cubical Triaxial Tests 
Panicular auention has been paid to the three-dimensional characteristics of the stress-
strain relationships. The proposed model can be examined through the predictions of cubical 
triaxial tests in which the three principal stresses are different form each other. The relative 
magnitude of the inrermediate principal stress is characterized by the value of 
b= (al- OJ)/(Ot - 03 ), which is zero for triaxial compression and unity for triaxial ex tension. 
The results of cubical triaxial tests on dense Monterey No. O Sand are shown in Fig. 9 
together with model predictions. All model parameters were determined from triaxial compres-
sion tests as well as from an isotrOpie compression tese. The paltern of increasing slope, decrcas-
ing strain to failure, and increasing rate of dilation with increasing b-value is captured well by 
the model. The strength first increases up to b = 0 .50 and then dccreascs to b = 1.00 in both 
experiments and model predictions. 
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Fig. 11. Comparison of Predicted and Observed Stress-Scrain Behavior of Plain Concrete in 
Biaxial Tests (Data from [27)). 
Fig. IO shows detailed comparisons of the principal scrains. the predicted relations 
between the strains cerrespond well with the values measured in all the experiments. 
Biaxial Tests 
The model was also employed to predict the stress-strain behavior of concrete subjected 
to multiaxial loading. As explained above, for materiais with elfective cohesion the stress com-
ponents in all stress funcrions correspond to Iransiated stresses. The scresses are Iransiated 
before any calculations are conducted, and the reverse cranslation is performed befare the 
stresses are obtained for plotting. 
The experimental results are compared with predictions for four biaxial tests on plane 
concrete in Fig. Il. The elfect of the intermediatc principal scress on the stress-scrain curves are 
captured well in the model predictions. 1t may be noted !hat some disagreement appears after 
the peak stress conditions have been reached. However, measurement of stresses and scrains in 
this s1ress range is less reliable than in the hardening range, because localized crushing or crack-
ing of the concrete specimen may prevent accurate measurements. Thus, the model may 
represem the behavior of concrete quite well. 
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CONCLUSIONS 
The behavior of frierianal materiais is such that a unified approach is possible in deserib-
in g their faiture surfaces as well as their suess-strain relations. A combination of elasticity 
theory and piasticity theory may provide a reasonable and consistene description of this behavior 
when appropriate mathematical functions are used in the frameworlc provided by these theories. 
In addition to Hookc's law, thc components in this framework are the faiture criterion, the ftow 
rute, the yield eriterion and the work-hardening/softening law. Analyses of experimental data 
indicatc that thc shapes of thc failure, yicld, and plastic potential surfaces obtained from different 
types of frictional materiais each have similar charactcrisrics and may be modeled by similar 
mathematical functions. Thcse runerions are all expressiblc in terms of the three invariams of 
thc stress tensor. 
The nonassociated ftow rute is derived from a plastic potential whose shape in the princi-
pal stress spacc resembles a cigar with an asynunetric cross-section. Yielding occurs along a 
single, isotropie yield surface shaped as an asynunctric tear drop. This yield surface describes a 
contour of constant plastic worlc. Because plastic yielding is related dircctly to plastic work con-
tours, the descriprion of the work-hardening/softening law is straight forward. The transition 
from harderung to softening occurs abruptly at the peak failure point. Thus, no points with a 
harderung modulus of zcro are encountered, and this allows greater computational efficiency 
near peak failure. 
The constitutive model combincs all thc govcrning runerions studicd individually in a 
mathematically consisteet cntity.· Thc model rcquircs twclvc parameters which can be detcr· 
mincd from simple labaratory tests such as isotropie compression and conventional triaxial 
compression tests. 
Validation of thc model was achicved by comparison of predicted and cxperirnental 
stress-strain curves for various two- and three-dimensional stress-paths obtained for diffcrent 
types of frictional materials. Overall acceptable and accurate predictions were produced for 
soils as well as concrete for which experimental data were available. 
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SINGLE-HARDENING MODEL WITH APPLICATION 
TO NC CLAY 
By Poul V. Lade,' Member, ASCE 
ABSTRACT: A constitutive model with a single yield surface has been developed 
for the behavior o f frictional materials, such as cl a y. sand. concrete, and rock. 
The model is based on concepts from elasticity and piasticity theories. In addition 
to Hooke's Jaw for the elastic behavior, the framework for the plastic behavior 
consists of a failure criterion, a nonassociated flow rule. a yield eriterion that de-
scribes contours o f equal plastic work, and a work-hardening/softening Ja w. The 
functions that describe these components are all expressed in terms of stress in-
variants. The model incorporates eleven parameters for normall y consolidared eJa y 
!hat can be deterrnined from simple experiments. such as isotropie compression 
and consolidated-undrained triaxial compression tests. A study of the three-di-
mensional behavior of remolded , norrnally consolidaled clay has served as a basis 
for evaJuating the capabilities of the model. Overall acceptable predictions are pro-
duced for the normall y con so Iidated cl a y . 
INTRODUCTION 
Most constitutive models for the time-independent behavior of frictional 
materiais have been based on experimental observations of material behavior 
and on a framework of elasticity and piasticity theories. The varying em-
phasis on experiment and theory has resulted in a number of models with 
different capabilities relative to material behavior. The models presented by 
Drueker et al. (1957), Roseoe and Burland (1968), DiMaggio and Sandler 
(1971), Lade (1977), Prevost (1978) , Dafalias and Herrmann (1980), Mroz 
et al. (1981), Ghaboussi and Mornen (1982), Pande and Pietruszak (1982), 
Desai and Faruque (1984), Poorooshasb and Pietruszak (1985), and Frantz-
iskonis et al. (1986) are representative of the types of capabilities available 
in the literature. 
A constitutive model has been developed on the basis of thorough review 
and evaluation of data from experiments on frictional materials, such as sand, 
clay, concrete, and rock (Kim and Lade 1988; Lade and Kim 1988a, 1988b). 
The framework for the eva1uation and subsequent development consisled of 
concepts contained in elasticity and work-hardening piasticity theories. 
The new model employs a single, isotropie yield surface shaped as an 
asymmetric teardrop with the pointed apex at the origin o f the principal stress 
space. This yield surface, expressed in tenns of stress invariants, describes 
the locus at which the total plastic work is constant. The total plastic work 
(due to shear strains as well as volumetric strains) serves as the hardening 
parameter and is used to define the location and shape of the yield surfaces. 
The use of contours of conslant plastic work (or any other measure of hard-
ening) as yie1d surfaces results in mathematical consistency in the model , 
because the measure of yielding and the measure of hardening are uniquely 
related through one monotonic function. In addition , application of a singlc-
'Prof. , Dept. of Civ. Engrg., Univ. of California. Los Angeles. CA 90024. 
Note. Discussion opcn until August l, 1990. To extend the closing date onc month , 
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March, 1990. ©ASCE, lSSN 0733-9410/90/0003-0394/$ 1.00 + $.15 per page. Pa-
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yield surface produces computational efficiency when used in large computer 
programs. The nonassociated flow rule is derived from a potential function 
that describes a three-dimensional surface shaped like a cigar with an asym-
metric cross section . 
The model is devised so that transition from hardening to softening occurs 
abruptly at peak faiture point. Thus, transition does not involve any points 
at which the hardening modulus is zero, but the pointed peak is hardly no-
ticeable in actual comparisons with experimental data. 
The main principles of the model and the goveming equations for each 
component are reviewed. Values of materlal parameters are then determined 
from tests on normally consolidaled Edgar Plastic Kaolinite, and predictions 
of three-dimensional behavior are compared with experimental data for this 
clay. 
StNGLE-HARDENING STRESS-STRAIN MODEL 
The total strain increments observed in materlal when loaded are divided 
into elastic and plastic components so that 
de,i =de~+ de~ .............. .... ............................... ( l) 
These strains are then calculated separately, the elastic strains by Hooke's 
la w. and the plastic strains by a plastic stress-strain la w. Both are expressed 
in terms of effective stresses. 
The framework and components of the constitutive model are described. 
In order that the presentalion follow a logic developmental sequence, the 
components are presented in the order: Elastic behavior, failure criterion, 
flow ru le, yield criterion, and work-hardening/softening la w. 
Elastic Behavior 
The elastic strain increments, recoverable upon unloading, are calculated 
from Hooke's law, using a recently developed model for the nonlinear vari-
ation o f Y o ung' s modulus with stress stat e (Lade and Nelson 1987; Lade 
1988). The value of Poisson's ratio , Jimited between zero and one-half for 
most materials , is assumed to be constant. The expression for Young's mod-
ulus was derived from theoretical considerations based on the principle of 
conservation of energy. According to this derivation, Young's modulus E 
can be expressed in terms of a power law involving nondimensional materlal 
conslants and stress functions as follows: 
E = Mp .. [ (f;J 2 + R~r . . .. . ............. . . ... . .... . . ... . .. . . . .. (2) 
in which 
l + v 
R =6·-- .. ...... ..... . ................... .. . . . . ........... (3) 
l - 2v 
l , = the first invariant of the stress tensor; and 1; = the second invariant of 
thc deviatoric stress tcnsor, given as follows: 
J , = a, + a, + a, . . . ... .. ... ..... . . ...... (4) 
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J~ = ~ [(a, - cr1)2 + (a .• - a,)2 + (cr, - a,)2] + T;,. + T_;, + T; .... . . . ..... (5) 
in which p. = atmospheric pressure expressed in the same units as E, I ,, 
and ~; and the modulus number M and ~ = conslant dimensionless num-
bers . 
Eq. 2 and Fig. l indicate that Young's modulus is constant along rota-
tionally symmetric ellipsoidal surfaces whose long axis coincides with the 
hydrosiatic axis and whose center is located at the origin of the principal 
stress space. The magnitude of Poisson's ratio delermines the shape of the 
ellipsoidal surface. For v = O, R = 6, and the surface becomes spherical, 
whereas for v = 0.5, R = oo, and the surface degenerates into a line coin-
ciding with the hydrosiatic axis. 
The three materlal parameters v, M , and ~ may be obtained from simple 
tests, such as triaxial compression tests, and the model can be used for ma-
terials with effective cohesion. 
Faiture Criterion 
A general, three-dimensional failure eriterion has been developed for soi ls . 
concrete, and rock (Lade 1977, 1982, 1984; Kim and Lade 1984) . The cri-
terion is cxprcssed in terms of the firstand t hird stress invariants o f thc stress 
tcnsor: 
(~ _ 27 )(~r=~· .. ......... .... ............... .. .... ....... . (6) 
in which J, is given by Eq. 4 and 
/J = O't<T, O': + Tn.Ty:T::.t + T \.rT:)T .. : - (<1,1",.:'T:\ + O', Tz.,T 1 : + O':Tn'T\1) . . . . . .. .. (7) 
In Eq. 6. ~' and m = conslant dimensionless numbers , which may bc de-
termined from results of s imple tests, such as triaxial compression tests. 
In principal stress space, the faiture surface is shaped like an asymmetric 
bullet with thc pointed apex at the origin of thc stress axes, as shown in 
Fig. 2. The apex angle increases with the value of ~1 • The faiture surface 
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FIG. 2. Character1stles of Fanure Surfaces Shown In Principal Stress Space: Traces 
of Fanure Surfaces Shown In (a) Trlaxlal Plane; and (b) Octahedral Plane 
is always concave towards the hydrosiatic axis, and its cur-vature increases 
with the value of m. For m = O the failure surface is straight, and if m > 
l. 979 the failure surface becomes convex towards the hydrostatic axis (Kim 
and Lade 1984). Anal y sis o f numerous sets o f data for concrete and rock 
indicates that m values rarely exceed l.5 (Lade 1984). For conslant value 
of m and increasing TI• values, the cross-sectional shape in the octahedral 
plane changes from circular to triangular with smoothly rounded edges in a 
fashion that conforms to experimental evidence. The shape of these cross 
sections does not change with the value of 11 when m = O. For m > O, the 
cross-sectional shape of the failure surface changes from triangular to be-
come more circular with increasing value of 11• Similar changes in cross-
sectional shape are observed from experimental studies on soil , concrete, 
and rock. 
Flow Rule 
The plastic strain increments are calculated from the flow rule: 
agp dE~ = dA1,· - • . . •• •.•..................•• • ••• • • • • • • •• • • •.•••••• (8) 
ocr;; 
in which gP = a plastic potential function; and dAP = a scalar factor of 
proportionality. A suitable plastic potential function for frictional materiais 
w as developed and presented by Kim and Lade (1988). Thi s function is 
different from the yield function and nonassociated flow is consequently ob-
tained. The plastic potential function is written in terms of the three invari-
ants of the stress tensor: 
gp = ( ~ •. ~ - ~ + ~1). (;.f .... ... .............. .............. (9) 
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in which 11 and 13 aregiven by Eqs. 4 and 7; and the second stress invariant 
is defi ned as 
l z = ·r,,. · T,., + T_,, · -r,,. + T~,· -r., - (cr, · cr, + cr. · cr, + <T, · cr,) ..... ..... . . ( 10) 
in which '1'1 and )J. = dimensionless conslants that may be determined from 
triaxial compression tests. The parameter ~~ is related to the curvature pa-
rameter m of the failure eriterion as follows: 
~~ = 0.00155·m- u 7 ( Il ) 
The parameter '1'1 acts as a weighting factor between the triangular shape 
(from the 13 term) and the circular shape (from the 12 term). The parameter 
'1'1 controls the intersection with the hydrosiatic axis, and )J. delermines the 
curvaturc of meridians. The corresponding plastic potential surfaces are shown 
in Fig. 3. They are shaped as asymmetric cigars with smoothly rounded 
triangular cross sections similar but not identical to those for the failurc sur-
faces shown in Fig. 2. 
The derivatives of gP with regard to the stresses are 
G - (cr, + cr,) ·(li/l ~ ) - ~. · (cr, · cr, - -r;,)· (I l/l il 
G-(~, + cr,) ·Ul/l~) - '1', · (~, · cr, - -r:)· (I l/l i) 
ogp = (~) ~ l G - (~, ~ cr,.) ·(li/l~)- '1', · (cr, · cr,- -r~.) · (~ l/~i\ . ..... ( 12) 
o<:J;
1 
Pa J 2 · (1 ,/12)·-r,, - 2·~,·(-r.,, ·-r,_.- cr, · -r_,,)·(/ 1/ 13) 
2. u Ud>. T,.. - 2. '1', . (-r..,. . T,,- cr,. . T"). u il li> 
2. uUdl. -r..,.- 2 . ~ • . (Tyz . Tzx- <T, . -r..,.). u l! li> 
n 1, )..t. 
G = ~,(fL + 3) - - (!J. + 2)- + - '1'1 .. .•••• . . .... •.• .• .• ... ... .. (13) /) 12 l , 
These dcrivatives are used to obtain the plastic strain increment from Eq . 8 . 
Once the parameter '1'1 is evaluated , the other parameters , '1'2 and )J. , can 
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be detennined using triaxial compression test data . To do this , the inere-
mental plastic strain ratio is first defined as 
dE.~ 
vP = - - ... . ...... . .. . .... . .. . .. . .. . . ... . . .. , . , . . . , . . . . . . . . .. (14) 
dE.~ 
Substitution of Eqs. 8 and 12 for the plastic strain increments under triaxial 
compression conditions , a 2 =O' J, into Eq. 14 produces the foliowing equation: 
l 
~ •. = - ~ - "'2· ···· · · · ·· ·· · · · ···· · · · ···· ·· ····· ·· · · · ··· ·· · · . ... (15) 
IL 
where 
l ['; l~ 2 J { , = -- 2 (0'1 + a 3 + 2vPa 3) + '1'1 · 2 (a1a 3 + vPa 3) l + v P 12 l 3 
d l ~ 
- 3'1',·- + 2 - .. . . . .. .. ..... .... . .......... .. . . . .. . . .... · · ·· · (16) 
/J / 2 
and 
Ii Ii ~ •. = "'l . - --.. .. .... ....... ...... : ...... ......... .. ......... ( 17) 
/ J / 2 
Thus, l / IL and - '1'2 in Eq. 15 can be detennined by linear regression be-
tween ~ and {. detennined from several data points. 
Yield Criterion and Work-Hardening/Softening Law 
The yie ld surfaces are intimately associated with and derived from sur-
faces o f constant plastic work, as exptained by Lade and Kim ( 1988a). The 
isotropie yield function is expressed as follows: 
J,, = J;(a) - J ;(Wp) = O . .. ......... . .. . . . . . . ... . . ... . . . ......... (18) 
in which 
J;= ( "' · .~ - ~).(;.r. e• .. .. .... .............. ...... .... .. .. (19) 
in which h is constant, and q varles from zero at the hydrosiatic axis to unity 
at the failure surface . 
For hardening: 
J;= (~r·· . (;:r· ....... ... ........ .. ...... ... ............. . (20) 
The expressions for/., / 2 , and / 3 in Eq. 19 are given in Eqs. 4. 10, and 7, 
respectivcly. The parameter '1'1 acts as a weighting factor betwcen the tri-
angular shape (from the /J tenn) and the circular shape (from the / 2 tenn), 
as in the expression for the plastic potential (Eq. 9). The conslant parameter 
h is detcnnincd on thc basis that the plastic work is conslant along a yicld 
surface . Thus, for two stress points, A on the hydrosiatic axis and B on the 
failure surface , the foliowing expression is obtained for h : 
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( f is I,s) '1', ./Js - 128 ·e 
ln---- --
27'1'1 + 3 h = ..... .. ... . .......... .. ..... . . . .. . . .. ... (21) J,,. 
ln -I,s 
in which e = the base of natura! logarlthms. 
The value of q varles with stress level S defined as 
S = ;, = ~ • (~ - 27) (;.)m .... , . , , ....... , .. , ........ ......... (22) 
in which J. = the left-hand side of Eq. 6; and TJ • = the value o f J. at failure . 
The stress level S varies from zero at the hydrosiatic axis to unity at the 
failure surface. 
The value of q can now be detennined from the test data according to 
(~)l/p D·p. 
q = In h •..• • • • •. .• .... . ..•........• • ••... . .. . . (23) 
("'/l - ~)(!.!_) 
/3 / 2 Pn 
and the variation of q with S is expressed as 
a·S 
q = ..... .. .. ...... . . . . ... ......... . ......... . . .. (24) 
l - (1 - al ·S 
in which a is constant. 
In Eq. 20 the values of p and D are conslants for a given material. Thus, 
J; varies with the plastic work only. The values of p and D are given by 
p 
p = " .................. ... ................................... (25) 
and 
c 
D = . . . . . ................ .. ......... ... . . . ....... .. (26) (27'1', + 3)0 
in which C and p are used to model the plastic work during isotropie 
compression: 
w" = c · p.(;.)" ...... .... ..... ... .... ..... .......... ....... ... (27) 
Thc yicld surfaces arc shapcd as a~ymmetric teardrops with smoothly roundcd 
triangular c ross sections and traces in the triaxial plane , as shown in Fig. 4 . 
As the plastic work increases, the isotropie yield surface inflates until the 
currcnt stress point reaches thc failure surface. Thc re lation betwccn f" and 
W" is deseribed by a monotonically incrcasing function whosc slopc dc-
creases with increasing plastic work , as shown in Fig. 5 . 
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FIG. 4. Yleld Surfaces Shown In Trlaxlal Plane 
For softening the yield surface deflates isotropically according to an ex-
ponential decay function: 
J; = A· e - B · IW,fp,J ......•...•............ ..... .... .. ... .. .••.•... (28) 
in which A and B are positive conslants to be determined on the basis of 
the slope of the hardening curve at the point of peak failure , as indicated in 
Fig. 5. 
Using the expression for the plastic potential in Eq . 9 , the relation between 
plastic work increment and the scalar factor of proportionality d>..P in Eq. 8 
may be expressed as: 
dWP d>..p = -- .................. . . . ................ . ..... .. ...... (29) 
f.L. gp 
fP ~ (fplpcu 
for q ~ l 
f p 
(W"'p,) 
(WPtp,>pcu 
FIG. 5. ModeUng of Work Hardenlng and Softenlng 
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in which the increment of plastic work can be determined by differentiation 
of the hardening and softening equations. For hardening, Eq. 20 yields: 
dWP = D . p •. p -J; '. df" .............. . . . ............ . .... .. .. ... (30) 
and for softening Eq. 28 produces: 
(l) - 1 dWP =- B ·p.-Jp ·df" ....... ........ . . . . .. . .. . . . ... . ....... .. (31) 
in which dfP is negative during softening. 
Combining Eqs. 30 and 31 with Eq. 29 and substituting this and Eqs. 
12a-f into Eq. 8 produces the expression for the ineremental plastic strain 
increments . 
3·0 EXPERIMENTS ON EDGAR PLASTIC KAOLINITE 
The single-hardening model has been employed for prediction of the three-
dimensional behavior of normally consolidated, undrained clay. The ex-
perimental program is briefly reviewed. 
Clay Tested 
All tests reported here were performed on Edgar Plastic Kaol in ile (EPK) 
clay whose specific gravity was 2.62. The partieJe size distribution indicated 
that the clay consisted of 50% silt and 50% clay size particles. Atterberg 
limits tests produced liquid limit (LL) = 58 and plastic limit (PL) = 37. 
The activity was 0.42. Note that this batch of EPK clay was different from 
t hose tested by Hicher and Lade ( 1987) and by Hong and Lade (1989) . Thi s 
may be seen from comparison of the Atterberg limits as well as thc effcctive 
strength envelopes for the different batches. 
Specimen Preparation 
A slurry of EPK clay was mixed at a water content of twice thc liquid 
limit and K0-consolidated in a large double-draining consolidometer. Effec-
tive vcrtical consolidation pressures were chosen to be 0.2-0.5 kg/cm2 (20-
50 kPa) smaller than the final isotropie consolidation pressures IO be used 
in the cubical triaxial tests. The consolidated clay cake was cut into pieces 
with valurnes that were larger than those of the specimens to be tested. After 
thoroughly remolding the cl a y, cubical specimens were trimmed , instalied 
in a cub ical triaxial apparatus (Lade 1978), and consolidaled isotropically at 
pressures near 2 .5 kg/cm2 (245 kPa). A few cubical specimens were pre-
pared with other consolidation pressures to establish the basic behavior of 
the clay in triaxial compression. 
A nominal back pressure of 1.50 kg/cm2 (147 kPa) was applied in all 
tests to ensure full saturation of the specimens. The B values mcasurcd aftcr 
the consolidation stage indicatcd that the specimens were fully saturaled. 
Cubical Triaxial Tests 
In addition to isotropie consolidation and consolidated-undrained and drained 
triaxial compression tests, a series of consolidatcd-undrained cubical lriaxial 
tests with different but conslant values of b = (cr2 - cr3)/(cr, - cr3) was 
performed using a vertical strain rate of 0.04 %/min. The testing procedure 
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was deseribed in detail by Lade and Musante ( 1978) and Lade ( 1978). The 
measured stress-strain relations and pore pressure responses are presented in 
thc foliowing along with 'predictions from the single-hardening model. 
PARAMETER DETERMINATION FOR EPK CLAY 
Characterization of a so il, such as normall y consolidaled cl a y, involves 
Il constant parameter values. These parameter values are detennined from 
results of isotropie compression (including unloading-reloading) and con-
solidated-undrained triaxial compression tests , as show n. The results of these 
tests are shown in Figs. 6 and 7. 
Elastic Behavior 
Basedon the piasticity index for EPK clay (PI = 21), the value of Pois-
son 's ratio is determined to be v = 0.25 from the empirica1 relation given 
by Lade ( 1979). 
The variation of Young's modulus in Eq. 2 is shown in Fig. 8 for EPK 
clay. The individual va1ues were determined from the un1oading-re1oading 
branch of the isotropie compression test as well as from the initial slopes of 
the triaxial compression stress-strain curves. The best description of the elas-
tic behavior is obtained with values of M = 30 and h = 0.68 . 
Failure Criterion 
The soil parameters required in the failure eriterion given by Eq. 6 were 
determined from the log-log diagram in Fig. 9. The straight line on this 
diagram corresponds to ", = 48 and m = 0.54. Only the data from the 
triaxial compression tests were used for the determination of these param-
eters . 
The results of the cubica1 triaxial tests are shown in Fig. 9 for comparison. 
Some scatter of the data around the solid line is present, but the failure 
eriterion selected on the basis of the triaxial compression tests appears to 
represent the data quite well. 
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Plastic Potential Function 
The plastic potential function given in Eq. 9 requires determination of '1'2 
and fl. from the experimentaJ data. These pararneters were detennined using 
Eq. 15 and the results of some of the consolidated-undrained triaxial 
compression tests. Fig. IO shows that all points for practical purposes fall 
on one straight line in this diagram . This demoostrates that essentially one 
1 ~1,-----,------.------.-----. 
500 
E 200 
P, 
IO .10 100 
[[t. r+ R . ;~ ] 
FIG. 8. Determination of M and >. for Young's Modulus for Edgar Plastic Kaolin-
ile 
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type of stress-strain behavior is observed for a given normally consolidaled 
clay independently of the magnitude of the consolidation pressure . The pa-
rameter values determined fromthis diagram are '1'2 = -3.08 and f.L = 2.38. 
Yield Criterion and Work-Hardening/ Softening Law 
The work-hardening relation along the hydrosiatic axis, expressed in Eq. 
27, is determined first, since the parameter values of C and p are required 
in determination of q in the yield criterion. 
Fig. Il shows the plastic work obtained from an isotropie consolidation 
test plotled versus the value of the first stress invariant on dimensionless 
form. This relationship is modeled by Eq . 27 in which C is the intercept at 
11/p. = l. and p is the slope of the straight line. For EPK clay the best-
fitt ing values are C = 0.0030 and p = 1.48. 
The yield eriterion in Eq. 19 requires two parameter values. The value of 
Ir is determined as the average obtained from Eq. 21, using data from three 
triaxial compression tests. For EPK clay, values of0.785, 0.843, and 0 .804 
~r 
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FIG. 10. Determination of lji, and fl. for Plastic Potentlal Functlon for Edgar Plas-
tic Kaollnite 
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Kaolinile 
were obtained from tests with increasingly high consolidation pressures, which 
produc e an average value o f Ir = O. 8 1. 
To delermine the variation of the exponent q in Eq. 19 with the stress 
level S, values of q are calculated from Eq . 23 and S va1ues are obtained 
1.2 
l. J rPJ~ 
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FIG. 12. Determination of 01 for Yleld Crtterion for Edgar Plastic Kaollnlte 
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TABLE 1. Summary of Parameter Values for Edgar Plastic Kaollnlte 
Model component Parameter Val u e 
(1) (2) (3) 
Elastic behavior Modulus number M 30 
Exponent >.. 0.68 
Poisson's ratio v 0.25 
Failure eriterion l lntercept ", 48 
Exponent m 0.54 
Plastic potential 
l 
I ntercept 'i', -3.08 
Exponent 11 2.38 
Yield eriterion Exponent h 0 .81 
Conslant a 0.50 
Hardening function l Intercept C 0.0030 
Exponent p 1.48 
from Eq . 22 and plotled as shown in Fig. 12. The variation of q with S is 
then deseribed by Eq. 24 in which a is constant. The best-fitling value of 
a is detennined from Eq. 24 using simultaneous values of q and S at S = 
0.80. As indicated in Fig. IO, the value of a = 0.50 is detennined for EPK 
clay. 
Summary of Parameter Values for EPK Clay 
The values of the parameters for Edgar Plastic Kaolinile have been de-
tennined from an isotropie compression test and consolidated-undrained triaxial 
compression tests. The Il parameter values required for nonnally consoli-
daled clay are Iisted in Table l. None of the parameters have dimensions. 
All dimensions are eontrolled, where appropriate, by the dimension of the 
atmospheric pressure, p., as in Eq. 2. The parameters in Table l may be 
used to calculate strains in EPK clay for any cernbination of effective stresses 
during primary loading, neutral loading, unloading, and reloading. 
PREOICTION OF BEHAVIOR OF NORMALLY CONSOLIDATEO EPK CLAY 
Thc model presented here is generally applicable to frictional materials, 
such as cl a y , sand. concrete, and rock. In the process o f developing the 
model. individual components of observed behavior of some frictional ma-
tcrials wcre compared with the model behavior. Here the stress-strain be-
havior observed in consolidated-undrained cubical triaxial testson remoldcd, 
normally consolidaled Edgar Plastic Kaolinile will bc predicted. Thus. all 
model components must work in concert to produce reasonable predictions. 
A computer program was developcd to perform the necessary calculations 
involved in using the single-hardening constitutive model for prediction of 
undrained tests. The prediction of pore pressures and soil behavior under 
undrained conditions is based on the conditions that no volume change oc-
curs in the soil for any load increment, i. e.: 
~E~. + t:..e~ = O .......... . . .. ............. . ... . ................. (32) 
in which t:..~::~ = elastic volumetric strain increment; and t:..~::~ = plastic vol-
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umetric strain increment for a given load increment. Calculation of pore 
pressures was perfonned by specifying the cell pressure, the value of b = 
(u2 - u~)/(u1 - u~). and discrete values of the stress difference (u, - u 3). 
Thc effcctivc confining pressure producing volumetric strains that would sat-
isfy Eq. 32 within specifled limits was found by iteration. The limits uscd 
for the total volumetric strain (not the volumetric strain increment for each 
load step) was ±0.010%, but narrower limits could have been used. How-
ever, the predicted pore pressures and soil behavior were not significantly 
affected by these limits as long as they were reasonably narrow. After having 
satisfied Eq. 32, the pore pressure was ealculated as the difference between 
the total confining pressure and the effective confining pressure found by 
iteration. 
Stress-Strain and Pore Pressure Behavior 
The results of the eubical triaxial tests are shown in Fig. 13. together with 
the predictions of the single-hardening model. The nonnalized stress differ-
ence (u, - u 3)/uco the effective stress ratio u;ju), and the nonnalized pore 
pressure t:..ufur areplotled against the major principal strain € 1• The isotropie 
consolidation pressure u< was near 2.5 kg/cm2 (245 kPa) for all cases shown 
in Fig. 13. The points in this figure represent the measured soil and pore 
pressure behavior, and the sol id lines represent the model predictions. 
The comparisens shown in Fig. 13(a) for the triaxial compression test 
indicate that the soil and pore pressure behavior is calculated with good ac-
curacy by the model. Because the parameter values were initially derived 
from the results of this and similar tests with other consolidation pressures. 
good agreement could bc expected. 
The results of the eubieal triaxial tests with three unequal principal stresses 
are eompared with the predictions in Fig. 13(b-f). The predicted rcsponse 
agrees well with the measured behavior for all cubical tests. The influenee 
of the intennediate principal stress on the soil and pore pressure bchavior 
and on the variation in strength is correetly reflected by the single-hardening 
model. 
Relation Between Principal Strains 
An important aspect of a constitutive model is its ability to capture cor-
rectly the relations between strains under three-dimensional stress conditions. 
Fig. 14 shows comparisens of measured and prcdicted relations between 
principal strains. The measured intennediate principal stra ins ~:: 1 are cxpan-
sive for h values smaller than 0.40- 0.45 and compressive fo r higher values 
of h. Prcdictions indicate that plane-straih conditions, ~:: 2 = O. occur near h 
= 0.46. but othcrwisc generally agrce with thc mcasured bchavior. Snutil 
crrors in strain measurements may bc present, as indicatcd near triaxial ex-
tension b = 1.00, where the two principal strains are expected to be cqual. 
~:: 1 = ~::2 , for an isotropie material. Thc model predicts thi s behavior corrcctly. 
while the measurements show small deviations from this ideal. 
The minor principal strains ~::3 are expansive in all cases and decrease with 
increasing b value as indicated in Fig. 14(b) for both measurements and 
model predictions. 
The points corresponding to failure according to thc maximum cffectivc 
stress ratio are indicated on each curve in Fig. 14 . The major principal strain-
to-failure decreases with increasing b value. The predictcd bchavior indicates 
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that thc maximum cffective stress ratio occurs at 1.5- 5% larger stra ins. 
However, the predicted effective stress ratio curves in Fig. 13 exhibit very 
littie variation near their maximum values, and this discrepancy in strain-to-
failure may therefore not be significant. 
Undrained Shear Strength 
Of greater interest is the variation of the normalized undrained shear strength 
s./ a, under three-dimensional conditions. A constant value of this ratio im-
plies that Tresca's failure eriterion applies to the soil under undrained con-
ditions . Fig. 15 shows the variation of s./a, with b. Clearly, the ex peri -
mental results for the remolded, normally consolidaled EPK clay show that 
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Tresca failure eriterion is not applicable and that , in faet, s./a,. is not con-
stant but decreases with increasing b value. The decrease in this ratio from 
s./a, = 0 .54 in triaxial compression, b = O, to s.fa, = 0 .38 in triaxial 
extension, b = l , corresponds to a change of 30%. This substantial drop in 
normalized undrained shear strength is not accounted for by the Tresca fail-
ure criterion, which is most aften assumed to hold for total stress stability 
analyses of soil structures. The decrease in s./a, from triaxial compression 
to plane strain conditions, b = 0.40-0.45, for which most analyses proce-
dures have been developed , is in the order of 20% for the remolded EPK 
clay. 
The predictions of maximum shear strengths from the single-hardening 
model are also shown in Fig. 15 . The model predictions generally follow 
the experimental observations. For triaxial compression, the value of s./a, 
= 0 .55, and for triaxial ex tens ion s. fa, = 0.34. which corresponds to a 
38% decrease. This decrease is a littie larger than observed, but the predic-
tions for plane-strain conditions correspond very well with the experimental 
observations. The overall comparison of predicted and measured normalizcd 
undraincd shcar strength indicates that the single-hardening constitutive model 
is capable of predicting the behavior under three-dimensional conditions with 
good accuracy . 
The variation in undrained shear strength with h has a ften bcen attributcd 
to effects of anisotropy (see e.g., Ladd and Foott 1974). Howevcr. thc cx-
periments performed for this study were carried out on laboratory-prepared, 
remolded, isotropically consolidaled EPK clay, and the predictions of un-
drained behavior were made by an isotropie modeL The differences in un-
drained shear strength observed and predicted for different test conditions 
could therefore not be due to anisotropy. These differences are accounted 
for by the presence of the third stress invariant / 3 in the modeL Natural clay 
deposits exhibits cross-anisotropic bchavior, and it is possible that the un-
draincd shcar strengths of such deposits exhibit further effects of cross-an-
isotropy. 
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CONCLUSIONS 
The behavior of frictional materiais allows for a unified approach in de-
scribing their failure surfaces as well as their stress-strain relations. A com-
bination of elasticity theOJ-y and piasticity theory may provide a reasonable 
and consistent description of this behavior when appropriate mathematical 
functions are used in the framework provirled by these theories. In addition 
to Hooke's law, the components in this framework are the failure criterion, 
the flow rule, the yield criterion, and the work-hardening/softening law. 
Analyses of experimental data indicate that the shapes of the failure, yield, 
and plastic potential surfaces obtaincd from different types of frictional ma-
terials each have similar characteristics and may be modeled by similar math-
ematical functions. These functions are all expressible in terms of the three 
invariants of the stress tensor. 
The nonassociated flow rule is derived from a plastic potential whose shape 
in the principal stress space resembles a cigar with an asymmetric cross sec-
tion. Yielding occurs along a single, isotropie yield surface shaped as an 
asymmetric teardrop. This yield surface describes a contour of conslant plas-
tic work. Because plastic yiclding is related directly to plastic work contours, 
the description of the work-hardening/softening law is straightforward. The 
transition from hardening to softening occurs abruptly at the peak failure 
point. Thus, no points with a hardening modulus of zero are encountered, 
but the pointed peak is hardly noticeable in actual comparisons with ex-
perimental data. 
The constitutive model combines all the governing functions studied in-
dividually in a mathematically consistent entity. The model requires Il pa-
rameters for normall y consolidaled cl a y. These parameters can be deter-
mined from simple laboratory tests , such as isotropie compression and 
conventional consolidated-undrained triaxial compression tests. 
The results of a study of the three-dimensional behavior of remolded, nor-
mally consolidaled Edgar Plastic Kaolinile served as a basis for evaJuating 
the capabilities of the model. In particular. the variations of stress-strain and 
pore pressure behavior, relation between principal strains, and nonnalized 
undrained shear strength with the relative magnitude of the intennediate prin-
cipal stress were studied. Overall acceptable and accurate predictions were 
produced for the nonnally consolidaled clay. The presence of the third stress 
invariant in the model accounts for the variation in undrained shear strength 
observed in three-dimensional testson isotropic, normall y consolidated clay. 
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ABSTRACT 
Two consåtutive models for frictional materials, one with a single yield surface and the 
ocber with two intersecting yield smfaces. are c:ompaml in terms of their capabilities to 
aa:uraæly capture the obsened bebavior of soils for various stress-paths and in terms of 
the ease with whicb they can be employed in large computer programs. Both models have 
becD sbown to caprure the bebavior of soils for a variety of stress-paths. The double har-
dening model may model the observed soil behavior with sl.ightly better aa:uracy near the 
hydrostatic axis, but the single hardening model may be used with grearer ease and econ-
omy in large scale computations. 
INTRODUCTION 
The primary concem in development of constirutive models is their capabilities in model-
ing tbe material behavior under all stress and strain conditioas. It is therefore of interest 
to compare the capabilities and limiwions of a newly developed model which employs a 
single yield surface and nonassociated flow and a previous model whicb uses two inter· 
secting yield surfaces. one with associated flow and the other with nonassociated flow. 
Specifically, the definitions of yielding in the two models are different. and this results in 
ditferene effective shapes of the yield surfaces. The combined plastic potential at the 
intersection of the two yield surfaces in the double bardeDing model is discussed in view 
of its dependence on the strcss-path direction. 
Another imponant consideration in choosing a constitutive model for practical use 
relates to the ease and efficiency with whicb it can be employed in large computer pro-
grams. Thus, the double hardening model involves four different combinations of active 
and inactive yield surfaces. whereas the single hardening model only incorporates two pos-
sibillties (loading and unloading). This results in different amounts of calculaåons and 
checking within the computer programs and the resulting differences in efficiency and 
economy may be decisive in the choice of constitutive model. 
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SINGLE AND DOUBLE HARDENING MODELS 
The two elasto-plastic constitutive models have the elastic formulatiOD and the failuæ cri-
tcrioo in common. The newly developcd model (1.2.31 employs a single isoaopic yield 
surface that is expraiCd as a contour of conswu plastic work.. The raulting yield sur-
faces are shapcd as asymmettic tear drops with smoodlly roundcd Criangular cross-sections 
in oc:tahedral planes and tnces in tbe triuial plane as shown in Fig. l. As tbe plastic 
work incruses. the isoaopic yield surface inftates until the c:urrent sttess point reaches the 
failure surface. The relation betweell the yield criu:rioo and the plastic wadi: is deseribed 
by a monoconically i.nc:reasing function whose slope dea'eases with increasing plastic worlc 
as shown in Fig. 2. Beyond failure the yield surface conttaA:tS isoaopically with increas-
ing amount of plastic wadi:· [2}. A nonassociated flow rule is employed with the single 
yield surfacc. This flow rule is derived from a plastic potential whose shape in the princi-
pal stress spacc resembles an a.symmctric cigar with smoothly rounded triangular cross-
sections as shown in Fig. 3(a). The shape of the meridians are shown in the triaxial plane 
in Fig. 3(b). This shape accoants for the rather abrupt change in volume change behavior 
near the hydrosutic axis observed in experiments [1]. 
The double harderung model (4] involves two mechanisms which may or may not 
interact to produce the total plastic saain inc:rement. The conical yield surface shown in 
Fig. 4(a) is shaped as an asymmctric bullet with its pointed apex at the origin of the scress 
space and with a smoochly roundcd triangular cross-scction in octabcdral planes. Plastic 
expansive sttain.increments produced at this yield surface are ca.lculated. from a nonassoci· 
ated flow rule as indicated in Fig. 4(a). The yield surface correspoadiDg to the plastic col· 
lapse strains forms a cap on the open end of the conical yield surface as shown in fig. 
4(b). The collapse yield surf~ee is shapcd as a spilere with center in the origin of the 
principal stress spacc. The plastic coUapse strains are calculated from an associated flow 
rul e. 
The result of a change in stresS is shown in the triaxial plane in Fig. 4(b). 8oth plas· 
tic collapse and plastic expansive saains are caused by the change in stress from point A 
to point B, because both yield surfaces are pushed out. The magnitudes of the strain 
increments are indicated by the lengths of the vectors. and the toral plastic strain incre· 
ment is calcu.latcd as the vector sum of the two components. The elastic strain com· 
ponents are funher added (not shown in Fig. 4) to obtain the tora1 strain increment for the 
stress change from A to B. 
C1t 
Figuæ l. Yield Surfaccs for Single Har- Figure 2. 
dcning Model Shown in Triax-
ial Plane. 
(W"...._ 
ModeJing of Worii:-Hardening 
and Softening in Single Har· 
dening Model. 
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Figurc 3. Plastic Potential Surfaces Employed in Single H.ardening Model and Shown 
in (a) Principal Stress Space. and in (b) Triaxial Plane. 
(a) 
PUSTIC u••·-· nll•,.--,
YIIUI .,II'Ac:a 
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TOTAL~ITIIA• --T 
Figurc 4. Schematic Diagrams of (a) Yield and Plastic Potential Surfaces for Plastic 
Expansive Strains. and of (b) Yielding Process with Both Yield Surfaces 
Activated and Combinanon of Plastic Strain Increments for Double Harden-
ing Model. 
EFFECf OF STRESS-PATH DIRECTION ON STRAINS 
The magnitude of plastic sttain produced for a given location of the yield surface is pro-
portional to the movement of the yield surface expressed as M. For a given magnirude of 
stress increment (expressed as the length of the stress increment vector), the value of M 
depends on the direction of the stress increment, as illusaated in Fig. S(a). The !argest 
value of M is obtained when the stress increment direction is perpendicular to the yield 
surface. 
(a) 
16al = consrant 
M oc 16al · cos9 
t.E.P =C · M 
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(b). 
Cap (Associared 
Aow) 
Figure 5. (a) Effect of Stress Path Direction on Resulting Magnitude and Direction of 
Plastic Strain lncremcnt at Single Yield Surface. and (b) Yield Surfaces in 
Double Hardening and Single HanleDing Models. 
The direction of the plastic strain increment is by definition perpendicular to the plas· 
tic potential surface independendy of the direction of the stress increment. This is illus-
rrated for a nonassociated plastic potential surface in Fig. S(a). 
The yield sunaces uscd in the double hardening model as well as the yield surface 
used in the single harderung model an: shown in Fig. 5(b). The effect of adding a stress 
increment of a given length at point A on the resulting plastic sttain increment is demon-
srrated for both models in Fig. 6. Four directions of the stress increment vector an: con-
sidered.. In case (a) the stress increment vector is causing the conical yield surface to 
move out. while the cap remains stationary. The resulting plastic sttain increment '&Y 
produced from the nonassociated plastic potential is shown in Fig. 6(a). The effect of the 
same stress increment in the single hardening model is shown in Fig. 6(e). The strain 
increments from the two models may be slighdy different in direction and in magnitude, 
as shown in Fig. 6. 
In case (b) the stress increment vector has the same length, but it is directed almost 
tangential to the spherical cap yield surface and therefore almost perpendicular to the coni-
cal yield surface. The plastic sttain increment vector from the cap is small, whereas the 
conical yield surface produces a very large plastic strain increment vector. The resulting 
vector, ?. is longer, and it is pointed in a slighdy different direction than that obtained 
from case (a). In comparison, the single yield surface model, shown in Fig. 6(0, produces 
a plastic strain increment vector which is pointed in the same direction as that indicated in 
Fig. 6(e). Its length is indicated to be much larger. 
In case (c), the stress increment vector is pointing outwards from the origin and 
slighdy upward from the conical yield surface. This results in a relatively large ineremen-
tal mavement of the cap yield surl'ace with a correspondingly large plastic strain increment 
as indicated in Fig. 6(c). The conical yield surface moves comparatively very littie and 
the corresponding plastic srrain increment is small, as also indicated in Fig. 6(c). The 
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(d) 
Mp=O 
C.2'~ ·C.2 p~ 
C.l C.! 
(h) 
Figure 6. Schematic illustrations of Effccts of Stress-Path Dilection in (a)-(d) Double 
Hardening Model, and in (e)-(h) Single Hardening Model. 
combined plastic strain increment, "&J'C, is obtained by adding the two vectors. Fig. 6(g) 
shows the result of the same streSS increment for the single hardening model. The magni-
rudes of the two resulting plastic strain incremcnt vectors are slightly different, but their 
directions are the same for this case. 
The cap is the only active yield surlace in case (d). TIIUS, a small plastic strain incre-
ment, &c, pcrpendicular to the cap is produced forthis case whcre the stress increment is 
directed outwards and towards the hydrostatic axis. The effect of the same stress inere-
ment in the single hardening model is shown in Fig. 6(h). Although similar in magnirude. 
the two strain increment vectors have diffcrent directions. 
Thus, in principle the two models respond differently to the same increment in stress. 
However, the diagrams in Fig. 6 have been drawn to mustrate the difference between the 
two models in a schematic fashion. In reality, the strains produced by the cap are much 
smaller than those obtained from the conical yield surfacc. The contributions from the cap 
to the total plastic strain increments are therefore unimportant, except in the vicinity of the 
hydrostatic axis or for a stress-path ~ted outwards and towards the hydrostatic axis for 
which they are the only plastic strains to bc produced. 
Experimental evidencc indicates that the stress-path dependent response obtained from 
the double hardening model is also observed for real soils. Fig. 7 shows the results of an 
investigation of stress-path dependency in sand performed by Tatsuolca and Ishihara (5]. 
The stress-paths and the corresponding strain increments from the experiments are replot-
ted on the triaxial plane for ~t comparison with the diagrams in Figs. 5 and 6. Point X 
in Fig. 7 is located relatively close to the hydrostatic axis (X corresponds to a1ta3 = 1.75 
and the failure line has a 1/a3 = 4.33) where the plastic strains are not very pronounced. 
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Figure 7. Stress-Padl Dependent Behavior Observed in Fuji River Sand and Replotted 
in Triaxial Plane (after Tatsuoka and lshihara [5)). 
The stress probes. which have the same lengths. start at point X and have directions simi· 
!ar to those considered in Fig. 6. The resulting plastic strain increments shown on the 
insert in Fig. 7 are in most cases very similar to those consttucted for the double harden· 
ing model in Fig. 6, i.e., compare case (a) with XA, case (b) with XB, case (c) with XD, 
and case (d) with XE and XF. Thus, the double hardening model is quiu: sensitive and 
can to some exu:nt predict the effect of saess-path ~on on the resulting plastic 
strains. 
At higher stress levels eloser to failure where the plastic strains are much larger, 
experiments by Poorooshasb et al. [6] show that the effect of the stress-path on the direc· 
tion of the plastic strain increment vector is negligible. Thus. it is only near the hydros· 
tatic axis where the plastic strains are small that stress-path dependent behavior is 
o b serv ed. 
Both the single hardening and the double hardening models capture the experimen· 
tally observed behavior at the higher stress levels with good accuracy. The single barden· 
ing model is not sensitive to saess-path directions, and Fig. 6 shows that the same direc· 
tion of the plastic strain increment vector is predicted for all cases. The predicted direc· 
tion is that in which the plastic strains are !argest, i.e., the general sttain direction indi· 
cated by points A, B, and C in Fig. 7. Thus, a small volumetric component in the outward 
direction of the hydrostatic axis is missing in the single harderung model when exercised 
near, but off the bydrostarie uis. On the hydrostatic axis, the two models produce the 
same results. 
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However, more imponantly, the single hardening model wu devised to capture yield-
ing using only one surface. This surface describes a contour of conslant plastic wortc as 
mcasiD'ed from the origin. The resulting tear-drop shaped yield surface combined with the 
nonassoc:iatcd. cigar-sbaped plastic potential surface produc:ed sbear and volumetric plastic 
strains in agn:ement with experimental results for tbe majority of cases wbere plastic 
snins are observed. The tear-drop shaped yield surface is more curved than the conical 
surface used in the double hardening model, also near failure where it crosses the Cailure 
surfac:e. This sbape is in better agreement with experimental observations. e.g. (5]. Funb-
ermore. the direct association between yielding and plastic worlc results in a unique har-
deDing curve, as shown in Fig. 2, and it produces a model that is mathematically con-
sistenL 
EASE OF COMPUT A TI ON 
WheteaS botb models have been shown to capture the behavior of soils with good accu-
racy, the two models are not equally easy to use for camputalions in large computer pro-
grams. Fig. 8 illusuates the considerations involvcd. If the current state of stress for a 
material element is given at point A, then the double hardening model presents four 
options in terms o f the activities of the yield surface: (l) none of the yield surfaces are 
active (elastic unloading or reloading), (2) the cap yield is active, (3) the conical yield sur-
face is active, or (4) both the cap and the conical yield surfaces are active. Each of the 
four options leads to a new material stiffness matrix as discussed in [7]. Since the stress-
patbs for each element in a large structun: is generally not known (except in some 
relatively simple cases), tbe number of combinations of camputalions and iterations could 
become rather large. 
In comparison, the single hardening model presents only two choices of materlal 
stiffness matrix for each element. shown in Fig. 8(b): (l) the yield surface is not active 
(elastic unloading or reloading), or (2) the yield surface is active. Because there are only 
two options for each element stiffness matrix, the number of computations is substanrially 
smaller than that required for the double hardening model. 
(a) (b) 
Figure 8. (a) Four Possibilities of Activities of Two Yield Surfaces, and (b) Two 
Possibilities for One Yield Surface. 
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Anotbcr feabD'e of the single bardeDing model is that the ttansition from lwdening to 
sofieDing oocurs abrupdy at the peak failure point. Thus, there arc no poiml with zero 
slope at tbe ttansition anywheæ along the lwdening curve. 1be abseDce of points with 
zc:ro slope aUows greue:r computatiooal efficieocy near peak failure. while the pointed 
peak is hardly nociceable in actua1 comparison with experimental data. 
CONCLUSION 
1be consequences of employing single and double lwdening constitutive models for the 
behavior of frictional materiais have been praented in view of their abilities to model 
observed behavior and with regani to their application in large computer programs. In 
panicular, the sensitivity of the models to predict the behavior along various stress-paths 
and their ability to capture the conditions for yielding correctly were reviewed. The case 
with which compuwions may be made by each of the two models were also discussed. lt 
wu shown that except for some rather small contributions to the plastic strains near the 
hydroswic axis, the single budeDing model exhibited better capabilities than the double 
bardeDing model. Since only one yield siDface is employed. lhe single hardening model is 
also more efficient for applications involving large compuwions. 
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SUMMARY 
Constitutive models for description of the non-linear stress-strain behaviour of engineering materiais are 
often developed and presentedin forms which eannot be employed directly in non-linear matrix computer 
analysis codes. Presented herein is a procedure for developing the ineremental stiffness matrix for an 
elasto-plastic materlal model with multiple, intersecting yield surfaces. Associated or non-associated ftow 
may occur on the individual yield surfaces. The materlal stiffness matri.x is non-symmetricif non-associated 
ftow occurs on any one of the yield surfaces. In order to illustrate the matrix forms which are generated, 
the case of a recently developed model with two yield surfaces is presented in detail. This model involves 
associated ftow on one and non-associated ftow on the other yield surface. 
INTRODUcnON 
The development of large, efficient computer codes capable of analysing static and dynamic 
response of geological media has rekindled interest in the basic mechanics of elasto-plastic 
materials. In faet, one of the weakest links in the analytical representations used in these 
analyses is the model of the material behaviour. This is especially true of the mathematical 
models which have been used to represent geological materiais and concrete. However, based 
on relativelyrecent research (see, e.g. , References 1-10), it is clear that geologicalmedia can 
be accurately modelled using concepts within the framework of the mathematical theories of 
elasticity and plasticity. 
In such models, the strain increments are assumed to be separable into elastic and plastic 
parts with the elastic part Iinearly related to stress increments. The plastic strain increment is 
established by means ot a plastic potential tunetion and a yield function. The yield tunetion 
defines the stress levels at which plastic strain increments will occur, and the plastic potential 
tunetion defines the distribution (but not the magnitude) of the plastic strain increments during 
plastic flow. The actual magnitude ot plastic deformation is determined from a work-hardening 
relationship. The plastic potential and the yield tunetions have often been assumed to be 
identical, in which case the plastic flow is termed associated. Pseudo thermo-dynamical argu-
ments due to Drucker11 ' 12 have been used to justity this associated flow theory, and it should 
be noted that associated flow accurately represents the plastic behaviour of metals. In a series 
ot caretul experiments, Lade and others13- 15 have shown that geological media, in particular 
cohesionless soils, do not exhibit associated flow piasticity behaviour, but rather non-associated 
flow (resulting in separate yield and potential tunctions). 
• Professors. 
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lt has been proposed16 that a number of yield surfaces may be employed to describe the 
boundaries of an elastic domain in stress space within which no yielding occurs. Plastic yielding 
occurs when at least one of the yield surfaces is activated. However, more than one surface 
may be active at the intersection of two or more yield surfaces. The phenomenological behaviour 
of geological materiais can be modelled successfully by theories involving multiple, intersecting 
yield surfaces (e. g., see Referen~es 4 and 8). Each of these yield surfaces mayhave corresponding 
associated or non-associated plastic potential surfaces, which should be smooth and continuously 
differentiable16 and convex with respect to the origin of the stress space. 17 Work-hardening 
or work-softening effects may be incorporated in yielding on each surface in order to model 
the various aspects of stress-strain behaviour observed for geological materials. 
Models such as those proposed in References 7 and 18 employ several yield surfaces in 
descriptions involving kinematic hardening in order to predict anisotropic behaviour and 
hysteresis loops observed during large stress reversals. However, these yield surfaces do not 
intersect, and, in principle, only one yield surface is active at a time. These models therefore 
represent a restricted case of the types being considered here. 
In this paper, a general mathematical procedure is presented for generating ineremental 
elasto-plastic constitutive relations for materiais modelled by multiple, intersecting yield sur-
faces. The development leads to a relatively simple, straightforward procedure for determining 
the ineremental stress-strain relationship (stiffness matrix) required for use in a non-linear 
matrix computer analysis code. If the flow is non-associated on any one of the yield surfaces, 
the ineremental stiffness matrix is non-symmetric. 
Finally, the mathematical procedure is illustrated by the development of an elasto-plastic 
ineremental stiffness matrix for Lade's non-associated, two yield surface model for soils. 
ANAL YTICAL DEVELOPMENT 
Basic concepts from classical piasticity theory a re employed in the derivation of the ineremental 
elasto-plastic stress-strain relationship.19-26 
An elasto-plastic constitutive model with multiple, intersecting yield surfaces is employed 
to capture the various aspects of non-linear stress-strain behaviour of soils. Each of these n 
yield surfaces is assumed to produce plastic strain increments whose sum, together with the 
elastic strain increments, makes up the total strain increments, {dE}: 
(l) 
where {dE•} are the elastic strain increments and {dEpk} are the plastic strain increments 
associated with the kth surface (l";; k ";; n). Since {dE} is a 6 x l vector, the maximum possible 
number of independent strain increments is six. Since one strain increment is elastic, the 
maximum number of independent plastic strain increments is five, i.e. l ";; n ";; 5. lt should be 
noted that in expressing the strain inecements in vector form, 
(2) 
The plastic strain increments for each yield surface k(l ";;k";; n), {dEPk}, are assumed to be 
calculated from a work-hardening piasticity model, in which the plastic strain increments are 
expressed as tunetions of the total stress and the plastic work. 
In order to incorporate such a constitutive model with n yield surfaces in a finite element 
or finite difference model, it is necessary to develop an ineremental stress-incremental strain 
relationship of the form: 
(3) 
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In this equation 
(4) 
and [ c•PJ is an elasto-plastic material stiffness matrix. 
In the following, a general procedure is presented for determining [ c•P] for n (l "" n"" 5) 
simultaneous yield surfaces, each of which has either an associated or a non-associated flow 
rule. Finally, as a special case, the material stiffness is determined for a model with two yield 
surfaces, one with associated flow and the other with non-associated ftow. 
BASIC EQUATIONS 
The total strain increments which occur d urin g an increment in stress a re assumed to be divisible 
into elastic components, {de•}. and plastic components, {dePk}. as expressed in equation (1). 
Elastic strain increments 
The stress increments and the elastic strain increments are assumed to be related by means 
of a symmetrical elasticity matrix, [ c•]: 
(5) 
For an isotropie material: 
1-v v v o o o 
1-v v o o o 
1- v o o o 
[C") = E l-2v o o -- (6) (l+ v)(l - 2v) 2 
symmetric 1-2v o --2 
1-2v 
--
2 
where E is Young's modulus and v is Poisson's ratio. 
Plastic strain increments 
The plastic strain increments produced on the kth yield surface, where l "" k"" n"" 5, are 
assumed to be defined by meansofa work-hardening piasticity theory which involves: 
l. A yield criterion, which is used to distinguish between primary loading, neutral loading, 
unloading, and reloading. For a work-hardening material , the yield tunetion may be written as: 
(7) 
2. A flow rule which relates the relative magnitudes of the plastic strain increments to the 
stresses: 
(8) 
where 
(9) 
314 P. V. LADE AND R. B. NELSON 
is a plastic potential function which is a tunetion of stress only. Again, if this function is the 
same as the yield function, A. then associated flow results; otht:rwise the flow is non-associated. 
The vector of derivatives of the kth plastic potential is 
{ag"}T =J ag. ag. ag. 2 . il g" 2 . il g"_ 2 . il g") iJU \iJux' iJu.y' iJu/ iJTyz' iJr,,~' iJTxy (lO) 
Using these basic equations, the ineremental elasto-plastic stress-strain relationship may be 
derived as shown bel o w. 
INCREMENT ALIZA TION PROCEDURE 
The basic concept in the incrementalization procedure is that all A (in equation (7)) which are 
zero, i.e. which indicate yielding, remain equal to zero during an y increments in stress or strain. 
Thus, for each A = 0: 
In equation ( 11) 
{ aA }T ( at. aA nA aA aA nA ) iiEpk = iiEpk' iiEpk• iiEpk' iiEpk• iiEpk• dEpk 
X )' r )'Z Z.l %)' 
Substituting the expression for {du} in equation (5) into equation (11) gives: 
{iiA}T(C]{de•}+{ nt~c }T{deP"} =0 ilu oEpk 
(11) 
(12) 
(13) 
(14) 
Substituting the expression for {de•} obtained from equation (l) into equation (14) gives: 
e; r( C) ({de} - {deP1}- • • • -{deP"}- .. . -{deP"}) +{a:':•f{deP"} =0 k= l , ... , n 
(15) 
Again, this result is basedon the requirement that during flow, each of the n yield tunetions 
must remain zero so t hat dA = O. 
At this point, the flow rule connected with t •. equation (8), is substituted into equation ( 15), 
giving: 
{ otk }T{iJgk} +A" · ileP" ilu = 0 k=l, . . . ,n (16) 
These n equations must be solved to obtain the n unknowns, A., k= l, ... , n. Equation (16) 
may be written in the matrix form 
(17) 
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where [il/ l il a J is a 6 x n matrix, the kth column of which is {il/k / il a}; [il g/ ila J is a 6 x n matrix, 
the kth column of which is {ilgk/ila}; [D] is a diagonal n x n matrix with the d~agonal element 
{il/k/ ilEPk}T{ilgk/ ila}; and {A} is the n x l vector of unknowns. This equation may be written as: 
(18) 
Denoting 
(19) 
and its inverse as [L r•, then 
(20) 
Then from equations (5) and (1): 
{da}=(CJ( {dE}-{dEP1} - ••• -{dEpk} - ... -{dEpn}) (21) 
{da} = (C)( {dE}-[;; ]{A}) (22) 
Using equation (20), equation (22) becomes 
(23) 
Thus 
(24) 
which is the desired elasto-plastic stiffness matrix. Note that this matrix will by symmetric only 
if [il f l il a] = [ il g l il a], i.e. o n ly i f associated flow occurs o n all active yield surfaces. In thi s case, 
[L] is symmetric as is its inverse, so t hat [ C"P] is symmetric. 
It should also be recognized that if [D] is zero, i.e. no work-hardening action is present, the 
elasto-plastic stiffness matrix is singular. This is easiest to demonstrate by noting that the strain 
increments 
{di}=[;; };q (25) 
where {Å} is arbitrary gives 
{da} = ( CP){di} - ( CP)[;; ](Lr1 [:~r( C")[;; };q 
= (C"P){di} - (C"P)[;; }Lr1(L){Å} 
= (C"P){di } -(CP){~i} sO (26) 
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Tims, the equations are singular. Physically, equation (25) indicates that the total strain 
increments, which are linear combinations of the n plastic strain increments, may occur without 
any change in the state of stress, i.e. flow will occur at a constant stress level. 
Finally, it is noted that in equation (24), n independent yield conditions areall assumed to 
be active so that all the Ak are positive. If the number of active yield surfaces changes, then 
the tangent stiffness matrix will be significantly altered, as the dimensions of [L], [og/du] and 
[ilf/ilu] are changed. 
ISOTROPlC HARDENING CASE 
As a special, restricted case, the yield function is expressed as: 
{k({u}, { ePk }) = t:( {u})-/ Z( Wpk) = O (27) 
where f',. depends on stress only, and f Z contains the effect of work-hardening. Thus. the form 
or the shape of the kth yield surface is specifled to within a single parameter f Z. This is the 
case of isotropie hardening. Recognizing that 
fZ(Wpk)=/Z (f {u}T{depk}) (28) 
Then 
{.!.fJ<_} =-{af~} =-_i![L{u} aepk aepk a wpk (29) 
where af~ l a Wpk is the slope of the kth work-hardening relation. 
Assuming that all n yield surfaces are of the isotropie type, then Du in equation (18) takes 
the form 
Dkk =- atz {u}r{agk} 
iiWpk ilu 
Finally, if gkfu} is homogeneous to the degree a, then 
at'!. Dkk= - --· a · 8k 
awpk 
(30) 
(31) 
Again, i t should be noted t hat the matrix [ c•PJ is not symmetrical if the yield tunetions and 
the plastic potential tunetions are not identical. 
CONSTITUTIVE LAW FOR SAND WITH CURVED YIELD SURFACES 
In order to illustrate the incrementalization procedure developed above, an ineremental 
constitutive law with two yield surfaces is presented below. 
The constitutive law deseribed by Lade4 employs two yield surfaces which may be activated 
simultaneously, one at a time, or not at all. The basic principles of this model are outlined 
below, and the ineremental form of themodel is then developed. 
For the purpose of modeiling the stress-strain behaviour of soils by an elasto-plastic theory, 
the total strain increments, {de}, are divided in to an elastic component, {de•}, a plastic collapse 
component, {dec}, and a plastic expansive component, {deP}, such that: 
(32) 
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These strain components are calculated separately, the elastic strains by Hooke's law, and the 
plastic callapse strains and the plastic expansive strains by plastic stress--strain theories that 
involve, respectively, a cap-type yield surface and a conical yield surface with apex at the origin 
of the stress space. 
(a) (b) 
Figure l. Schematic illustrations ol (a) elastic. plastic collapse, and plastic expansive strain components in drained 
triaxial compression test. and ol (b) conical and spherical cap yield surfaces in triaxial plane 
Figure l(a) shows the parts of the total strain that are considered to be elastic, plastic 
collapse, and plastic expansive components of strain in a drained triaxial compression test. 
Typical observed variations of stress difference, (u1 - u 3), and volumetric strain, Ev, with axial 
strain, e., are shown in this figurefor a test performed with conslant value of confining pressure, 
u 3• Both elastic (recoverable) and plastic (irrecoverable) deformations occur from the initiation 
of loading in cohesionless soils. This behaviour is higbly non-linear, and a decrease in strength 
may follow peak failure. The volumetric strain is initially compressive and this behaviour may 
be followed by expansion (as shown in Figure l(a)) or by continued compression. The plastic 
strains are initially smaller than the elastic strains, but at high values of stress difference the 
plastic strains dominate the deformation. 
Plastic expansive strains 
The yield surfaces for the plastic strain components are indicated on the triaxial plane in 
Figure l(b). The conical yield surface, which is curved in this plane, is deseribed in terms of 
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the first and the third stress invariants, 11 and 13: 
where 
and 
f~= (J~/ J3- 27}(J.f p.) m 
f~= 71• a t failure 
(33a) 
(33b) 
(34) 
(35) 
The parameters 71 1 and m in equation (33) are constants to be determined for specific soils at 
the desired density, and p. is atmospheric pressure expressed in the same units as the stresses 
used in this equation. In principal stress space the yield and failure surfaces defined by equation 
(33) are shaped like asymmetric conoids with their pointed apices at the origin of the stress 
space as shown in Figure 2(a). For failure conditions the apex angle increases with the value 
of 71 1, and the curvature of the tailure surface increases with the value of m. For m= O the 
Cailure surface is straight and the expression becomes identical to that used in a previous 
theory. 3 Figure 2(b) shows typical cross-sections for given values of IU 13 and a constant value 
of 11• These cross-sections are exactly the same as those for the previous theory, and it has 
been shown that they model the experimentally determined three-dimensional strengths of 
sands and normall y consolidated cl a y with good accuracy. 3.4.27 
The plastic potential function is modelled on the yield function as follows: 
(a) 
g p= J~- (27 + 712 ' (p./ Jl}m) · ! 3 (36} 
HVOROST A TIC AXIS 
F AlLURE SURFACE 
VIEloD 
SURFACES 
(b) 
a, 
Figure 2. Characteristics ol failure and yield surfaces shown in principal stress space. Traces of faiture and. yield 
surfaces in (a) triaxial plane, and in (b) actahedral plane 
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(a) (b) 
TOTAL PLASTIC STRAIN IN CR EM ENT 
PLASTIC EX PANSIVE STRAIN INCREMENT 
PLASTIC EXPAN SIVE 
STRAIN INCREMENT 
YIELO SURFACE 
PLASTIC CO L LAPSE 
STRAIN INCREMENT 
Figure 3. Schematic diagrams of (a) yield and plastic potential surfaces for plastic expansive strains, and of (b) yielding 
process with both yield surfaces activated and combination of plastic strain increments 
where 172 is constant for given values of f~ and the confining pressure. Thus, the corresponding 
flow rute is non-associated, i.e. the plastic expansive strain increment vectors superimposed on 
the stress s pace form angles with the conical yield surfaces different from 90°, as indicated in 
Figure 3(a). 
The work-hardening (and work-softening) law employed with the conical yield surface is 
expressed as 
q > O (37) 
where a, b, and q are constants for a given value of the confining pressure. 
Plastic collapse strains 
The yield surface corresponding to the plastic callapse strains forms a cap on the open end 
of the conical yield surface, as shown in Figure l(b). The callapse yield surface is shaped as a 
sphere with centre at the origin of the principal stress space. This yield surface is deseribed in 
terms of the first and the second stress invariants, I1 and I2 : 
f~ =Ii+Z · I2 (38) 
where I 1 is given by equation (34) and 
(39) 
lt should be noted that yielding resulting from outward movement of the cap does not result 
in eventual failure. Faiture is controlled entirely by the conical yield surface. 
The plastic potential tunetion is identical to the yield function: 
(40) 
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Tims, the normality condition used for this surface implies an associated flow rule, and the 
plastic callapse strain increment vectors are perpendicular to the spherical yield surface, as 
shown in Figure 3(b). 
The work-hardening law used with the spherical yield surface is expressed as: 
" 
2 ( 1) 11P (Wc) 11P f c =Pa. C . -
p. 
(41) 
where C and p are constants. 
Combination of plastic strain increments 
The result of a change in stress which involves both yield surfaces is shown in the triaxial 
plane in figure 3(b). The plastic strain increment vectors are ••1perimposed on the stress space 
in t his diagram. Both plastic callapse and plastic expansive :rains a re caused by· the change 
in stress from point A to point B. because both yield surfaces are active. The magnitudes of 
the strain increments are indicated by the lengths of the vectors, and the total plastic strain 
increment is calculated according to equation (32) as the vector sum of the two components. 
The elastic strain components are further added (not shown in Figure 3(b)) to obtain the total 
strain increment for the stress change from A to B. lt follows from the consistency condition 
from plasticity28 that elasto-plastic constitutive models with one or several intersecting yield 
surfaces are continuous, independently of the type of flow rule employed (associated or 
non-associated).29' 30 Therefore, a continuous response is obtained when the stress increment 
vector AB is moved araund the corner at point A in Figure 3(b). 
The capabilities of the elasto-plastic constitutive model employed here have been deseribed 
elsewhere. 4'5'27 
INCREMENT AL FORM OF CONSTITUTIVE LA W 
To obtain the ineremental form of the constitutive law with two yield surfaces, two linear 
equations of the type in equation (18) (with Da given in equation (30)) aresolved to find Ae 
and Ap: 
from which 
where 
Ae· L,, + Xp · Ln= T, 
Ae· L21 +A p · L 22 = T2 
L,,= { af~}T[ce]{agc} +af~ . {u}T{agc} 
ilu au awc au 
L22 = {f!E.}T[C){~} + il f~ · {u}T {~} 
ilu ilu ilWP ilu 
Ln=e;rrceJ{~} 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
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L2, = {~r[cc){~} 
T,={~r[C){dE} 
T2={~r[C]{dE} 
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(48) 
(49) 
(50) 
In addition to the elasticity matrix in equation (6), the individual components involved in 
equations ( 45)-(50) are given below: 
e~}=e;J=2 · 
U y 
u, 
2 • T yz 
2 • Tzz 
2 · rxy 
at~ p. ('~) •-p 
-=--· 2 
a wc C· p p. 
where f~ is given by equation (38). 
{u}T {:;} = 2 · 1~+4 · 12=2 · gc 
where gc is given by equation (40). 
3 · 13 - (uy· u ,- r;, ) · I, 
3 · I 3 -(u,· u , -r;,) · I 1 
3 · I 3 -(u, · u y-r!y) · 11 
2 ·(u, · ryz - rxy" r .. )· I, 
2 • (uy· rxx-ryz" r , y) • I, 
2 • (u, • r,y - r zz . r yz). I, 
u y · u,- r;. 
Uz"Ux - -r ; x 
+ .....! -27 · - .....!.. o (
]
3 
) m (l )m-t 
I3 p. p. 
u,·uy-r!y +(3·n+-II3' ·m·.,.,2·(PI·,)m)· 
-2. (u,. ryz- r,y . r .. ) 
-2 • (uy· ru - r yz · r xy) 
- 2 • (u, • Tzy -Tzx" Tyz) 
il/" f' [ p. J 
..::!L = !..2 · -- - b· p. 
awp p. q· wp 
l 
l 
l 
o 
o 
o 
l 
l 
o 
o 
o 
(51) 
(52) 
(53) 
(54) 
(55) 
(56) 
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where f~ is given by equation (33a). 
{u} T • { ~} = 3 • g p+ m · 712 • (~:)m · I 3 (57) 
The ineremental material stiffness matrix [ cep] for the constitutive la w with two yield surfaces 
is then given by: 
(58) 
where 
(59) 
(60) 
(61) 
Thus, the applicability of this general incrementalization procedure has been illustrated for 
a material model with two simultaneous yield surfaces. 
CONCLUSION 
A general procedure for developing the ineremental stiffness matrix for an elasto-plastic 
material model with multiple, intersecting yield surfaces has been presented. Each yield surface 
has its own associated or non-associated flow ruleandis assumed to depend on work-hardening 
or work-softening effects. Models with up to five independent, simultaneously activated yield 
surfaces may be incrementalized according to the procedure presented here. A recently 
developed model with two yield surfaces, one with associated and the other with non-associated 
flow, was used to illustrate the matrix forms which are generated. The material stiffness matrix, 
which is non-symmetric for non-associated flow on any one of the yield surfaces, may be used 
in non-linear elasto-plastic finite element or finite difference computer codes. 
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INCREMENTAL FORM OF CONSTITUTIVE MODEL 
Introduetion 
In order to use the constitutive model in nonlinear 
matrix computer codes employing finite element or finite 
difference techniques, it is necessary to obtain an 
ineremental form of the con s titutive model. Thus, it is 
necessary to obtain constitutive relations in which the 
stress increments are expres s ed in terms of 
increments or vice ver s a, i.e. 
strain 
(9.1) 
in which the subscripts h&ve been omitted for ~iwylicity. 
In this equation the stress increments are: 
(9.2) 
and the increments of total strains are 
(9.3) 
and [Cep] is an elasto-plastic material stiffness matrix. 
Basic Eguations 
The stress increments and the elastic strain 
increments are assumed to be related according to Hooke's 
law: 
where 
E 
(1+\/) (1-2\/) 
1-\/ \/ 
1-\/ 
Symmetric 
\/ 
\/ 
1-\/ 
o 
o 
o 
1-2\/ 
2 
o 
o 
o 
o 
o 
o 
(9.4) 
o (9.5) 
o 
1-2\/ o 
2 
1-2\/ 
2 
The plastic strain increments are defined by means of 
the work-hardening piasticity theory which involves a 
y1ela tunetion and a flow rule. 
given by 
The yield function is 
(9.6) 
For an isotropie work-hardening material equation (9.6) 
may be expressed as: 
f p ( {(J} ) - f 
in which 
" (W ) = 0 p ( 9. 7) 
(9.8) 
The parameters 'Vt and h are constant for a given material. The parameter q varies with the 
stress level fnf'n1 from zero at the hydrostatic axis to unity at the failure surface according to 
the following expression: 
q = (9.9) 
in which et is a constant and 
( 9.10) 
During strain hardening the yield surface becomes larger due to increasing plastic work 
through the relation 
" [ l ]f fp = o (9.11) 
where D and p are material constants. At the point of material failure this relationship is 
changed to one producing strain-softening, i.e. , a decreasing yield surface, 
[ w J - B ..:.:.t ('-A·e Pa p - (9.12) 
In Eq~/1.), A and B are positive constants set so Eq.(9.//) and(9./~ agree at the point of failure. 
with equal but opposite derivatives with respect to plastic work. 
3. 
The flow rul e is expressed as: 
ag 
= dA. • {_:_e_} 
P aa 
in which g is the plastic potential function: p 
1 3 1 2 I 
( { } ) -- ( ,,, • _! - l + ,,, ) ( _!) ~ g = g o '+' '+' 
P P l !3 !2 2 Pa 
and 
(9.13) 
(9.14) 
ag T -(ag P ag P ag P 
2
• ag P 
2
• ag l? 
2
• ag P ) 
{()op} - aG' dO ' dO ' dT ' dT 1 a:r-
X y z yz zx · xy (9.15) 
Using these basic equations, the ineremental elasto-
plastic stress-strain relationship may be obtained as 
given below. 
Ineremental Relations 
A procedure for developing the ineremental stiffness 
matrix for an elasto-plastic material with multiple, 
intersecting yield surfaces was presented by Lade and 
Nelson (1984). using this procedure for the present 
constitutive model, which has only a single yield surface, 
the following expression for the stiffness matrix is 
(9.16) 
In addition to the elasticity matrix in equation (9.5), 
the individual components involved in equation (9.16) are 
given below in a format which can readily be employed in a 
computer program. 
/) 
Using the chain rule, the derivatives of the plastic 
potential function can be written as: 
(9.17) 
in which 
()gp - I3 2 Il l Il [ 1jJ • ( ~+ 3) • ~ - (~+2) ·-- +~·ljJ ]·-· (--)~ Tii- l r 3 r 2 2 Il Pa (9.18) 
ag 2 Il Il Jl p -n;- --· (--) I2 p 2 a (9.19) 
()gp - 3 Il Il 1.1 
- ljJ ·--· (--) ai
3 
- l I2 p 3 a 
(9.20) 
and the derivatives o f the stress invariants with regard 
to the stresses are: 
l 
l 
ar l l {a(J} = o 
(9.21) 
o 
o 
-(cry +Oz) 
-(crz+~) 
di~ -(crx+cry) (9.22) {acrL} = 2·Tyz 
2•T 
z x 
2•T x y 
2 
a • a - T y z y z 
a •a 
z x -
T 2 
z x 
a ·a 
-
T 2 
x y xy (9.23) ar {-3} = 2•(T •T - a •T ) 
a a xy zx x yz 
2•(T •T -yz xy a ·T ) y zx 
2•(T •T -zx yz a ·T ) z xy 
Using the chain rule, the derivatives of the yield 
function f' can be written as: 
' af { aa P } = (9.24) 
in which the derivatives of the stress invariants are 
given by equations (9.21), (9.22) and (9.23), and the 
derivatives of f~ with regard to the stress invariants 
are: 
' ~ (3+h + ~)·f' I 1 Il h = + -• (-) •eq 
ar l Il arl P I2 Pa (9.25) 
' 2 ~ Il Il h = -· (-) •eq ai2 I2 Pa 2 (9.26) 
' 13 af 
' () I h 
___E l (J.) •eq = f-~- ljJ · - · 
ar3 p ØI 3 l 1 2 P a 3 
(9.27) 
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in which the derivatives of q with respect to the stress 
invariants are: 
k al'f1t [m 31[ t~: n = -f+-dit [l - (l-a)frlfl1tl2 lt n l3 (9.28) 
k -al'f1t l f t~: r = ar3 [l - (1-a)fn/Tltll I t (9.29) 
Finally, the last term in the denominator of equation 
(9.16) may be written as (Lade and Nelson, 1984): 
(9.30) 
in which 
af' w<"P-n for hardening = 
awP p(D . Pa)t rp p (9.31) 
af; A·B -s(~) for softening = --- e 
awp P a 
(9.32) 
It should be noted that the matrix [Cep ] is not 
symmetrical, because the yield function and the plastic 
potential function are not identical. 
General Ineremental Elasto-Plastic Stress-Strain 
Relationship for Work - Hardening Materials 
The fallewing concepts and assumptions from classical 
plasticity theory provide a basis for derivation of i nere-
mental elasto-plastic stress-strain relationships: 
(l) Yield Function. The yield function, f, for any 
work-hardening material may be expresses as: 
f({cr . . }, {€~ . }) =o 
~J ~J 
(5.1) 
(2) Plastic Potential Function. The plastic po-
tential function may be expressed as a function of the 
stresses 
g= g({cr . . }) 
~J (5.2) 
(3) Flow Rule. The "normality rule" of plastic 
strain increment directions states that the plastic strain 
increments may be expressed as 
{d€1?.} 
~J = >-·{a~~.} ~J (5.3) 
in ' which A is an arbitrary constant, g is the plastic 
potential function, and {Øg/acr . . } defines the outward 
~J 
normal to the plastic potential surface. 
(4) Ineremental Elastic and Plastic Strain. During 
~r. infinitesimal change in stress, the total strain . i ncre-
ments, {d€ .. }, are assumed to be divisib l e into elastic ~J 
components, {dE7.}, and plastic components, {dE~ . }. That 
~J ~J 
is, 
(5.4) 
l'l 
(5) Relationship Between Stress Increments and 
Elastic Strain Increments. The increments of stress are 
assumed to be related to the increments of elastic strain 
by means of a symmetrical elasticity matrix, [Ce] 
(s. 5) 
Using these five equations, the elasto-plastic stress-
strain relationship for work-hardening materials may be 
derived. The basic concept is that f must remain equal 
to zero during any increments of stress and strain, i.e. 
(S,6) 
Substituting Eq. S.5 into Eq. S.6 
(5.7) 
Using Eq, 5.4, Eq. 5.7 may be rewritten as 
(5.8) 
(s. 9) 
Substitution of Eq. 5.3 into Eq. 5.9 gives 
(5.10) 
J.~~ 
Salving f or A, 
A = 
Substituting this expression for A into Eq. 5.3, 
{de~ . } 
~J 
(5.11) 
(5 . 12) 
Finally, the ineremental stress-strain relationship 
may be obtained using Eqs. 5.4, 5.5 and 5.12 . That is, 
{da .. } = [Ce]{d&~.} 
~J ~J 
{da .. } = 
~J 
af [CeJ a Øf _!g_ { }T { } { }T{ } a a i j aa~j - Ø€~. a a i j 
~J 
This equat ion may also be written as 
{da .. } = [Cep]{de .. } 
~J ~J 
(5.13) 
(5.14) 
{de .. } 
~J 
(5.15) 
(5.16) 
in which [Cep] is the elasto-plastic stress-strain matrix 
and given as 
(5 . 17) 
The matrix [Cep] may be used in performing inere-
mental elasto-plastic finite element analyses, in the 
same way as the Generalized Hooke's Law is used in per-
forming ineremental elastic finite element analyses. 
This elasto-plastic stress-strain relationship has 
the following characteristics : 
l. The matrix [Cep] is not necessarily symmetrical 
if the yield function, f, and the plastic poten-
tial function, g, are not identical. 
2. Since the matrix [Cep] depends on the current 
state of stress, the strains calculated in elasto-
plastic finite element analyses are dependent on 
the current state of stress as well as the 
magnitude of changes in stress. 
3. For some yield functions, f, and plastic poten-
tial functions, g, the inverse of the matrix 
[Cep] contains terms relating normal strain 
increments to shear stress increments. The rela-
tionship is thus capable of representing dilatant 
soil behavior. 
Elasto-Plastic Stress-Strain Relationship for Isotropie 
Hardening Materials 
It is assumed for isotropie hardening that as the 
yield surface expands, i t retains the ··same shape as i t 
had before, and hence that no functional anisotropy is 
introduced during plastic deformations. The yield func-
tion for this case may be expressed as 
f({a .. },{e:1?.}) = f*({a .. }) - f**({e:1?.}) 
~) ~) ~) ~J 
(5.18) 
in which f* depends only on the stress and f** depends 
only on the plastic strain history. The function f** may 
be expressed in terms of the plastic work, wP: 
(5.19) 
in which 
(5.20) 
Using Eqs. 5.18, 5.19 and 5.20, the following expression 
can be obtained: 
{_l!_}=-~ {a •. }T øe:J?. øwP ~J 
~J 
(5.21) 
Substituting Eq. ~.21 into Eq. 5.17 
{ } T { } ( ) { } _!L_ [Ce] _!g_ + ØF { }T Ø aa.. aa.. ~wP 0 ij ~~J ~) Q ~J 
(5.22) 
This form of the elasto-plastic stress-strain 
~~lationship is applicable to any isotropie hardening 
material. 

